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The interactions of 300 + 15-Mev 


mesons and of 295 + 10-Mev 7 mesons with deuterium 


were studied in nuclear emulsions impregnated with lithium acetate whose hydrogen was re- 
placed by deuterium. Cross sections and angular distributions of the 1 and m7 mesons scat- 


tered elastically by deuterium were obtained. 


ln the present work the elastic scattering of posi- 


tive and negative m mesons by deuterium was stud- 
ied with photographic plates. This process has been 


little studied experimentally. The literature refers 
' to experiments for only two m-meson energies, 85 
and 145 Mev.'? Our measurements were made at 
300 Mev. 

Type R NIKFI nuclear emulsions were used in 
the work. Deuterium was introduced into the plates 
in the form of lithium acetate CH;COOLi:2H,O, in 
which 97% of the hydrogen atoms were replaced by 
deuterium. The method of processing the plates 
and the properties of the impregnated emulsion 
were described earlier.’ The quantity of salt in- 
troduced was determined by spectral analysis of 
the lithium. The number of deuterium nuclei in 
the impregnated emulsions was roughly equal to 
the number of hydrogen ones in ordinary plates, 
2.2 x 10% cm? on the average. 

The plates were irradiated by the synchrocy- 
clotron of the Joint Institute for Nuclear Research. 
The mean energy of the 7* mesons in the plates 
was 300 + 15 Mev, and that of the m mesons was 
295 + 10 Mev. The scanning method and the pre- 
liminary results were published earlier.’ 

Cases of elastic scattering by deuterium were 
selected according to the angle of emission and 
coplanarity of the tracks of the incident meson, 
scattered meson, and deuteron. In the small-angle 


7A tf 


scattering (< 30°) the tracks of the deuterons, as 
a rule, stopped in the emulsions, and the range- 
angle relationship served as a supplementary se- 
lection criterion. 

Since the particles are emitted in scattering 
of m mesons by protons and deuterons at nearly 
equal angles, a high accuracy of measurement 
and a strict accounting for the errors are neces- 
sary to separate the scattering by deuterons from 
the scattering by hydrogen of the gelatin. We have 
selected the cases in which, within the limits of 
two standard deviations, the tracks were coplanar. 
Then, if the measurements agreed within two stand- 
ard deviations with the relation for scattering by 
deuterons and did not agree with that for scattering 
by protons, this case was considered to be elastic 
scattering by deuterons. When the recoil track 
ended in the emulsion, the separation of H and D 
cases presented no difficulties. 

Some of the cases could not be identified by the 
means described above; however, 14 of them were 
separated by the ionization, determined by grain 
counting. Measurements of grain density were 
also carried out for all cases of scattering by the 
deuteron through angles > 0°. 

As a result of the analysis, 286 cases of m+-p 
scattering, 104 cases of m‘-d scattering, 203 
cases of m~-p scattering and 105 cases of a -d 
scattering were found. Nine cases involving 77 
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FIG. 1. Angular distribution of 1 mesons scattered elas- 
tically by deuterons: (a) calculated in the impulse approxima- 
tion neglecting the Coulomb interaction; (b) with account of 
the Coulomb interaction. 


+ mesons remained 


mesons, and 26 involving 7 
unidentified. 

Scanning of control plates which did not contain 
deuterium showed that the background of two-prong 
stars, produced in emulsion nuclei and satisfying 
our criteria for m-d scattering, was small. It 
was not taken into account in determining the cross 
section for m-d scattering. 

The differential cross sections for scattering 
of m mesons by hydrogen, and also the results of 
a phase shift analysis, were published earlier.‘ 
The increased statistical accuracy here did not 
change the magnitudes of the cross section and 
phases, which are in good agreement with the re- 
sults of other authors. 

In the present work we obtained the following 
integral cross sections for the elastic scattering 
of m+ and m~ mesons by deuterium in the angular 
range 15 —170° in the laboratory system 


o(n* + d—+at+d)=21+6mbn, 
o(m +d—+x7+d)=14+4mbn. 


Corrections were introduced here to take care of 
cases missed in the scanning, analogously to the 
way in which this was done for the scattering from 
hydrogen,‘ and the unidentified cases were taken 
into account. 

The corresponding angular distributions are 
given in Figs. 1 and 2 in the form of histograms. 
The solid line was calculated in the impulse ap- 
proximations,° starting from the phases determined 
by us for m-p scattering.* The proportion of elas- 
tic scattering was determined here by the factor 
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FIG. 2. Angular distribution of ™~ mesons scattered elas- 
tically by deuterons: (a) calculated in the impulse approxima- 
tion neglecting the Coulomb interaction; (b) with account of 
the Coulomb interaction. 


which gives the probability that the deuteron is 
not broken up in the collision. The dashed line 
gives the angular distributions, calculated with 
the inclusion of the Coulomb interaction. The 
theoretical calculations were made by G. M. 
Vagradov. 

Within the limits of experimental error, the 
angular distributions of m7--d and m‘-d scatter- 
ing agree, in contradistinction to results on elas- 
tic scattering from helium at the same energy,® 
where the cross sections for 7‘ and 7 mesons 
are different at small angles on account of inter- 
ference of the Coulomb and nuclear scattering. 

In the case of scattering from deuterium in the 
region of small angles (< 30°), the experimental 
cross sections are significantly below the calcu- 
lated ones. This divergence cannot be explained 
by the influence of the Coulomb force. The cause 
of the difference is not completely clear. The im- 
pulse approximation, while satisfactorily describ- 
ing the results at 85 Mev,!*" does not give agree- 
ment with our experimental results at 300 Mev. 

A rigorous calculation of the multiple scattering 
in the deuteron in the given case is difficult and, 
apparently, would not lead to a complete agree- 
ment with experiment. 

It should be noted that cases of backward elas- 
tic scattering (~7%) are observed for a rather 
high meson energy. According to the impulse ap- 
proximation, this process should not be present. 
In addition, 12 cases of absorption of 7+ mesons 
in deuterium were found. The cross section for 
this process turned out to be equal to 


o(m*+d—>+p+p)=2.4+0.9mbn 
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In conclusion, the authors wish to thank Prof. 
I. M. Frank and I. Ia. Barit for help in this work 
G. M. Vagradov for useful discussion, and also 
the group of laboratory workers who took part 
in the scanning of the plates. 
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Certain parameters for fission of silver induced by protons with energies ranging from 300 to 
660 Mev are investigated. An analysis of the experimental data reveals that (1) fission of sil- 
ver by high-energy protons is characterized by fragments which are predominantly of equal 
mass; (2) the fission cross section shows no essential change in the region of incident-proton 
energy which was investigated (o¢ = (3.2 + 1) x 10°78 cm’); (3) a large number of charged 
particles are emitted in fission, indicating a high initial excitation for the fissioning nucleus. 
A complete yield curve for the residual nuclei as a function of charge is given along with 
the differential yield curves for various nuclear interactions: spallation, fission and cascade- 


evaporation. 
EXPERIMENTAL DATA 


Ar the present time there is available a large 
body of data concerned with fission in the heavy 
nuclei (U, Th, Bi) at the end of the periodic 
table. There is also some information concerning 
fission of lighter nuclei such as W and Ta. The 
situation is entirely different with respect to fis- 
sion of elements at the middle of the periodic 
table. Aside from the fact that fission does occur 
in these elements? little else is known. 

In the present work, using nuclear emulsions, 
an attempt has been made to obtain certain pre- 
liminary information on fission of silver by high- 
energy protons. A fine-grain nuclear emulsion 
(“P9-sensitive”), sensitive to 45-Mev protons, 


was irradiated in the intense proton beam from 
the synchrocyclotron of the Joint Institute for Nu- 
clear Research. The entire area through which 
the proton beam passed was then scanned with a 
microscope (all the plates were irradiated with 
the beam perpendicular to the surface of the emul- 
sion; the same collimator (diameter d= 2 cm) 
was used in all experiments ). 

In carrying out the analysis, only those events 
were selected in which, in addition to the other 
nuclear disintegration products, (a, p) there 
were two tracks of highly ionizing fragment-type 
particles. In order to distinguish the fission 
events from spallation in heavy elements of the 
emulsion, we arbitrarily assigned to fission only 
those events in which the range ratio for the two 
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*] is the thickness of the copper absorber through which the proton beam passes 
(Ep = 460 Mev); E, is the proton energy after the absorber; N is the number of 
pulses counted by the ionization chamber which is calibrated for a proton energy 
E, = 660 Mev (one count corresponds to a flux of 2.06 x 10° protons with Ep 
= 660 Mev); N, is the number of protons after passage through a collimator 
2 cm in diameter; Ng is the number of fissions found in an area S = 3.14 cm’, 
the area of the collimator; Nagpr is the number of silver nuclei and bromine 
nuclei in the emulsion of thickness T = 1001 and area S= 10cm’; o, is the 
silver-bromine fission cross section obtained under the assumption that o, (Ag) 
=0,(Br); Ng p is the mean number of charged particles (a, p) found in one fis- 
sion event; L is the mean range of the fission fragments. 


fragments was less than two Gags =02)) nen 
spallation the range ratio between the multiply 
charged particle and the recoil nucleus is con- 
siderably greater than two. The emulsion con- 
tains two kinds of heavy nuclei (Ag and Br) in 
addition to light nuclei (C, N, O, H). Since it 
is difficult to distinguish between effects due to 
these heavy nuclei, in what follows we shall as- 
sume that the fission parameters; for Ag and 
Br are the same in high-energy, proton-induced 
fission. When this assumption is made, silver 
fission cross section may be somewhat low, but 
in preliminary data of this kind this fact is not 
of great importance. 

The result of an analysis of fission events in 
Ag and Br are given in Table I. 

As is indicated by Table I the fission cross 
section for silver remains essentially constant 
Op = (3.2+1) x 10778 em? over a wide range of 
incident-proton energies (Ep = 300 to 660 Mev). 
Furthermore, fission is generally characterized 
by the emission of a large number of charged 
particles; this number is essentially constant in 
the indicated incident-proton energy range. The 
average total fission-fragment range is consid- 
erably greater than that found in fission of heavier 
nuclei suchas U, Th, Bi and W. 

In order to investigate the symmetry character- 
istics of the fission process an investigation was 
made of the range ratio for the fission fragments. 
The results of this analysis are given in Table II. 
*The subscripts “/” and “h” refer to the light fragment and 
the heavy fragment respectively. 


TBy fission parameters we mean the following: fission 
cross section, mean number of charged particles per fission, 
distribution over number of charged particles, fragment range 
ratio (,,/ly) etc. 


TABLE II 


Reuge ratio Percentage of 


cases with a 

y h given range ratio 

{—4 45 42 
1.15—1.30 14 
12 30—4.45 41 
1.45—1.60 9 
4,.60—1.75 14 
4.75—1.90 6.6 
4.90—2.05 6.5 


Examination of the table shows that the most 
probable fission process is the one in which two 
fragments of approximately equal range are pro- 
duced; thus, in fission of nuclei at the middle of 
the periodic table, just as in fast proton-induced 
fission of heavy nuclei, the most probable process 
is symmetric fission. 

An approximate charge distribution for the fis- 
sion fragments can be obtained by assuming that 
the fragment range ratio is related to the frag- 
ment charge ratio as follows: 


Ld = Ze (1) 


The relation given in (1) may be derived on the 
basis of the following considerations: 

1. According to the Bohr formula,’ for equal 
velocities vy =v¢ the range ratio for a fragment 
and an a particle is given by: 


R j2\2 A 
lie ae 
RG) ae (2) 


2. The dependence of a -particle range on 
velocity (for velocities vy ~ 10° cm/sec) is 
given by the Geiger relation 


0, = kyv8. (3) 


Thus, if the velocity of the a particle is equal 
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to the velocity of the fragment, the fragment range 
is 


Ri=yp,/Z}", (4) 


where y = 7k, (J?/n?)? and ps =veAg is the frag- 
ment momentum. 

At fission the momenta of the fission fragments 
are equal (Pr), =(Pr)z; thus, solving Eq. (4) for 
the ranges of the light fragment and the heavy frag- 
ment and taking the range ratio we obtain the ex- 
pression given in (1) 


(Ri) / (Roa = (Zn | (Zn) 
The validity of (1) can be demonstrated in the case 
of uranium fission by slow neutrons, where the 
range ratio and the charge ratio (for the most 
probable fission case) are well known. 

Using (1), we obtain the following expressions 
for the charge of the light fragment and the heavy 
fragment: 

ee eae (5) 

ee, fey 
Z = Zy — m (Hi) — 2n; (He3), 

where Z¢ is the total charge of the light and heavy 
fragments, Z,) is the charge of the original nucleus 
(Ag or Br), n, is the number of protons associ- 
ated with the fission event, and n, is the number 
of a@ particles associated with the fission event. 

The further analysis of the fragment charge 
distribution is based on the assumption that Zy) = 
Zags i.e., all fissions are assumed to occur in 
silver. To obtain the fragment charge distribu- 
tion for silver fission, we thus determine in each 
case the number of protons, a particles, and the 
range ratio 1,/l, and then, using (1) and (5), the 
charges Z), and Zp. 

The results of this analysis are given in Table 
III. 

TABLE III 


Cross section 
for the forma- 
tion of a frag- 
with a ment with a 
given charge|given charge 
(10° cm’) 


Charge of | Number of 


the fission | fragments 
fragment 
UPA 


Z 


1 jh 


a 
co 
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It is evident from the values given in the table 
that the most probable fragment charge in silver 
fission is Z =19 to 20; the cross section for the 
formation of these fragments is approximately 
0.1 millibarns which, as wilk be shown below, is 
approximately two orders of magnitude greater 
than the cross section for the production of a 
multiply-charged particle with Z = 19 to 20 in 
spallation. 


YIELD OF RESIDUAL NUCLEI AS A FUNCTION 
OF CHARGE IN SPALLATION 


In certain interactions between fast nucleons 
with nuclei, the disintegration products include 
particles with Z=4 in addition to light charged 
particles (a, p). The nucleon process that gives 
rise to these multiply charged particles is usually 
called spallation. The spallation process in nu- 
clear emulsions has been investigated in consid- 
erable detail in a dissertation by Lozhkin.*? Using 
the data reported in this work (the total cross 
section for the formation of spallation products 
in Ag and Br at an incident proton energy Ep = 
460 Mev and the relative yield of spallation prod- 
ucts with a given charge (Zf) we can determine 
the cross section for the formation of various 
spallation products from silver nuclei, once again 
assuming that the spallation process is the same 
in Ag and Br. 

In Fig. 1 (curve B) the circles denote the cross 
section for the formation of spallation products 
from Ag with charges Z¢=4to14 at an incident 
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FIG. 1. Production cross sections: (A) fission fragments, 
(B) light spallation fragments, (C) residual nuclei resulting 
from spallation, (D) residual nuclei resulting from the cascade- 
evaporation process. All refer to the interaction of 460-Mev 
protons with silver. 


proton energy Ep = 460 Mev. Because this curve 

is linear over a wide region of Z, it is legitimate 
to extrapolate to the region of higher charge, mak- 
ing it possible to estimate the cross section for the 
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production of spallation products with charge Z= 
19 to 20. It is apparent from the curve that the 
cross section for the formation of spallation prod- 
uct with charge Z = 20 is of the order of 2 x TOG! 
cm’, that is 50 times smaller than the cross sec- 
tion for the formation of a fission fragment of the 
same charge in silver fission. 

The yield of residual nuclei as a function of 
charge in spallation can be obtained from the dis- 
tribution of stars, using the number of light charged 
particles which appear in spallation. If we select a 
spallation product of given charge, Zs = const, the 
charge of the residual nucleus as a function of Z 
for the given spallation process is determined by 
the number of light charged particles which appear: 


Zres. NUCcwEs Zag ine Z; > NZ 


where AZ =n, (Hi) + 2m (H3). If a/p = const (in 
spallation of Ag and Br, a/p = const = 0.5), then 
AZ = 1.33 Na,p and consequently 


Z res. nuc, = Zag — Zt — 1.33 Nap. 


Knowing the cross section for a spallation product 
with a given charge (curve B, Fig. 1) and the prob- 
ability for the emission of a given number of, light 
charged particles in spallation W (ng ,pis we can 
estimate the cross section for a residual nucleus 
with a given charge 


Tres, nuc. (Z2) Sch (25) W (Nap). 


Summing the yields of the residual nuclei with 
given Zy resulting from the various processes 
(Zp = 4 to 20) we obtain the total yield of residual 
nuclei as a function of Z. The results of an analy- 
sis of this kind are given by Curve C of Fig. 1. 


YIELD OF RESIDUAL NUCLEI AS A FUNCTION 
OF CHARGE IN THE CASCADE-EVAPORATION 
PROCESS 


In order to obtain the complete picture of the 
yield of residual nuclei as a function of Z in the 
interaction of fast protons (Ep = 460 Mev) with 
silver nuclei, it is necessary to take account of 
the residual nuclei which result from the cascade- 
evaporation process. To evaluate this part of the 
yield curve we used the data reported by Ostrou- 
mov‘ on the interaction of protons (Ep = 460 Mev) 
with heavy emulsion nuclei. Knowing the total 
cross section for the inelastic interaction of fast 
protons with silver nuclei dOjnelast. ¥ 10°74 cm? 
and the relative yield of stars with a given num- 
ber of prongs W (Nap)i, we can determine the 
yield of residual nuclei as a function of Z from 
the following relation: 


V,./P.. SHAMOY, 


Sres. nuc. (Z2) = Jinelast. WV (ap) 5 


ny 
Ly= Lhe — AZap; AZ = | itm [ea ia 1). 


1 + («/p) 

An analysis of the yield of residual nuclei as 
a function of Z in cascade-evaporation gives the 
values shown in Fig. 1 (curve D). Summing all 
the yields for a given Z we determine the total 
yield resulting from all three processes: cascade- 
evaporation, spallation and fission. The total 
curve showing yield of residual nuclei as function 
of Z is given in Fig. 2. 
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FIG. 2. Total yield curve for various elements produced in 
the disintegration of silver nuclei by 460-Mev protons. (1) Data 
of the present work, (2) curve obtained by a radiochemical 
method.! @—values obtained by normalizing the radiochemical 
curve to the present curve at the point of highest yield. 


DISCUSSION OF RESULTS 


In analyzing the total yield for various nuclei 
produced in the interaction of fast protons with 
silver nuclei (Figs. 1 and 2) it is convenient to 
divide the curve into four sections I, II, III, and 
HV 

(1) Region I; Z = 32. In this region the resid- 
ual nuclei are formed chiefly in the cascade-evap- 
oration process and are not connected with spalla- 
tion or fission. 

(2) Region II: 25 < Z <= 32. The residual nuclei 
in this region are due chiefly to spallation. 

(3) Region HI; 15 < Z <25. In this region of 
Z the nuclei are formed predominantly as a result 
of fission. 

(4) Region IV: 4 =< Z<=15. The multiply 
charged ions in this region are predominantly 
spallation products. 

Obviously, the boundaries indicated above are 
arbitrary, since these regions overlap. 
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The yield curve obtained in the present work, In the fission-fragment region 15 < Z < 25 the 
using an emulsion method, is similar to the yield present data also differ from the data obtained by 
curve obtained by a radiochemical method! (curve radiochemical methods. This discrepancy lies 
2, Fig. 2) inthe region Z > 26. The numerical essentially in the fact that the present data lead 
values for the yields in this region do not differ to a yield curve which exhibits a maximum, indi- 
from the present values by more than a factor of cating symmetric fission for silver, whereas the 
2 or 2.5. If curves are normalized at the highest yield curve obtained radiochemically indicates a 
yield (black dots in Fig. 2) the agreement in this predominance of asymmetric fission. However, 
region of Z is even more striking. the statistics used in the present data are still 

For silver irradiated by 480-Mev protons the rather inadequate so that the numerical values 
radiochemical work, after summation of all the in this work must be considered as tentative. 
yields, gives a total inelastic cross section o = In conclusion the author wishes to take this op- 
0.43 x 10°*4 cm? whereas direct measurements® portunity to thank Professor N. A. Perfilov for a 
of the inelastic cross section for 660-Mev protons number of valuable comments in discussing the 
with nuclei in the silver region (Sn) give o= present work. The author is also indebted to O. 
1.2 x 10°74 cm?. Thus, the total yield curve in the V. Lozhkin, V. I. Ostroumov and V. F. Darofskii 
region Z > 26 obtained by the radiochemical for making certain invaluable data available to 
method is in good agreement with the general the author. 
shape of the present curve but gives yield values 
which are too low. 1B. V. Kurchatov and V. N. Mekhedov, Ceccua 

In the region Z=15 the data obtained in the AH CCCP no mupHomy ucnoxp30BaHMIo aTOMHOH 
present case differ basically from the data ob- aHepruu (Conference of the Academy of Sciences 
tained by the radiochemical method.' In this re- USSR on the Peaceful Use of Atomic Energy), 
gion the radiochemical method does not give a Acad. Sci. Press, p. 178 (1955). 
true picture. There is little doubt that the radio- 2N. Bohr, Kgl. Danske Videnskab. Selskab, 
chemical results are more reliable in the region Mat-fys. Medd. 18, 8 (1948). 

25 <= Z < 32 thaninthe region Z<=15. Since 2 OGM Lozhkin, Dissertation, Radium Institute, 
our yields in this region of Z (4=Z<=15) were Leningrad, (1957). 

obtained by calculation, starting from the experi- 4V. I. Ostroumov, J. Exptl. Theoret. Phys. 
-mentally obtained yields® of multiply charged ions (U.S.S.R.), 32, 3 (1957), Soviet Phys. 5, 12 (1957). 
(4 = Z<=15) and the agreement of the present 5v. I. Moskalev and B. V. Gavrilovskii, Dokl. 
data with the radiochemical data in the region Akad. Nauk SSSR, 110, 972 (1956), Soviet Phys. 

25 =< Z < 32 is rather good, it would seem that “Doklady” 1, 607 (1956). 

the present results on the yield of multiply charged 

ions 4 = Z =15 areas reliable as the data ob- Translated by H: Lashinsky 


tained radiochemically in the region 25 = Z = 32. 61 
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The angular distributions of photoprotons from aluminum and nickel were investigated fora 
peak bremsstrahlung energy E,max = 85 Mev, and the energy distributions of photoprotons 
from Al were obtained at angles of 30°, 90° and 130° for Eymax = 90 Mev. The results are 
discussed from the point of view of the interaction of y rays with nuclei through the quasi- 


deuteron mechanism. 
1. SHORT DESCRIPTION OF THE EXPERIMENT 


Thess present work is a continuation and develop- 
ment of the work, the results of which were pub- 
lished in an earlier short note.! The investigation 
of the angular and energy distributions of protons 
was carried out with the 100-Mev synchrotron of 
the Physico-Technical Institute. The arrangement 
of the apparatus used in the experiment described 
below is shown in Fig. 1. Products of photonuclear 


FIG. 1. Arrangement of the apparatus. 1) shielding wall of 
Pb, 2 and 5) lead collimators, 3) monitor, 4) magnet to clean 
the beam, 6) telescopes, 7) target, 8) table, 9) standard cham- 
ber. 


reactions are registered by two scintillation tele- 
scopes, each consisting of two counters. A short 
description of the telescope arrangement and count- 
ing scheme was given in reference 1. The tele- 
scopes could be turned in the horizontal plane 
through the desired angle @ relative to the direc- 
tion of the y-rays to an accuracy of better than 
+1°. A target of the desired material was placed 
in the center of the table. In the study of the pro- 
ton angular distribution, cylindrical targets were 
used. These were made of foils of thickness 110 yu 
for aluminum and 50 for nickel. 

The diameter of the cylindrical targets was 1.6 
cm and the diameter of the beam cross section at 
the point at which the targets were placed was 2.2 
cm. In studying the proton energy spectra, flat 


targets of area more than twice the beam cross 
section were used. The thickness of the aluminum 
target was 150. In taking the angular distribu- 
tions at 60, 75, 90 and 120°, the distance from the 
center of the target to the crystal of the first 
counter was 16.7 cm. At angles 25° and 40°, the 
telescopes were moved outwards to a distance of 
23.7 cm. In order to combine data obtained at 
small and large angles, measurements at 60° were 
carried out with the telescopes in both positions, 
and the data were then correspondingly normalized. 
In counting heavy charged particles, one must 
pay special attention to the possibility of counts 
coming from the sum of pulses from several elec- 
trons incident on the telescope within the resolv- 
ing time of the counting system. The probability 
of such a count increases with increasing atomic 
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FIG, 2. Illustration of the resolving power of the tele- 
scopes: separation of heavy charged particles and electrons 
in the case of Au at angle 90°% U; and Uy are the magni- 
tudes of the pulses from the front and back counters, respec- 
tively. 
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number of the element, and also increases in going 
to small angles relative to the y-ray beam. The 
construction chosen for the telescope made it pos- 
sible to separate the contributions from heavy 
charged particles and electrons. To determine 
this, the pulses from both counters were fed after 
amplification into a double-beam oscilloscope 
(type OK17M), the horizontal sweep of which was 
triggered by pulses from the coincidence circuit 
to which the outputs of both counters of the tele- 
scope were connected. Pulses on the screen of 
the oscilloscope were photographed. Figure 2 
illustrates the capabilities of the telescope with 
respect to the separation of particles emitted 
from gold at 90°. The abscissa is the amplitude 
of the pulse (in relative units), proportional to 
the energy loss of the particle in the crystal of 
the rear counter. The ordinate is the amplitude 
of the pulse, proportional to the energy loss of 
the same particle in traversing the thin crystal 

of the front counter of the telescope. The lower 
left group of points corresponds to pulses from 
electrons; the upper group of points to heavy 
charged particles. The pulse of an a particle 

of energy 8.78 Mev from ThC’ is shown by the 
cross. Using a differential pulse-height analyzer 
on the rear counter and several integral discrim- 
inators on the front counter, it is easy to separate 
off the electrons, taking here several proton energy 
intervals. 

In this experiment the different types of heavy 
charged particle were not separated, although a 
special check, carried out with a telescope of sim- 
ilar construction, but with higher resolving power? 
which made it possible to distinguish between pro- 
tons and deuterons, showed that the contribution 
of deuterons in the elements studied was less than 
5% for the proton energies counted, and could not 
change the experimental results essentially. The 
contribution of tritons and a particles was in 
general negligible. 


2. INTRODUCTION OF CORRECTIONS, ESTIMATES 
OF ERRORS 


In the preliminary processing of results of the 
measurements of the energy spectra of protons, 
the data were reduced to 1-Mev proton-energy 
intervals by dividing the total number of counts in 
the energy interval of acceptance of a given chan- 
nel of the pulse-height analyzer by the width of the 
interval in Mev. 

The number obtained could be ascribed to the 
mean energy of the interval, Ep, defined as the 
arithmetic mean of the limits E, and E,, only 
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after introduction of several corrections which 
took into account the decreasing nature of the 
spectrum with increasing photon energy. The cor- 
rection factor a, can be calculated from 


a == Eep'(E, — Ey) (1 — 8) /(£3 ° — EY”). (1) 
This formula was obtained under the assumption 
that the proton spectrum is described by the law 

n ( Ep) = kEp?, which, for the comparatively nar- 
row proton energy intervals used (AEy /Ep ~ 20%), 
is a completely satisfactory approximation. In ad- 
dition to this, it is necessary to correct for the loss 
in energy of the protons in going through the target. 
If we count protons with energies in the interval 
E,— E, (E; < E,),, defined at the entrance to the 
telescope, then some protons with energies near 

to E,; will be lost because of the finite thickness 

of the target and, at the same time, some protons 
with energies slightly larger than E, will be in- 
cluded. The correction factor ad», can be deter- 
mined by a numerical integration which splits the 
target into a number of layers, in each of which a 
power law for the change in proton spectrum with 
energy is assumed for a small energy interval. 

The total correction factor for the aluminum target 
of thickness 150 was 13% for a proton energy Ep 
= 15.4 Mev, 1% for Ep = 36.7 Mev, and 6% for 

Ep = 49.8 Mev. 

The dependence of the total corrections on the 
magnitude of 6 was very weak. Changing 6 by 
a factor of 3 or 4 changed the correction, in abso- 
lute value, by less than 20%. 

Corrections for multiple scattering and nuclear 
absorption, estimated for the crystal of the front 
counter, amounted to only a fraction of a per cent 
and were not introduced. 

The maximum value of A@, characterizing the 
angular resolution of the telescope, was +6.5°. In 
the practical case, as an estimate showed, about 
75% of the protons went within the angular limits 
298) 59)" ¢ 

The background in various experiments was 
equal to 15% on the average, although at small 
angles it increased to 25 or 30%, depending on 
the proton energy. 

Both the relative and absolute measurements 
of the total energy of the y rays traversing the 
target were carried out with an apparatus devised 
by Kruglov.? An aluminum ionization chamber with 
front wall of thickness 4 mm, connected to a stable 
beam integrator, served as monitor. The stability 
of operation of the monitor was ~ 2%. Absolute 
measurements were carried out using a thick-walled 
copper standard chamber, calibrated by the calori- 
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metric method.’ The accuracy of absolute calibra- 
tion for the maximum bremsstrahlung energy, 
Eymax = (90 + 5) Mev, was 4%. 

The energy spectra of protons from Al were 
given below in units cm? x 10°°/sterad-Mev-Q. 
The relative mean square error, taking into ac- 
count statistical errors, the mean square error 
in the number of effective quanta Q, the error in 
definition of the solid angle, and a series of others, 
constituted 16% for 30-Mev protons. 


3. EXPERIMENTAL RESULTS AND DISCUSSION 


(a) Angular Distributions of Protons from 
Aluminum and Nickel 


The angular distributions obtained for several 
proton energy intervals at maximum bremsstrahl- 
ung energy Eymax = 85. + 5 Mev are given in Figs. 
3 and 4. A general characteristic of the distribu- 
tions is the rise of the anisotropic parts and the 
increased shift of the maxima of the angular dis- 
tributions with increasing proton energy. 

In order to clarify the role of the quasi-deuteron 
interaction mechanism of y rays with Al and Ni 
nuclei, it is of interest to compare the data obtained 
with the angular distributions of protons from the 
photodisintegration of the deuteron. Levinger® em- 
ployed the theoretical cross sections for photodis- 
integration of the deuteron calculated in references 
6 and 7 which, as is well known,®»? diverge from the 
experimental data for y-ray energies exceeding 
50 Mev. We used the experimental curves of the 
cross section for photodisintegration of the deu- 
teron obtained by Allen® and Whalin et al.'° trans- 
posed to the laboratory system. The solid curves 
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FIG. 3. Angular distributions of photoprotons from Al. The 
solid curves give the results of calculation. Only statistical 
errors are shown. 1) Ep = 13.7-17.5; 2) Ep = 17.5-21.5; 3) Ep 
= 21.5-41.0 Mev. 
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FIG. 4. Angular distributions of photoprotons from Ni. The 
solid curves give the results of calculation. Only statistical 
errors are shown. 1) Ey = 13.7-21. 5; 2) Ep = 21.5-33.3 Mev. 
in Figs. 3 and 4 were constructed by calculating 
the integral proportional to the yield of protons 
Y(AEp) with energies corresponding to interval 
AEp om Epa = Epi» 

Ee 

¥ (AE,) ~ | Ny (Ey) oa (Ey) dE. (2) 

Ey 
Here Ny ( Ey) is the number of y rays of energy 
Ey in the bremsstrahlung spectrum (using the 
spectrum of Schiff), Eq and Eg are the energies 
of y rays corresponding to the production of pro- ~ 
tons of energies Ep; and Epos respectively. The 
connection between the y-ray energy and proton 
energy is determined by the well-known kinematical 
relation 


E = 2B, peewee f 3 
y= 2E,/(1— + 008 9), (3) 


which follows from the conservation laws. Here 
Ep = Ep + Ep, oq(Ey) is the cross section for 
photodisintegration of the deuteron fora y ray 

of energy E,, anda given angle @jap. The re- 
sults of the calculation were obtained by numerical 
integration under the assumption that the residual 
nucleus is left in the ground state. The curves ob- 
tained were normalized so that they coincided with 
the experimental points at 4],p = 60° for all pro- 
ton-energy intervals.* 

In the case of aluminum, the complete agree- 
ment of the calculated curves with the experimen- 
tal points is striking. This serves to indicate the 
essential contribution of the quasideuteron mech- 
anism for the interaction of y rays with the Al 


*In the corresponding graphs presented in the report to the 
Conference on Nuclear Reactions at Low and Medium Energies 
(Moscow, November 1957), the comparison was less precise. 
These curves gave the change in the cross section for deu- 
teron photodisintegration o,(Ep) with the angle @.,, for pro- 
tons of energy E, corresponding to the mean energy of the 
energy interval chosen. 
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FIG. 5. Energy distributions of photoprotons from Al for 

various angles, Eymax = 90 Mev. Only statistical errors are 
shown. ®— 0 = 30°; O- 0= 90°; A—@ = 130°, 


nucleus. The deviations of the experimental points 
from the calculated curves in the interval from 
21.5 to 41.0 Mev at small and large angles can be 
understood if one takes account of the fact that in 
the production of protons of a given energy Ep, 
quanta of significantly higher energy are needed 

in the case of the quasi-deuteron mechanism 
than in the case of the direct photoeffect, 

and this difference increases with increasing 
angle 6. The bremsstrahlung spectrum of the y 
rays falls with energy and is limited by Eymax.- 
Thus, for comparatively large proton energies, the 
relative contribution of the direct photoeffect should 
increase. This effect should first of all show up at 
large angles. It should be noted that if the angular 
distribution of protons from the direct photoeffect 
is described by a law well approximated by 

a+b sin* @(1+c cos 6)? and has a maximum 
shifted to larger angles than in the calculated 
curves shown in Fig. 3, then a 20 to 30% contribu- 
tion from the direct photoeffect is sufficient to ob- 
tain agreement with experiment for all angles. 

For nickel, the agreement with the calculated 
curves is worse. Especially noticeable is the sharp 
fall in the points at small angles. It is possible 
that the contribution from the direct photo effect 
(or some other mechanism) is larger. 


(b) Energy Spectrum of Protons from Aluminum 


The energy spectra of protons from Al, taken 
at angles 4jap = 30, 90, and 130° for Eymax = 
90 +5 Mev are given in Fig. 5. 

Starting from the idea of the quasi-deuteron 
mechanism of interaction, one would expect the 
slope to increase with angle. The determination 
of the slopes of the spectra in their initial parts 
is difficult, because the spectra change their slope 
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smoothly and can only approximately be described 
by the power law n(Ep) ~ Ep°. The table lists 
the approximate values of 6, and for comparison, 
also values of the slopes for energy spectra of 
protons from the photodisintegration of deuterium, 
calculated from the data of references 8 and 9. 

It can be seen from the deuteron data that one 
should not expect a strong change with @ in the 
slopes of the energy spectra of protons from alu- 
minum. 

The arrows in Fig. 5 indicate the positions of 
the kinematical cutoffs, determined by Eq. (3), 
taking the minimum binding energy of the proton 
in Al to be 8.2 Mev. Sharp changes were not ob- 
served in the spectra at energies near the kine- 
matical cutoff. The relatively smooth, but increas- 
ing rate of drop (instead of a sharp drop) of the 
spectra can be caused, on the one hand, by the mo- 
mentum distribution of protons inside the nucleus, 
and, on the other hand, by the fact that the direct 
photoeffect, in this region of energies, can con- 
tribute relatively more. The shift in the position 
of the kinematical cutoff with changing angle shows 
up possibly only in the fact that the spectra of the 
higher-energy protons drop off more strongly with 
the angle than at low energies, and that as the angle 
increases, this drop begins at lower energies. 

In Fig. 6 the experimental spectrum of protons 
from Al at @=90° is compared with the energy 
spectrum calculated as done by Levinger.° 

In the calculations (curve 1) we employed the 
experimental spectrum of protons in the photodis- 
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FIG. 6. Comparison of the experimental energy spectrum of 
photoprotons from Al with the one calculated for @ = 90°. 
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integration of deuterium, the spectrum of y rays 
of Schiff with Eymax = 90 Mev, and a Gaussian 
distribution of nucleon momenta in the nucleus, 
with parameter E,)=10 Mev. Curve 2 gives the 
spectrum with the momentum distribution disre- 
garded. 

The experimental curve falls more sharply at 
high energies than the calculated one. 

Taking into account the possibility of the role 
of the direct photoeffect increasing for high protor 
energies in our experiments, where the y-ray 
spectra was limited by Eymax = 90 Mev, we can 
probably explain the results of the experiment sat- 
isfactorily. Choice of a more sharply falling mo- 
mentum distribution also improves the agreement 
with experiment. 

Thus, the qualitative features of the proton en- 
ergy spectra, obtained at various angles in Al, 
and also comparison of the angular distributions 
of protons for Al and Ni with curves calculated 
from the quasi-deuteron model, indicate that the 
quasi-deuteron mechanism of interaction may 
give a substantial contribution in the case of Al. 
At the same time it is also very probable that the 
direct photoeffect also gives an important contri- 
bution. 
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A method and apparatus have been developed to investigate the influence of homogeneous com- 
pression on the anisotropy of the magnetic properties of crystals at low temperatures. The 
angular dependence of the oscillation periods of the magnetic susceptibility of free zinc crys- 
tals due to the two smallest groups of mobile charges has been established. The effect of 
homogeneous compression at a pressure of 1700 kg/cm? on the period and amplitude of the 
oscillations due to the smallest group of mobile charges has been investigated. A large (40 
to 48%) increase in the periods of these oscillations has been found for all values of the angle 
6 between the field vector and the direction of the principal axis. The homogeneous compres- 
sion of the crystal is found to cause a strong decrease of the oscillation amplitude and a change 
in the temperature dependence of the oscillation amplitude. The experimental data are com- 
pared with the semi-phenomenological theory of the influence of deformations on oscillation 


effects in metals at low temperatures. 
1. INTRODUCTION 


Vs homogeneous compression of crystals, or in 
other words, the homogeneous and large elastic 
deformation of the lattice, is one of the most direct 
methods of external action on the periodic electric 
field within the crystal, meaning also on the elec- 
tronic properties of metals (conductivity, mag- 
netic and galvanomagnetic phenomena, etc. ) 

For a long time experimental investigations of 
the effect of homogeneous lattice compression on 
the electric properties of metals have been carried 
out at high temperatures (room temperature and 
higher ), because Bridgman had developed for 
these experimental conditions a method for the 
production and measurement of sufficiently high 
pressures. The development by one of the authors 
and by Kan? of the “ice method” for producing high 
pressures made it possible, for the first time, to 
extend experimental investigations of this kind to 
the more interesting low-temperature region and, 
in particular, to investigate in detail the effect of 
homogeneous lattice compression on the supercon- 
ductivity of a number of metals.’ The results of 
these experiments, together with the study of the 
isotope effect in superconductivity phenomena 
(e.g. reference 4), gave evidence of the specific 
interaction of the electrons with the metal lattice, 
which later on oroved so important for the devel- 


opment of a microscopic theory of superconductivity. 

In recent years Alekseevskii and his co-workers 
used the “ice method” to produce high pressures 
in order to investigate the effect of homogeneous 
compression on the electromagnetic phenomena 
in bismuth® at low temperatures. Very recently 
an investigation has been carried out on the effect 
of homogeneous lattice compression on the tem- 
perature variation of the electrical conductivity 
of a number of metals.® 

The effect of homogeneous compression on the 
magnetic properties of crystals was not studied 
for a long time even at higher temperatures, be- 
cause the known methods for producing high pres- 
sures could not be applied to the measurement of 
magnetic susceptibility. The systematic investi- 
gation of the magnetic properties of unconstrained 
crystals of feebly magnetic metals at low temper- 
atures led to the discovery of the de Haas — van 
Alphen effect in a large group of metals’*® and to 
the establishment by Lifshitz et al.’ of a connec- 
tion between this phenomenon and the problem of 
the energy distribution of charge carriers in met- 
als — one of the most important problems of metal 
physics. It became essential to clarify the effect 
of the homogeneous compression of the crystal on 
the de Haas —van Alphen effect, and thus on the 
energy distribution of charge carriers in metals. 

A method and apparatus were developed in the 
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low-temperature laboratory of the Physico-Tech- 
nical Institute of the Academy of Sciences of the 
U.S.S.R. to study the effect of homogeneous com- 
pression on the anisotropy of the magnetic prop- 
erties of crystals at low temperatures. Some re- 
sults of such investigations, made on crystals of 
bismuth and zinc, have been published previously 
(references 10 and 11). 

This paper is devoted to the description of a 
method for investigating the effect of homogeneous 
compression on the anisotropy of the magnetic 
properties of crystals, to the discussion of the 
results of investigations concerning the de Haas — 
van Alphen effect on zinc crystals under homoge- 
neous compression, and also to the comparison of 
the experimental data with the theory of the phe- 
nomenon. Furthermore, some new information is 
given on the de Haas — van Alphen effect in uncon- 
strained zinc crystals. 


2. METHOD AND APPARATUS 


The method of investigation consisted of meas- 
uring the torque acting on a small anisotropic 
crystal placed inside a massive but magnetically 
isotropic high pressure bomb, suspended by means 
of a thin elastic thread in a homogeneous magnetic 
field. The homogeneous compression of the crys- 
tal was brought about by the “ice method,” i.e., by 
freezing water inside the bomb.!° 


FIG. 1. Pressure bomb for investigation 
of the magnetic anisotropy of homogene- 
ously compressed crystals. 


A diagram of one of the most convenient high- 
pressure bombs is shown in Fig. 1. The bomb, 
made of pure beryllium bronze,* consists of the 
body 1 with capillary 2 and thread 3 into which 


*We wish to take this opportunity to thank I. Bolgov for 
casting the bronze from copper and beryllium with a high 
degree of purity. 
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bronze stopper 4 with crystal holder 5 can be 
screwed. The crystal holder consists of a thin- 
walled copper tube (copper tube and stopper are 
made in one piece) with four perpendicular lugs 
and with side windows. The cavity 7 in the 
stopper serves to center the crystal in the crystal 
holder. 

The crystal is initially oriented on the platform 
of a goniometer and a thin quartz stick is attached 
to it (in the direction coinciding with the axis of 
suspension in the apparatus). The sample is then 
transferred to the crystal holder in such a way 
that the quartz stick fits into the cavity 7, and 
wire harness 6 is firmly secured to the lugs. 
After mounting the crystal, the quartz stick can 
be detached. The error in the orientation of the 
crystal axes relative to the axis of suspension of 
the bomb does not exceed 1°. 

The stopper 4 is screwed into the body 1 of the 
bomb while covered with pure molten indium, which 
makes the thread gas tight after hardening. This 
avoids the use of gaskets and enables the bomb 
and the stopper to be subjected to a sufficiently 
strong acid etch after the machining is completed, 
in order to remove ferromagnetic impurities. 

After the bomb has been mounted in the appa- 
ratus, it is evacuated and filled with water through 
the capillary 2. The bomb is cooled from the cap- 
illary side, and the ice plug which forms in the 
capillary then securely contains the pressure de- 
veloping inside the bomb. The ice inside the bomb 
is thawed from above, from the side of stopper 4; 
if it were thawed from below, the movement of the 
ice would upset the suspension of the crystal holder. 
When the whole suspension system rotates in the 
magnetic field, a light spot is displaced on a scale; 
the displacement is measured on a traveling mi- 
croscope, 

The experiments were carried out at pressures 
of p~ 1700 kg/cm? ina magnetic field H < 
20,000 Oe over the temperature range from 1.6 
to 4.2°K. 


3. THE SAMPLES 


Zinc supplied by the firm Hilger ( spectroscop- 
ically pure) served as starting material for the 
preparation of the crystals. Five zinc crystals: 
Zn-1, Zn-2, Zn-3, Zn-4 and Zn-7, were pre- 
pared and investigated; they differed in the method 
of preparation and the growth rate. Crystals Zn-2, 
Zn-3, and Zin-4, spherical in shape, were pre- 
pared by the method of Obreimov — Shubnikov in 
quartz tubes at a growth rate of 10, 15 and 50 mm/ 
hr respectively. The crystal Zn-1 was prepared 
by the same niethod from Hilger zinc that had been © 
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FIG, 2. Angular dependence of the oscillation period of the 
susceptibility of zinc caused by: a) the smallest group of 
mobile charges (1 — first, 2 — second orientation of the crys- 
tal); b) the group which determines one of the high frequency 
components (fine structure) of the de Haas — van Alphen effect 
(curves 3, 4, and 5 refer to the first, second and third orienta- 
tion of the crystal, respectively), and the group which deter- 
mines the hyperfine structure of the effect (curves 6 and 7 
tefer to the first and second orientation of the crystal, re- 
spectively). 9 = angle between vector H and principal crystal 
axis; ~ = angle between vector H and the diagonal crystal 
axis in the basal plane. x, O — two fine-structure branches 
observed on the experimental Ay(1/H) curves at the gies 
angles 0. 


recrystallized seven times. A rather detailed study 
of Zn-1 was made in one of the preceding papers.” 
The crystal Zn-7, with the hexagonal axis along the 
geometric axis of the sample, was prepared by 
Kapitza’s method on a plate subjected to a tempera 
ture gradient at a growth rate of 5 mm/hr. The 
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maximum sample diameter was 4 mm. 

A widely-used method for the qualitative esti- 
mate of crystal strain is the microscopic investi- 
gation of slip along the basal plane.'? The micro- 
scopic investigation of slip in crystals Zn-1, Zn-2, 
Zn-3, Zn-4, and Zn-7 showed that Zn-7 was the 
least strained and Zn-4 the most strained. 

The crystals were oriented by means of an op- 
tical double-arc goniometer.!* Three orientations 
of the zinc crystals were investigated: (1) The di- 
gonal axis of the crystal was taken parallel to the 
axis of suspension — the first orientation. (2) The 
direction perpendicular to the digonal axis and 
lying in the basal plane was taken parallel to the 
axis of suspension — the second orientation. 

(3) The principal axis of the crystal was taken 
parallel to the axis of suspension — the third 
orientation. 


4, RESULTS OF THE MEASUREMENTS 


The de Haas —van Alphen Effect in Uncon- 
strained Zinc Crystals 


a. 


It is known that the experimental curves 
Ax(1/H) for Zn crystals represent the super- 
position of three frequency components of the 
variation of the susceptibility with the field.” 
Each of these frequency components is caused by 
a certain group of charge carriers in the metal; 
the component with the longest period is caused 
by the smallest group of charge carriers. The 
high frequency components are usually called the 
fine and the hyperfine structure of the de Haas — 
van Alphen effect. Before investigating the effect 
of homogeneous compression on the de Haas — van 
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FIG. 3. Variation with 1/H of the 
torque L,/H’, acting on the crystal in its 
third orientation in the field, at a tempera- 
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FIG. 4. Resolved oscillations of the high frequency com- 
ponent of the de Haas —van Alphen effect (fine structure): 
A) in the first, and B) in the second orientation of the crystal 
Zn-1: a—0 = 75°; b—0 = 78°; c—0 = 80°; d—0 = 82°; 
e—0 = 85°; f—0 = 88°; T = 4.2°K. 

Alphen effect it was necessary to establish more 
accurately the angular dependence of the periods 
of susceptibility oscillations, caused by different 
groups of charge carriers in unconstrained zinc 
crystals. 

The curves of Fig. 2 illustrate the angular de- 
pendence of the periods of oscillation of the sus- 
ceptibility for three orientations of the zinc crys- 
tals in the magnetic field. 

From the preceding investigations of the crys- 
tal Zn-1 it is known” that when the sample is 
oriented in the magnetic field in either. the first 


or second direction, the smallest group of charge 
carriers produces practically coinciding curves 
for the angular dependence of the period of oscil- 
lation of the susceptibility of zinc. This fact was 
checked more carefully by an investigation of the 
crystal Zn-7. The curves of Fig. 2a represent 
the angular dependence of the periods of oscilla- 
tion of the susceptibility in this crystal, produced 
by the smallest group of charge carriers, for the 
first (1) and the second (2) orientations in the mag- 
netic field respectively. It can be seen that the 
curves coincide over practically the whole range 
of values of @. This smallest group of carriers 
does not appear at all when investigating the mag- 
netic properties in the basal plane of the zinc 
crystals. All the above favors the assumption 
that the Fermi surface for the charges of this 
group is a surface of revolution elongated along 
the axis k,, which approximates an ellipsoid of 
revolution over a wide range of angles 0 < 6 <= 60°, 
and for large @ changes gradually first to a cone, 
and then to a cylinder.' 

The anisotropy of the magnetic properties of 
zine crystals in the basal plane is due to the same 
group of charge carriers that is responsible for 
the fine structure of the effect in the first and sec- 
ond orientations of the zinc crystals in the mag- 
netic field. In fact, an analysis of the magnetic 
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FIG. 5. Angular dependence of the oscillation period of 
the susceptibility caused by the smallest group of mobile 
charges in different zinc crystals, obtained from: x— crystal 
Zn-1, O — crystals Zn-2, 3, 4, 7 (this paper); A—Sidoriak and 
Robinson,'* A— Mackinon,” @— Berlincourt and Steele,” 

Oo ~— Donahoe and Mix,”* * — Dhillon and Shoenberg.”? 


MAGNETIC PROPERTIES OF METALS AT LOW TEMPERATURES. paves 233 


anisotropy in the basal plane of the crystal Zn-1 
(the curves of Fig. 3), as well as an analysis of 
the resolved fine structure of the effect in this 
crystal (the curves of Fig. 4) made it possible 

to elucidate the complete angular variation of the 
periods of oscillation of the susceptibility, caused 
by the larger group of charge carriers, as shown 
in Fig. 2b. All the fine-structure Ax(1/H) curves 
show modulations, with the modulation period de- 
creasing appreciably as @ increases. An analysis 
of the curves of Fig. 2 shows that the Fermi sur- 
face corresponding to this second larger group of 
charge carriers has quite a complicated shape far 
removed from the simple scheme of three ellip- 
soids, rotated in the plane kyk, through an angle 
of +120° relative to each other. It will be the ob- 
ject of further investigations to determine more 
precisely the shape and the dimensions of the 
Fermi surface for this group of charge carriers 

in zine crystals. 

Figure 5 shows the angular dependence of the 
period of the low-frequency component of the 
de Haas —van Alphen effect in zinc crystals, 
studied in this paper and by other authors. It 
can be seen that for different samples of the 
same metal the magnitude of the period of oscil- 
lations of Ay(1/H), caused by the smallest group 
of charge carriers, does not remain constant, with 
the differences being greatest in the region of 
small angles @ between the field vector and the 
principal crystal axis. The periods of oscillation 
practically coincide in crystals Zn-2, Zn-3, Zn-4 
and Zn-7; in the crystal Zn-1 (see also’? ) the 
periods are appreciably larger. 

The facts mentioned above lead to the conclu- 
sion that an increase in purity of the samples 
causes an appreciable increase (up to several 
tens percent) in the period of oscillation of the 
susceptibility in the magnetic field, whereas dif- 
ferences in the state of strain of the samples, 
arising from differences in the method and from 
thermal conditions during the growth of the crys- 
tals, do not have any effect on the magnitude of 
the period of oscillations. An analysis of the ex- 
perimental data shows that this conclusion is cor- 
rect also for the fine structure of the de Haas — 
van Alphen effect in zinc crystals. 

It should be noted that lattice distortions related 
to the method and conditions of the crystal growth 
appreciably influence the amplitude of the suscepti- 
bility oscillations. The amplitude of the oscilla- 
tions is largest in the free-grown crystal Zn-7, 
and is 40 to50% smaller in crystal Zn-4, obtained 
under less favorable conditions. On annealing 
crystal Zn-4, some increase was produced in the 
amplitude of the susceptibility oscillations. 


b. The de Haas —van Alphen Effect in Homoge- 
neously Compressed Zinc Crystals 


The crystal Zn-2 was used to investigate the 
effect of the homogeneous compression of the lat- 
tice on the de Haas —van Alphen effect. The sec- 
ond orientation of the crystals has been studied in 
detail; this is sufficient (see Fig. 2) for a rather 
complete investigation of the effect of homogene- 
ous compression on the oscillations caused by the 
smallest group of mobile charges. 

Figure 6 shows some Ay(1/H) curves for the 
crystal Zn-2 in the second orientation in the field, 
unconstrained (A) and under homogeneous com- 
pression, p ¥ 1700 kg/cm” (B). These curves 
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FIG. 6. “Periodic” variation of the susceptibility of the 
crystal Zn-2 with the magnetic field: A) unconstrained crystal, 
B) homogeneously compressed crystal at p = 1700 kg/cm’; 
a—6@= 10°; b—0= 20°; c—@ = 30°; d—0 = 40°; e—0 = 50°; 
f— 6 = 55°: g—0 = 60°; h—@ = 65°; i- 9 = 70°;, T = 4.2°K. 


FIG. 7. Angular dependence 
of the oscillation period of the 
susceptibility caused by the 
smallest group of mobile 
charges: a — for the unconstrained 
crystal Zn-2 and b — for the homo- 
geneously compressed crystal 
Zn-2 at p = 1700 kg/cm?. 


60 800° 


give the low-frequency component of the effect, 
caused by the smallest group of mobile charges 

in zinc. It may be seen that the homogeneous com- 
pression of the crystals under a pressure of p * 
1700 kg/cm? changes very markedly all the char- 
acteristics of the Ay(1/H) curves: the period of 
the oscillations increases noticeably, the amplitude 
of the oscillations decreases by a large factor (par- 
ticularly in small fields), and the maximum of the 
attenuated Ay(1/H) curves is displaced towards 
greater field strengths. 

The curves of Fig. 7 illustrate the angular de- 
pendence of the period of oscillation of the suscep- 
tibility without pressure and for a homogeneously- 
compressed crystal. It can be seen that the period 
of oscillation has increased in the homogeneously 
compressed crystal for all values of the angle @. 
This increase in the period of oscillation is some- 
what larger for smail angles, where it reaches 48%, 
and somewhat less for large angles, where it equals 
40 to 43%. 

The homogeneous compression of the crystal 
also changes the period and the amplitude of the 
oscillations of the fine structure of the de Haas — 
van Alphen effect. The high-frequency oscillations 
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TABLE I 


Period of oscillation T x 10*, Oe! 
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do not disappear under pressure, but their period 
increases noticeably; at 6 = 80° the increase in 
the period of oscillation of the fine structure 
amounts to 12%. The amplitude of the high-fre- 
quency oscillations decreases under pressure. 

The numerical values of the periods of oscilla- 
tion for the low-frequency and high-frequency com- 
ponents of the Axy(1/H) curves are listed in 
Table I for Zn-2 crystals, unconstrained and 
under homogeneous compression. On removing 
the pressure the values of the periods of oscilla- 
tion are completely restored. 

The homogeneous compression of the crystals 
leads to a strong decrease in the amplitude of the 
oscillations. The decrease in the amplitude of the 
oscillations under pressure is particularly pro- 
nounced for large values of @ and for small fields. 
On removing the pressure the amplitude of the os- 
cillations is not completely restored. The hystere- 
sis is greatest for small fields; it decreases with 
increasing field strength. 

The temperature variation of the amplitude of 
the oscillations, caused by the smallest group of 
mobile charges in unconstrained and in homoge- 
neously-compressed crystals, has been investi- 
gated at @ = 80°. Numerical values for the ratio 
of the amplitudes. of the oscillations A,/A, are 
given in Table II for different values of 1/H and 
for two different experimental temperatures. 


5. DISCUSSION OF THE RESULTS 


The de Haas —van Alphen effect is a feature 
common to a group of 15 elements, in which the 
absolute magnitude of the susceptibility increases 
with decreasing temperature and which crystallize 
in anisotropic structures (in many cases in lamel- 
lar structures). In crystal chemistry it is usually 
assumed that complicated mixed types of interac- 
tion (partially covalent or van der Waals forces ) 


Low-frequency component High-frequency component 
Ax (1/H) Ax (1/H) ABE = 

2 6° p=0; T,=4.2°K, Pp = 1700kg/em;7, = 

ma e sii00 bee eo p= 1700 kg/m? T2= 2.0°K = 4.2°K, Ty= 176°K 
(14[A7)-10*, Oe) AplAy | (4/H)-104, Oe-1 A,|A, 

10 0.516 0.763 80 0.0138 0.0154 

20 0.494 0.724 84 0.0125 0,0145 1.2 ee) 0,8 2.2 

30 460 650 4.4 2.7 0 y75ne Lloreky 

40 405 570 1.0 1.9 0.7 2.2 

50 340 484 Gon oe tae 0,65 2.0 

55 303 435 0.8 4.0 0.6 1.8 

60 216 387 0.7 1.05 0,55 1.42 

65 237 338 0.6 4.09 0,5 1.23 

714 157 994 

80 93 126 
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are playing an important part in the lattices of the 


above elements along with the metallic type of bond. 


The basic experimental data on the de Haas.— 
van Alphen effect (the complicated frequency spec- 
trum, large periods and amplitudes of the suscepti- 
bility oscillations), as well as the variation of the 
susceptibility of these elements with temperature, 
are explained by the well-known assumption that 
these elements contain one or more exceptionally 
small groups of mobile charges besides the large 
fundamental group. The origin of these exception- 
ally small groups has not been explained; it is pos- 
sible that the complicated energy spectrum of the 
mobile charges is connected with the above-men- 
tioned mixed types of bonds in the laitices of these 
elements.!4 i 

The period of oscillation T of the magnetic 
susceptibility, caused by the small group £B of the 
mobile charges, is determined by the area of the 
extremal section sb ( £3) through the Fermi sur- 
face for these charges: 


T =eh | cS (ts), » (1) 


where £g is the chemical potential, measured 

from the “bottom” of the B-energy zone. The in- 

vestigation of the temperature variation of the os- 

cillations of the magnetic susceptibility makes it 

possible to determine still another important char- 

acteristic of the energy spectrum of the mobile 
charges: 


mg = 5 (dS*, / dlp). (2) 


For the general case of an arbitrary dispersion 
law, mg is a function of the lattice parameters 
a; and of the chemical potential. In the special 
case of a quadratic dispersion law, mg coincides 
with the effective mass of the charge carrier as 
usually defined. This mass depends only on the 
lattice parameters and not on the energy. 

Very recently Kosevich* has treated the effect 
of an elastic lattice deformation on the electron 
spectrum in a semi-quantitative manner and has 
considered the peculiarities of the de Haas — van 
Alphen effect in a deformed metal. The elastic 
deformation of the lattice (in particular the homo- 
geneous compression of the lattice) leads toa 
change in the chemical potential 


86 = 882 /2nme (3) 
0 


B 


where mg = 3(mgt mp), and 6S), is the varia- 
tion of the section through the Fermi surface under 
pressure.* In the case of a homogeneous compres- 


*In what follows a zero in the superscript indicates a 
given quantity in the unconstrained crystal, and p in the 
superscript indicates the same quantity in the deformed 


crystal. 


sion 6¢=ap, where 
a= v/p (4) 


is of the same order of magnitude as the volume 
occupied by one particle of the charge-carrier 
“gas” in the metal. 

6€ may be of the order of ¢g and then the 
elastic deformation of the lattice will change little 
the properties that are determined by the majority 
group of charges, and will change very strongly 
those properties which are determined by the mi- 
nority group of charges. Thus, in spite of the fact 
that the deformation and consequently the relative 
changes of the lattice parameters are small, the 
chemical potential and the oscillation period of the 
susceptibility will change by a factor comparable 
to €@ and SB , respectively. In the special case 
of a quadratic dispersion law, mg depends neither 
on the energy nor, consequently, on the pressure. 

The investigation of the temperature variation 
of the oscillation period of the susceptibility in the 
constrained and in the deformed crystal, carried 
out at @ = 80°, makes it possible to determine 
mp and mg in this orientation, without any as- 
sumptions concerning the form of the dispersion 
law for the charge carriers in the small group, 
and hence to calculate 6g and a. The results 
of these calculations are given below. 


T piT p= 1.355. mh 10% == 715; 
190 ae 2 5 
Spa OHO, mg: 102 = 6.3; 
3S n/Sm= —0.260. 8¢- 1014 = —0.62 erg; 
in, 10? 4.9, a-10? = 0.36. 
A comparison of the quantities m?, and mp 


gives evidence of a considerable dependence of 

Ma, on the pressure, i.e. of a non-quadratic dis- 
persion law for the small group of mobile charges 
in zinc crystals. 

From an analysis of the data quoted it can be 
seen that the changes of the chemical potential by 
homogeneous compression of the lattice under a 
pressure of p © 1700 kg/cm? are of the same 
order of magnitude as the chemical potential of 
the charge carriers of the small group.'"!® The 
value of the parameter a, calculated on the basis 
of the experimental data, is also in good agreement 
with the value estimated for it by Kosevich’® from 
general considerations. 

Since the theoretical determinations of these 
quantities are based on the assumption that there 
exist exceptionally small groups of charge car- 
riers, one may conclude that the experiments on 
the homogeneous compression of the zinc crystals 
and the large changes in the oscillation periods and 
in the chemical potential detected in these experi- 
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ments support the validity of such an assumption. 

Further investigations on the pressure varia- 
tion of the oscillation period of the susceptibility 
in zine will make it possible to establish the dis- 
persion law for the small group of charge carri- 
ers.) 

The calculations by Kosevich permit a quan- 
titative determination of the oscillation period of 
the magnetic susceptibility in a constant magnetic 
field as a function of the external load. In the case 
of a homogeneous compression of the crystals the 
change in pressure Ap, which corresponds to the 
oscillation period, equals 


Ap = enH came: (5) 
This quantity can be determined for the zinc 


crystals from the experimental data. The results 
of the calculation are given in Table III (@ = 80°). 


TABLE III 
H, Oe Ap, kg/cm? 
1000 75 
5000 370 
10000 750 


It can be seen from the table that it is possible 
to observe the variation with pressure of the sus- 
ceptibility oscillations in zinc crystals in a con- 
stant field by using the “ice” method for generat- 
ing high pressures at low temperatures and by 
varying the pressure in the apparatus. 

Two cases have been studied quantitatively and 
treated theoretically so far, i.e. changes induced 
in the chemical potential of the charge carriers 
by some external factor, and the conditions when 
such changes strongly affect the properties deter- 
mined by small groups of charge carriers. The 
discussion here deals with the effect of the tem- 
perature on the magnetic properties of those ele- 
ments which exhibit the de Haas — van Alphen ef- 
fect,!’ and with the effect of elastic deformations 
on the oscillations of the magnetic susceptibility 
caused by small groups of charge carriers.” 

In Sec. 4 it was noted that small amounts of 
impurities change the oscillation period of the 
susceptibility in zinc crystals very strongly. It 
is probable that the impurities also induce in the 
chemical potential a change that affects appreci- 
ably the filling of the small group of charge car- 
riers, and, correspondingly, the most important 
characteristic of the de Haas —van Alphen effect, 
i.e. the oscillation period of the susceptibility. 


DMITRENKO, VERKIN, and LAZAREV 


In conclusion, we wish to express our gratitude 
to A. M. Kosevich for discussing the experimental 
results. 
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The energy dependence of the asymmetry of electrons originating in the decay of polarized 

4 mesons was studied with a set of scintillation counters biased against bremsstrahlung. The 
measurements were carried out for electron energies above 20 Mev. The observations are in 
a quantitative agreement (within a few percent) with the two-component neutrino theory. The 
experiments indicate that the degree of polarization of the » meson beam is 0.81 + 0.11. 


INTRODUCTION 


‘Tue hypothesis of parity nonconservation in weak 
interactions! has led? to a special variant of the 
neutrino theory, called the two-component or lon- 
gitudinal neutrino theory. The attractiveness of 
such a theory makes it desirable to conduct experi- 
ments to decide whether the theory is correct or 
not. 

A study of the spectrum of electrons produced 
in the decay of polarized meson at various 
angles offers such an opportunity. It is, however, 
necessary to note that such an investigation can, 
in principle, only disprove the two-component neu- 
trino theory, but cannot provide a final proof of its 
validity. In other words, a four-component neu- 
trino theory can, for an appropriate choice of the 
coupling constants,’ give a spectrum similar to 
that predicted by the two-component theory, namely 


f(E,6) = 2E2{(3 — 2E) + (2E — 1) cos 6}. (1) 


Here f(E, @) denotes the electron energy-dis- 
tribution function, 9 is the angle between the elec- 


tron momentum and the -meson spin, E is the 
ratio of the electron energy to the maximum energy 
possible, and A is a parameter that depends on 
the coupling constants. 

Parity nonconservation in m—w—e decay was 
discovered in the classical experiments of Garwin, 
Lederman, and Weinrich! who showed, using elec- 
tronic methods of particle detection, that -meson 
beams from an internal target of a synchrocyclo- 
tron are polarized to a large degree, and that the 
angular distribution of electrons in w—e decay 
is of the form 1+acos @. It follows from the 
above that the two-component neutrino theory 
predicts a definite dependence of the factor a 
on the electron energy. 

The energy dependence of the factor a found 
in reference 4 is weaker than that given by Eq. (1). 
The energy of the electrons was estimated in these 
experiments by determining the penetrating power 
of electrons passing through a graphite absorber. 
Taking it into account that the arrangement of 
counters in reference 4 was such that the brems- 
strahlung radiation of the electrons could be re- 
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corded,° we undertook an experiment in which the 
detection probability of bremsstrahlung radiation 
has been markedly lowered by using an appropriate 
arrangement of counters. It will be shown below 
that the results of our measurements, in which 
(apart from strong suppression of the bremsstrahl- 
ung) good angular resolution was obtained, made 

it possible to verify Eq. (1) for electron energies 
above 20 Mev. 

A second publication of the Columbia group® 
appeared after our experiment had been started. 
The observed energy dependence of electron asym- 
metry in 4—e decay reported is close to that 
predicted by Eq. (1). A qualitative agreement has 
also been obtained in recently-published experi- 
ments using emulsions’ and a propane bubble 
chamber.’ The degree of accuracy of these meth- 
ods is, however, much lower than that obtained by 
means of electronic recording. 


EXPERIMENTAL ARRANGEMENT 


A beam of positive a mesons of ~ 80 Mev, 
produced on an internal synchrocyclotron target, 
was used in the experiments. The beam was 
analyzed and focused after passing through the 
scattered magnetic field of the accelerator. The 
beam was analyzed again by a magnetic field be- 
fore reaching a concrete wall four meters thick, 
and, passing through a collimator, reached the 
hall where the experiments were conducted. The 
intensity of the beam was relatively low (100 me- 
sons/ cm?-sec), and its good monoenergetic quali- 
ties permitted it to separate stopping mesons 
from stopping ma mesons. It was therefore more 
convenient for experiments on yp mesons than 
other, more intense beams available in our labo- 
ratory. 


10cm 


FIG, 1. Diagram of the experimental setup. Be) beryllium 
absorber, CH,) polyethylene absorber 10 cm thick, C) graphite 
target, 1, 2, 3, 4, 5, 6, 7) scintillation counters, 8, 9, 10, 11) 
polyethylene absorbers, 12) magnetic shield, 13) shielding 
wall, 14) collimator, 
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The experimental setup is shown in Fig. 1. A 
beryllium absorber was placed directly in front of 
the monitoring counters 1 and 2. Its thickness was 
chosen such as to stop the a mesons in the graph- 
ite target. This was necessary for calibration pur- 
poses. An additional polyethylene (CH,) absorber 
10 cm thick was placed between counters 1 and 2 
for asymmetry measurements, when the y mesons 
had to be stopped in the graphite. 

Two difficulties arise in measurements of the 
energy dependence of the asymmetry of u—e 
decay electrons by the absorption method: (a) the 
spectrum of electrons traversing the absorber is 
distorted by effects of multiple scattering and 
bremsstrahlung, and (b) electrons with energy 
lower than that determined by the absorber thick- 
ness are detected thanks to the relatively penetrat- 
ing bremsstrahlung radiation. Point (a) is dis- 
cussed in the following section. As far as point (b) 
is concerned, in order to decrease the probability 
of registration of electrons through their brems- 
strahlung radiation, a telescope consisting of a 
large number of scintillation counters was used 
for electron detection in our experimental arrange- 
ment. The minimum threshold of electron detec- 
tion in the telescope (3, 4, 5, 6, and 7 in Fig. 1) 
was therefore relatively high and, including half 
the thickness of the graphite target, was equiva- 
lent to 9.7 g/cm? of polyethylene. The electron- 
detection threshold could be varied by means of 
polyethylene absorbers, placed between the 
counters. 

The intensity of the vertical magnetic field used 
to rotate the -meson spin was made small in 
order to improve the angular definition of the re- 
cording system as compared with that of refer- 
ence 4. It was constant throughout the experiment 
and amounted to 4.4 + 0.1 oersteds over the total 
target volume.* A graphite target 21414 cm 
was placed in the center of the magnetic shield 
formed by two iron cylinders placed one above the 
other with a gap of 11 cm. The shield excluded 
horizontal components of the magnetic field pres- 
ent in the hall, and ensured at the same time 
homogeneity of the vertical magnetic field estab- 
lished at the target. 

The operation of the electronic apparatus (block 
diagram shown in Fig. 2) was as follows: a pulse 
from the monitor coincidence circuit (1, 2) pass- 
ing through the anticoincidence circuit (1, 2)-3 


*The authors are obliged to D. P. Vasilevskaia for the 


measurements of the topography and of the value of magnetic 
field inside the magnetic shield. 
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operated a time discriminator, the channels of 
which (CF,, CF,, CF3) were gated in turn by trig- 
gers T;, T,;, and T3. Duration of each gate was 
equal to lwsec. Pulses from the decay electrons 
detected in a five-fold coincidence were fed into 
the gated channels of the time discriminator and, 
in the case when these were open, were recorded 
by mechanical registers. 

The rate of ~—e decay electrons detected in 
the geometry of Fig. 1 at the minimum threshold 
setting was 30/min. For the case when only the 
beryllium absorber remained in the beam, which 
corresponds to the stopping of 7 mesons, the 
rate of m—yw—e decay electrons amounted to 
200/min. 

The magnetic field applied rotated the angular 
distribution only by 21° in a microsecond, the p- 
meson precession frequency being f= geH/4mm,c. 
Two series of measurements were therefore car- 
ried out, each at two angles symmetric with re- 
spect to the collimator axis (and the target): 

(1) 52° and 180 + 52°, and (2) 128° and 180 + 128°. 
The target was placed at 45° to the beam (cf. Fig. 
1 for the first case). Taking the rotation of u- 
meson spin in constant magnetic field into account, 
measurements at these four angles (using three 
time-discrimination channels) made it possible to 
obtain the angular distribution of electrons with re- 
spect to the -meson spin between 0 and 360°. 
After corrections for angular definition and ex- 
ponential decay within gate duration, these angles 
were 11, 32, 61, 88, 110, 170, 191, 212, 241, 268, 
290, and 350°. 

In essence, three pairs of points were in our 
disposition for determination of the factor a, 
symmetric with respect to the direction of the 
#4~meson spin (and shifted by about 21°) at 0° 
and 180°. Six additional points were available, 
symmetric in pairs about 90 and 270°. These 
points, which did not increase appreciably the 
accuracy of asymmetry determination, served 
as a check on the geometrical symmetry of the 
experiment. It follows that a possible difference 
in gate duration was of no consequence in deter- 
mination of the factor a since the counting rate 
at various angles was measured using the same 
time channels. 

A variable delay line (VDL, Fig. 2) made it 
possible to vary the time of gating from 0 to 5.0 
usec relative to the passage of the meson through 
the counters (1,2), which was used for determin- 
ation of the chance coincidence rate. A delay equal 
to 0.4sec was used in the measurements. The 
background, due mainly to » mesons stopping in 
the walls of the magnetic shield and producing de- 


To Mech, 
Counter 


FIG. 2. Block-diagram of the electronic apparatus. DA) 
distributed amplifiers connected to photomultipliers 1, 2, 3, 4, 
5, 6, 7; I, Il, I) coincidence circuits (7 = 1.5 x 10° sec.): 
AC) anticoincidence circuit (1, 2)-3; CF) cathode follower; 
VDL) variable delay line; DC) differentiating circuits for con- 
secutive operation of trigger circuits. T,, T,, T;; G,, G,, G,) 
gated channels. 


cay electrons, depended on the polyethylene ab- 
sorber thickness practically in the same way as 
the rate of electrons from s mesons decaying in 
the graphite, and amounted to ~ 5 ~ 10%, depend- 
ing on the number of gates and on the angle of ob- 
servation. 


INVESTIGATION OF THE ABSORPTION OF 
ELECTRONS EMITTED BY UNPOLARIZED 
u. MESONS 


For the interpretation of the absorption curves 
of polarized «-meson decay electrons discussed 
in the following section, it is necessary to know 
the probability g(E,R) that an electron of a 
given energy E is detected while traversing the 
polyethylene absorber of thickness R. In our case 
R_ denotes the total thickness of the absorber in 
the telescope accounting for the thickness of the 
scintillation counters themselves and of the graph- 
ite target. 

The passage of electrons through matter is a 
relatively complicated phenomenon because of 
multiple scattering and bremsstrahlung. The 
basic laws of the interaction involving electron 
deceleration are well known, and the solution of 
the problem of the passage of electrons through 
matter is subject to mathematical difficulties only. 
In practice the problem can be solved experimen- 
tally, using a source of monokinetic electrons of 
different energies, and by the Monte Carlo method. 
We have made use of the results of Monte Carlo 
calculations of the probability that an electron 
traverses different thicknesses of polyethylene, 
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given by Lokanathan and Steinberger.? 

In order to evaluate the validity of the method 
used we studied the absorption in polyethylene of 
electrons possessing a known spectrum, originat- 
ing in the decay of unpolarized » mesons. The 
experimental absorption curve was compared with 
the theoretical, calculated for the same spectrum 
according to reference 9. 

It is well known that the spectrum of electrons 
from unpolarized » mesons is completely de- 
scribed by the Michel parameter p. According 
to experimental data (cf., eg., reference 3), the 
value of that parameter is close to that predicted 
by the two-component neutrino theory and we used 
the value p=0.75 in our calculations.* 


FIG, 3. Absorption curve of electrons from decay of un- 
polarized 4 mesons. Solid curve — calculated dependence of 
electron intensity on the polyethylene absorber thickness R; 
©) experimental points. The counting rate of the telescope 
without additional absorbers (telescope recording threshold 
equal to 9.7 g/cm’) is taken as unity. 


The solid curve in Fig. 3 represents the calcu- 


lated dependence 
4 


N(R) = \E%(8—2E)9(E,R)dE. 
0 


The curve is normalized so that the counting 
rate of electrons recorded by the telescope (3, 4, 
5, 6, 7) is unity when the telescope threshold is 
determined by the thickness of scintillation count- 
ers only. 

In the experimental determination of the curve, 
no absorber was placed between the counters 1 and 
2, and m mesons were stopped in the graphite tar- 
get. For the detection of electrons the telescope 
was set at 232° to the direction of the meson beam, 
in the same geometry as used for the study of 
fu—e decay asymmetry. Polyethylene absorbers 
were placed between the counters. The experimen- 
tal points are shown in Fig. 1. 

It can be seen from the figure that the calcu- 
lated curve fits well the experimental points. This 


*Radiative corrections’ do not introduce any errors impor- 
tant to the problem on hand. 
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facts serves as the basis for the method of account- 
ing for the distortion of electron spectrum in pas- 
sage through polyethylene given in the following 
section. A marked discrepancy (~ 10%) between 
the calculated curve and the experimental points 
can be observed only when the total absorber thick- 
ness amounts to more than 21.7 g/cm? of polyethy- 
lene. The discrepancy increases with increasing 
absorber thickness. For an absorber 25.2 g/cm? 
thick, sufficient for ionization deceleration of 55- 
Mev electrons, the telescope records 0.4% of the 
number of electrons detected without additional 
absorbers. It can be concluded therefore, that 

the discrepancy is not due to theoretical calcula- 
tions but to the finite probability of bremsstrahl- 
ung radiation detection by the telescope. The fact 
that this probability is small is due to the large 
number of counters used for electron detection. 


ENERGY DEPENDENCE OF THE ASYMMETRY 
OF uw—e DECAY ELECTRONS 


Experimental values of the asymmetry factor 
a, obtained using the least squares method from 
the angular distribution curves measured for dif- 
ferent absorber thickness, are shown in Fig. 4. 
Statistical errors only are shown in the figure. 

It has been shown that, for an absorber 21.7 
g/cm? thick (maximum thickness used), about 
10% of the counts recorded by the telescope de- 
tecting electrons from unpolarized » mesons 
were due to the bremsstrahlung. This could 
cause a decrease of the degree of asymmetry 
observed using such an absorber. The upper 
limit of the correction accounting for that effect, 
is however, much less than the statistical error 
shown. Nevertheless, it is possible that in ref- 
erences 4 and 6, where the bremsstrahlung detec- 
tion probability was much higher, this effect could 
cause a more considerable decrease of asymmetry. 

The solid curve in Fig. 4 represents the expec- 
ted dependence a(R) = Ba(R) of the asymmetry 
factor on the total absorber thickness in the tele- 
scope, calculated using the spectrum predicted by 
the two-component neutrino theory [Eq. (1)]. The 
value of the constant B (which serves as a scale 
in the drawing) will be discussed below. Brems- 
strahlung and multiple scattering of electrons, as 
well as the angular definition of the telescope were 
accounted for. The solid curve represents the re- 
lation 

4 4 
o(R) = \ | EX2E— 1)9(E, R)costdEdQ i AQ\E%3 — 2E)9(E,R)AE, 
AQU 0 
where the finite angular definition of the telescope 
was accounted for integrating over 2. The degree | 
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of accuracy of the function y(E, R) — the proba- 
bility that an electron with energy E will be re- 
corded by the telescope for the absorber thickness 
equal R — was discussed in the preceding section. 

An idea about the good accuracy of the solid 
curve in Fig. 4 can be obtained by comparing it 
with the dashed curve 


1 A 
a(E) = \E(2E — 1)dE /\ E%8 —2E)dE 
E Ez 


= + E+ E+ 36%) / 3(1 + E+ E2— BE), 


calculated for the idealized case of the absence of 
any instrumental distortions of the spectrum con- 
nected with recording the electrons traversing the 
absorber. It can be seen from Fig. 4 that the dis- 
crepancy between the curves is relatively small, 
in spite of the fact that the change of spectrum is 
considerable. This can be explained by the fact 
that the discrepancy reflects only the varying de- 
gree of spectrum distortion at different angles. 
That fact makes the method used perfectly suit- 
able for the problem under consideration. 

It can be seen that the curve calculated on 
basis of the two-component neutrino theory is, 
within a few percent, in agreement with experimen- 
tal points in the investigated energy region above 
20 Mev. 

The constant B= 0.70 + 0.02, obtained by com- 
parison of experimental data with the calculated 
curve, can be expressed as B=P(1-W q)A, 
where P is the degree of polarization of the y- 
meson beam used, Wc is the probability of de- 
polarization of » mesons in graphite, and A= 
(gvga + 8asy)/(levl?+|gal?) is the fundamen- 
tal constant of 4—e decay in the two-component 
neutrino theory [Eq. (1)]. The error given is sta- 
tistical only. The constant B and its error are 
based on the results of all four sets of measure- 
ments with different absorbers and it has been 
implicitly assumed that the fit between the theo- 
retical curve and experimental points (Fig. 4) is 
sufficiently good to confirm the validity of Eq. (1). 
The integral value of the asymmetry factor a) for 
the whole electron spectrum can be then automatic- 
ally obtained extrapolating the solid curve to zero 
absorber thickness. It has been found that ap = 
B/3 = 0.233 + 0.007. Naturally, this value refers 
to the -meson beam used. 

Analyzing the available data on the measure- 
~ ments of the asymmetry of m*—y*t—e*t decay 
electrons in emulsions and yt —e*t decay elec- 
trons in emulsions and graphite. Wilkinson came 
to the conclusion that (1—Wc)A = 0.87 + 0.12." 
Comparing this result with the value of B= 
P(1-—Wc)A = 0.70 + 0.02 obtained in the present 
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FIG. 4. Dependence of asymmetry coefficient a on elec- 
tron energy. The solid curve a (R) calculated accounting for 
the electron detecting efficiency of the experimental arrange- 
ment (for total absorber thickness R), the dashed curve a(E) 
calculated —assuming the absence of any spectrum distortion. 
X) experimental values of a. 


experiment it may be concluded that the »-meson 
beam used had a degree of polarization P = 0.814 
0.11, i.e., probably was not totally polarized. 

A comparison of the asymmetry factors ay ob- 
tained for graphite using different »-meson beams 
(though extracted from accelerators by analogous 
methods )*?!1+12 shows that any differences in their 
value cannot be regarded as essential. It follows 
that the beams have a similar degree of polariza- 
tion, independent of the energy of proton beam 
producing ma mesons on the internal synchrocy- 
clotron target. 

In conclusion, it should be mentioned that, so 
far, there is no experimental evidence indicating 
that A is less than one, i.e., less than the value 
required by the Feynmann — Gell-Mann theory.'8 


CONCLUSION 


1. The energy dependence of the electron asym- 
metry in pr— e* decay was measured using an 
electronic method of recording which suppressed 
strongly the bremsstrahlung recording probability. 

2. The asymmetry dependence found for the 
energy region studied, from 20 Mev to the limit 
of the electron spectrum, is in quantitative agree- 
ment (within a few percent) with the predictions 
of the two-component neutrino theory. 

3. Under the assumption that the dependence 
remains valid for the non-investigated region of 
spectrum < 20 Mev, the asymmetry factor ag 
was found for graphite for the total integral spec- 
trum. The value obtained is ay = 0.233 + 0.007. 

4, It can be maintained that, most probably, 
the -meson beam used was not totally polarized: 
its degree of polarization was found to be equal 
P =0.81 + 0.11. 
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5. -meson beams from internal synchrocyclo- 
tron targets have an approximately equal degree 
of polarization, irrespective to the energy of ac- 
celerated protons. 
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The relative conversion coefficients in L subshells have been measured for three pure M1 


transitions: 46.5 kev in Bi?!° and 115.1 and 238.6 kev in B2!2, 


It is shown that in order to 


obtain agreement with experimental data the finite nuclear size must be taken into account 
in theoretical calculations of the L-conversion coefficients. The ratios Ly g Ly: Lyyy for 
the M1 transition of 277.3 kev in Pb?" have also been measured. 


1. INTRODUCTION 


ln several experimental papers!~6 it has been es- 
tablished that the K-conversion coefficients found 
experimentally for heavy nuclei for M1 transi- 
tions turned out to be appreciably lower than the 
theoretical coefficients calculated by Rose’ for a 
point nucleus. This difference agrees approxi- 
*This paper has been presented at the eighth annual con- 


ference on nuclear spectroscopy held by the Academy of Sci- 
ences U.S.S.R. in January 1958 in Leningrad. 


mately with the correction (~30%) for finite nu- 
clear size proposed by Sliv.® It has been shown 
both theoretically? and experimentally !»4>!9 that 
approximately the same correction should be ap- 
plied also to the Ly -conversion coefficients. At 
the present time it may be considered as estab- 
lished that it is necessary to take into account 
the finite nuclear size in making theoretical cal- 
culations of internal conversion coefficients for 
the K and Ly shells in the case of M1 transi- 
tions. 


EY PECT, OF PINITE NUCLEAR: SIZE 243 


counts/min 


6000 


4000 


2000 


310 JIS 320 325 330 J35 f, kes 


FIG. 1. Ly, Ly and Lyyy conversion lines for the 46.5-kev 
transition in Bi”°. In this graph and in subsequent graphs the 
proton resonance frequency f which is proportional to Hp has 
been plotted along the horizontal axis. AHp/Hp is equal to 
0.37% for Ly and to 0.35% for Lyyy. 


With respect to the effect of the finite nuclear 
size on the conversion in the Ly; shell the avail- 
able experimental data!*4?!9!! are of a contradic- 
tory character, owing to the low accuracy of meas- 
urement. Recently Band and Sliv have carried out 
_ calculations of conversion coefficients for the Ly, 
Ly, and Ly subshells. Preliminary results of 
these calculations, kindly communicated to us by 
the authors, show that the effect of finite nuclear 
size is significantly different for the different L 
subshells. The correction does not depend strongly 
on the energy, and for Z=83 amounts to ~ 33% 
for the Ly subshell, to 11% for the Ly subshell, 
and is small in the case of the Ly subshell. 
Therefore, the ratios Ly: Lyy: Lyy should be sen- 
sitive to nuclear size. 


The object of the present work consists of the 
experimental investigation of the effect of finite 
nuclear size on the relative conversion coeffi- 
cients in the L subshells for M1 transitions. 
The following points are significant in such an 
investigation: (1) the accuracy in the determina- 
tion of the relative intensities Ly: Lyy: Lyy should 
be not less than 5%; (2) it is necessary to be cer- 
tain that the lines being studied are pure M1 tran- 
sitions, for even a small admixture of E2 may 
strongly affect the ratio Ly: Lyy: Ly. 


2. EXPERIMENTAL DATA 


Internal conversion in L-subshells was studied 
in the case of the following three M1 -transitions: 
the 46.5-kev transition occurring in the decay 


RaD & Rak (g3Bi2!°) and the 115.1 and 238.6-kev 


transitions occurring in the decay Thp& ThC ( ggbic@ ). 
According to Krisiuk et al.,!? all three transitions 
take place between levels with spins 07 and 1°, 
and are therefore pure M1 transitions. 

The work has been carried out using a magnetic 
spectrometer of the ketron'® type. The measure- 
ment and the stabilization of the magnetic field 
was carried out by means of the proton magnetic- 
resonance method.'* Electrons were recorded by 
means of Geiger-Miiller counters. The resolving 
power of the apparatus was varied from 0.05 to 
0.36%, and was chosen for each line in such a way 
as to give a complete resolution of the lines with 
the maximum possible aperture. Figures 1 and 2 
show several sets of measurements of the lines 
described above. The 115.1-kev transition is a 
fairly weak one, and therefore the ratio Ly: Lyy 
for it was measured with a resolving power of 
0.14%, while the ratio Ly: Ly; was measured 
with a resolving power of 0.23% (Fig. 2); the 
Ly line for this transition had not been observed 
previously. 
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FIG. 2. Ly, Ly and Ly conversion lines for the 
115.1 kev transition in Bi???. The Ly line has been 


N, counts/min 


measured with a resolution of 0.23%. AHp/Hp = 600 
0.14% for Ly. 
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TABLE I 
a 


Decay Fy kev Lys bry @ Lat 
— RaE (Bi?#° 46.5 100 : (10.6 + 0.2): (0.93 + 0.05) 
RED n. TAC (Bia 415.4 100: (10.4 + 0.3): (0.88 + 0.10) 
ThB > ThC (Bi???) 238.6 100: (10.4 + 0.2): (0.74 + 0.05) 
TABLE II 
Transition Ly: Ly: Lyyy Reference 
46.5 kev 400; (10.2 + 0.7): (0.95 + 0.05) * 
: 100: (10.5 £0.4):(4.0 +0.1) [18 
238.6 kev 100: (10.8 £ 0.1) : (0.80 + 0.02) ey 
100: (11.6 + 0.3): (0.66 + 0.04) es) 
100: (40.0 + 0.7) [22] 


*These results have been obtained by A. A. Bashilov, B. S. 
Dzhelepov, and L. S. Chervinskaia in 1955 and have been communi- 


cated to us privately by the authors. 


We determined the ratio Ly: Lyy: Lyyy directly 
from the heights of the corresponding lines. In 
addition to the correction for the decay, the fol- 
lowing corrections were introduced during the 
reduction of the experimental data: (1) a correc- 
tion for the magnitude of the “tail” of the Ly 
line under the Ly -line, which amounted to 1 or 
2%; (2) for the 46.5-kev transition a correction 
was made, in addition to the above, for the varia- 
tion in the half-width of the line with variation of 
H po Such a dependence of the half-width on Hp 
is explained, in the case of our apparatus, by the 
distortion of the topography of the field for Hp < 
1000 Oe-cm, and we have studied it by recording 
the conversion spectrum of an active radiothorium 
deposit.!> The correction amounts to 1.2% for the 
ratio Ly: Ly and to 6.5% for the ratio Ly: Ly. 
Ly: Ly 


T 


FIG. 3. Comparison 
of theoretical and ex- 
perimental values of 
the ration Lyy: Ly. K 
is the y-ray energy in 
units of m,c?. 


No corrections were made for absorption in counter 
windows, and for missed counts; under our condi- 
tions they were both small (< 1%). 

Four to five sets of measurements were taken 
for each line. Table I gives averaged results. The 
errors shown in the table are somewhat larger than 
statistical, because the possible presence of sys- 
tematic errors was taken into account. 

For comparison with our results, we give in 
Table II values of relative conversion coefficients 
in L subshells for the 46.5 and 238.6 kev transi- 
tions taken from references 10, 11, 16, and 17, 
carried out since 1955. The results of earlier 
work are subject to considerable experimental 
error and are not given in the table. It can be 
seen from the table that for both transitions our 
results agree within experimental error with the 
results of the other papers, except for the ratio 
Ly: Lyy given by Krisiuk et al.'! which gives a 
discrepancy of ~10%. In this work carried out 
in our laboratory the errors shown in the table 
are purely statistical ones, and do not include a 
systematic error which was discovered by us 
later. The introduction of an appropriate cor- 
rection leads to agreement between the results. 

It should be noted that in the paper by Bashilov 
et al.!8 a 31.9-kev line of intensity comparable to 
the Ly line was found between the Ly and Lyy 
lines in the course of obtaining the conversion 
spectrum of RaD. As can be seen from Fig. 1, 
we do not have such a line in this region. 


8. COMPARISON WITH THEORY 


In order to compare the experimental results 
with the theoretical ones we have plotted in the 
graphs of Figs. 3 and 4 the theoretical ratios 
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Ly: Ly and Lyyyz: Ly as functions of the energy. 
We have also given there the corresponding ex- 


perimental ratios. The lower curves in both graphs 


have been plotted according to the tables of Dra- 
nitsyna!® who interpolated Rose’s results’ with re- 
spect to Z and energy. The upper curves have 
been plotted according to the tables of Band and 
Sliv. The accuracy of the theoretical values com- 
municated to us by Band and Sliv amounts to ~ 2%. 

It may be seen from Figs. 3 and 4 that within 
experimental error the calculations of Band and 
Sliv, carried out taking finite nuclear size into ac- 
count, agree well with the experimental results. 
Rose’s calculations for a point nucleus disagree 
noticeably with the experimental results. Thus 
from our data it follows that the finite nuclear 
size makes an appreciable contribution to the 
relative L-conversion coefficients, and that this 
contribution has been correctly taken into account 
in the calculations of Band and Sliv. 

In all three cases of y transitions studied by 
us, as has been shown by Krisiuk et al.,!? appar- 
ently a transition of one neutron takes place from 
the g9/ state to the ij; state, i.e., the transi- 
tions are /-forbidden. In all cases when the life- 
times of /-forbidden M1 -transitions were meas- 
ured, a retardation by 2 or 3 orders of magnitude 
was found. All these transitions take place in odd 
nuclei. If a similar retardation takes place in the 
transitions investigated by us in odd-odd nuclei, 
we can expect to observe the influence of nuclear 
structure on the relative conversion coefficients 
for the M1 -transitions, which was noted by Church 
and Weneser.2? The good agreement between our 
results and Sliv’s calculations indicates that even 
if nuclear structure does affect the ratio Ly: Ly: 
Lyyj in the M1 transitions studied by us, this 
effect must be less than 5%. 


4, RELATIVE CONVERSION COEFFICIENTS FOR 
THE 277.3-kev TRANSITION IN Pb2% 
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FIG. 4. Comparison 
of theoretical and ex- 
perimental values of 
the ratio Lyyy: Ly. 
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(5). An admixture of E2 radiation is possible in 
this transition. 

We determined the ratio Ly: Ly for this transi- 
tion with a resolution of 0.05%, and the ratio Ly: Ly; 
with a resolution of 0.23%. 

The average value of the ratio Ly: Lyy: Lyy ob- 
tained from 4 or 5 sets of measurements is given 
in Table III. Moreover, in this table we have also 
given the value of K: Ly which has been calculated 
from the ratio K:(Ly+ Ly) found in our labora- 
tory.”! From the table it may be seen that the value 
of the ratio Ly: Ly: Lyyy for this transition differs 
appreciably from the corresponding ratios for the 
pure M1 transitions (cf. Table I). This difference 
may be easily explained by the existence of a small 
admixture of E2 radiation in the 277.3-kev transi- 
tion. In Table III we have shown the values of the 
admixtures of E2 obtained by using both the new 
conversion coefficients of Band and Sliv, and also 
Rose’s coefficients.’ When Sliv’s coefficients are 
used, good agreement is found between the values 
of admixtures of E2 obtained from the two inde- 
pendent ratios Ly: Ly and Ly: Lyyy. 

The amount of admixture of E2 radiation in 
the 277.3-kev transition is ~5%. Thus it can be 
seen that with a sufficient precision of measure- 
ment the use of the new conversion coefficients 
allows us to determine the admixture of E2 radi- 
ation even in the case when this admixture amounts 


In addition to the pure M1 transitions discussed 
above, we have also measured the ratio Ly: Lyy: Ly] 
for the 277.3-kev M1 transition between two excited 


to only a few percent of the main radiation. Such 
small admixtures were previously determined pri- 


levels of Pb*"*, 3474.8 kev (47) and 3197.5 kev marily from measurements of angular correlation. 
TABLE II 
Admixture of E2, percent 
Ly: Ly Eye Ligeimeee eis |e. Lan 
Ey,kev | K:Ly Ly: Ly: Lyyy 
According to Sliv | According to Rose 
277.3 |6.154.0.3] 100: (12.5-0.6) : (1.90.3) |4.8-41.5|5.241.4|11.041.5] 8.841.8 
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If the probability of y transitions is assumed 
to be correctly described by Moszkowski’s for- 
mula,”* then the ratio E2:M1 for the 277.3-kev 
transition turns out to be equal to ~107*. How- 
ever, the results of our measurements show that 
this ratio is equal to 0.05. The existence of an 
appreciable admixture of E2 radiation may be 
due to a retardation of the M1 transition. 

The retardation of the M1 radiation in this 
case is not explained by the structure of the ex- 
cited levels of Pb?°8, proposed by Tauber.”® Ac- 
cording to Tauber the 277.3-kev transition takes 
place between levels of the same multiplet. The 
probability of such a transition must agree with 
the single-particle estimate. This has been con- 
firmed experimentally in the case of the 40-kev 
M1 transition in T1?%. This transition takes 
place between the multiplet levels s1/ g9/, and 
direct experimental measurements of the life- 
time”* agree with calculations according to the 
shell model.” Moreover, the ratio Ly: Ly: Lyy 
for this transition?® does not allow an admixture 
of E2 radiation in excess of 0.05%. It is also 
difficult to expect an appreciable retardation of 
the M1 transition in the case of transitions be- 
tween levels of any other multiplet. Therefore 
the occurrence of an appreciable admixture of 
E2 radiation in the 277.3-kev transition in Pb? 
does not agree with Tauber’s assumption”* that 
the initial and the final levels of this transition 
belong to the same multiplet. 
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Results of measurements of the dependence of the cross section for photoproduction of slow 
m mesons on the mass number of the target nuclei are presented for nuclei between C and 
Pb. o~ AY for synchrotron y-ray beams of maximum energy of 265 and 210 Mev. The 

dependence of the slow 7° meson yield on the maximum energy of the y-ray beam has been 
measured for carbon and lead. The results agree with the theory of m-meson production on 


the surface of the nucleus. 
1. INTRODUCTION 


Tue photoproduction of a mesons on nuclei has 
been studied in a series of papers.’ It was found 
that in all cases of complex nuclei (heavier than 
Al) the relationship o, ~ A?/3 holds where oa is 
the cross section for the production by a photon of 
a meson on a nucleus of mass number A. 

There exist two different explanations of the ob- 
served dependence of the cross section for the 
photoproduction of m-mesons on the mass number. 
The first theory® is based on the optical model 
which takes into account the finite mean free path 
for the reabsorption of mesons in nuclear matter. 
According to this theory the cross section for the 
photoproduction of 7 mesons on a nucleus of mass 
number A is given by 


Oo“, = soAXf ay (1) 


where oy is the cross section for the production 
of mesons on a free nucleon, and 7 is a factor 
that takes into account the nuclear binding of the 
nucleons inside the nucleus. The magnitude of 
this factor is in the general case less than unity, 
since the law of conservation of energy and the 
Pauli exclusion principle impose a restriction on 
the possible number of final states. However, the 
value of » must be approximately the same for 
different nuclei. fy is the reabsorption coefficient 
given by 

fom pleted tli rh te +o"), 

(2) 

where A. is the mean free path for absorption, 
Ry = rypA¥/? is the nuclear radius, V is the nuclear 
volume, and x is the path length traversed by the 
meson inside the nucleus. From this it may be 
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seen that when 2R/A,g > 1, 
Sa 59N [Sha / 47] A (3) 


i.e., the relationship o, ~ A?’/3 is obtained in the 
case when the mean free path of the meson is con- 
siderably smaller than the nuclear dimensions. 

The quantity Ag is found directly from results 
of experiments on the interaction of mesons 
with nuclei.’ However, in a number of cases the 
meson mean free path turned out to be too large 
to explain the dependence og ~ A? observed in 
experiments on photoproduction. Therefore a sec- 
ond theory has arisen® to explain this dependence, 
which assumes that the formation of real mesons 
is possible only on the nuclear surface. Inside a 
nucleus the absorption of photons is accompanied 
by photodisintegration which has a greater proba- 
bility than photoproduction of mesons. According 
to this theory (the theory of surface production 
of mesons), the relationship o, ~ A? is obtained 
automatically in all cases (since the nuclear sur- 
face is proportional to A’/). The physical picture 
of the phenomena occurring when high-energy pho- 
tons are absorbed inside complex nuclei is given 
by Wilson.’ He assumes that the absorption of a 
photon in the nucleus is accompanied by the pro- 
duction of a virtual meson on one of the nucleons, 
with a subsequent absorption of it by the system 
comprising the nucleon that gave rise to the me- 
son and one of its neighbors. Thus the absorption 
of photons in nuclei leads to the photodisintegra- 
tion of “quasi-deuterons,” with the latter process 
having a greater probability than the formation of 
a real meson. 

It has been established experimentally, by re- 
cording n-p coincidences, that such a process 
does in fact occur, !! and, apparently, is the main 
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source of photoprotons of high energy. A decision 
between these two theories can be made by meas- 
uring the dependence on the mass number of the 
cross section for the production of mesons on nu- 
clei, for mesons of different energies. As is well 
known,” the mean free path Ag for a meson in nu- 
clear matter depends strongly on the meson energy, 
increasing as the energy decreases. Therefore as 
the energy of the recorded a mesons is reduced, 
the dependence of oq, on A must approach a 
linear one (instead of AY 3) if the first theory is 
valid. However, if the theory of surface production 
of mesons is valid, then the relationship oq ~ A? 
must be obtained, independently of the meson en- 
ergy. These relationships can be obtained in their 
clearest form in the case of 7° mesons, which is 
free of the Coulomb interaction that complicates 
the interpretation of the results obtained with 
charged mesons. 

Experiments made to study the dependence on 
A of the photoproduction cross-section for ee 
mesons on complex nuclei, !2~ 8 carried out by re- 
cording 7° mesons using one of the decay y 
quanta, have shown that the relationship o, ~ A2/3 
is preserved in the region of complex nuclei at a 
maximum synchrotron y-ray beam energy of 265 
and 200 Mev. These y-ray energies correspond 
to m-meson spectra with maxima in the region 
of 60 and 20 Mev respectively. In the work of 
Panofsky et al.,” the 7m mesons were recorded 
using two decay y quanta. The geometry of the 
experiment corresponded to recording mesons 
with energy greater than 100 Mev. However, 
these experiments can be considered only as pre- 
liminary ones, since the results of the work of 
Panofsky et al.? are subject to large error, while 
the method of recording a 7 meson by means of 
only one of its decay y quanta suffers from cer- 
tain disadvantages. Firstly, this method does not 
allow one to determine the energy of the 7’ me- 
sons being recorded. An upper bound on their 
energy is the maximum energy of the synchrotron 
y rays. A reduction of this energy below 200 Mev 
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results in a considerable decrease in the 7 -me- 


son yield, which leads to danger of interference 
from the background of y quanta scattered by 
nuclei, which would be indistinguishable from the 
effect under observation when such a method of 
recording mesons is employed. Secondly, the re- 
cording of 7’ mesons by means of one of their 
decay y quanta requires the knowledge of the an- 
gular distribution of mesons produced on nuclei. 


2. EXPERIMENTAL SETUP 


In order to select 7’ mesons of low energy it 


is necessary to record both the decay y quanta. 
In the system of coordinates in which the 7 me- 
son is at rest the decay y quanta emerge at an 
angle of 180° with respect to one another, with the 
angular distribution of the quanta being isotropic. 
In the laboratory system the angular distribution 
of the decay y quanta from a meson moving with 


a velocity 6 is given by 
P (a) dQ, = dQ, / Ixy? (1 — B cos «)?, (4) 


where a is the angle between the direction of mo- 
tion of the 7° meson and the direction in which the 
decay y quantum is emitted, while y = 1/V1-—6? .. © 
If the angle between the decay y quanta in the 
laboratory system is denoted by #, then 


sin (p /2) = (cos?a@’ + y?sin?a’) 7, (5) 


Here qa’ is the angle of emission of the y quan- 
tum in a system in which the 7° meson is at rest. 

It can be seen thus that corresponding to each 
value of 7°-meson energy there will exist a mini- 
mum angle (critical angle) between the directions 
of emission of the two decay y quanta. This angle 
is determined by the relation 


sin (9, /2)= 17. (6) 


Making use of relation (5), we can easily show 
that the probability that the decay y quanta are 
emitted in the laboratory system at an angle 9 
will be given by 


sin ode 
[(1 — cos ) y?— 2] By (1 —cosg)"* ~ (7) 


p(¢)de = 


This probability has a sharp maximum near the 
critical angle g, determined by relation (6). Thus, 
the lower limit on the energy of 7’ mesons re- 
corded by means of two y quanta will be deter- 
mined by the angle between the detectors of the 
decay y quanta. Let us determine the probability 
of recording mesons of various energies in the 

case when the angle between the y-quanta detec- 
tors is 180°. If the angle subtended by the detector 
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at the target is Yp, the apparatus will record n° 
mesons decaying with emission of y quanta, the 
angle between which lies within the limits m— QD 
= y =m. Thus, the probability of recording 1° 
mesons will be given by: 
w= | Pi) de/ | P(e) de 
T™—ODP Ox (8) 


ae 9 le 
By LY SE ‘ 


The calculated values of W for Pp = 9° and 
for different 7’ -meson energies are plotted in 
Fig. 1. It can be seen from the graph that the ex- 
perimental geometry chosen by us allows us to re- 
duce effectively the recording of high energy me- 
sons, without significantly lowering the efficiency 
for recording slow 7° mesons. 

There exists still another mechanism which re- 
duces the probability of recording by the apparatus 
of fast 7° mesons. It is based on the fact that the 
efficiency of recording of y quanta by the telescope 
depends on the y-quanta energies. When the y 
quanta from the decay of a 7’ meson that moves 
with a velocity B reach both telescopes, one quan- 
tum must be moving in the same direction as the 
n° -meson, while the other one moves in the oppo- 
site direction. In such a case the energy of the 
former will be given by hvyax = Woc*y (1+8)/2, 
while the energy of the iatter will be given by 
h’min = poc’y (1-8)/2. Thus, there exists an ab- 
solute energy threshold for the recording of 1° 
mesons by the apparatus, and the magnitude of 
this threshold is determined by the threshold en- 
ergy of the telescope at which the efficiency falis 
to zero, €(h’min) = 9. 

The next section of this article gives the re- 
sults of measurements of the efficiency of the tele- 
scope, which show that its threshold for y quanta 
is equal to 35 Mev (Fig. 2). For m’ mesons this 
corresponds to an upper threshold of 40 Mev for 
the apparatus. 

The energy spectrum of the m mesons re- 
corded by the apparatus can be determined if we 
know the energy dependence of the efficiency of 
recording and the energy spectrum of the 
mesons produced in the target. We know the first 
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FIG. 2. Efficiency of 
recording of y quanta by 
the telescope. 


0 20 40 60 80 100 120 140 160 
Ey, Mev 


MESONS ON COMPLEX NUCLEI 
Synchrotron \ \ 
M.C, 
target 
«—f{— 


FIG. 3. Experimental geometry. M.C.) monitoring ionization 
chamber, 1) target, 2) carbon filter, 3) lead converter, 4) scin- 
tillator, 5) aluminum absorber, 6) radiator of the Cerenkov 
counter. 
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of these functions. The energy spectrum of the 

7 mesons originating in the target is determined 
primarily by the momentum distribution of the 
nucleons in the nucleus. Baldin has carried out 
calculations'* of energy spectra of 7° mesons 
formed in nuclei through bremsstrahlung. The 
results of these calculations are in good agreement 
with available experimental data. Making use of 
energy spectra obtained by Baldin,'4 we can easily 
calculate the energy spectrum of 7’ mesons re- 
corded by the apparatus. The spectrum obtained 
in this manner has a very flat maximum in the 
range between 1 to 15 Mev; a rapid decrease takes 
place above 15 Mev. 

Thus, the recording of 7 mesons by means of 
two decay y quanta first permits us, after making 
an appropriate choice of geometry, to record me- 
sons of definite energies. Secondly, this method 
permits us to exclude completely the background 
of scattered y quanta. Finally, with the chosen 
geometry, the apparatus enables us to obtain the 
total cross section directly without measuring the 
angular distribution of the mesons, since for slow 
mesons the probability of emission of decay y 
quanta is practically the same in all directions 
(cf. reference 4). 


0 


3. APPARATUS 


The measurements were made with the synchro- 
tron of the Physics Institute of the Academy of 
Sciences, which produces a y-ray beam with a 
maximum energy of 265 Mev. 

The experimental geometry is shown in Fig. 3. 
The synchrotron beam passes through a monitor 
ionization chamber, through two collimators, and 
falls on the target being investigated. The 7’ me- 
sons formed in the target are recorded by two 
counter telescopes, each situated at an angle of 
90° to the beam on the same straight line passing 
through the target. The two telescopes are con- 
nected for coincidence. Each telescope consists 
of a carbon filter 6 cm thick, a lead converter 5 
mm thick, a scintillation counter, an aluminum 
absorber 2 cm thick, and a Cerenkov counter. The 
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FIG. 4. Results of the measurement of the dependence of the 
n°-meson yield on the mass number of the target for maximum 
energy of the y-ray beam equal to 265 Mev (circles); the solid 
curve is o~ AA, 
carbon filter served to shield the scintillation 
counter from particles and from the low-energy 
y quanta copiously emitted by the target. The 
scintillator was in the form of a disc 7 cm in 
diameter and 3 cm thick, and consisted of a solu- 
tion of terphenyl in toluol (4 g/liter) with addition 
of a secondary activator. The aluminum absorber 
served to raise the telescope threshold. The radi- 
ator of the Cerenkov counter consisted of a cylin- 
drical vessel 6 cm in diameter and 12 cm long, 
filled with distilled water. All the counters made 
use of photomultipliers FEU-33 with improved 
time characteristics. To reduce the background, 
the counters were surrounded by lead shields up 
to 20 cm thick. To decrease the number of acci- 
dental coincidences, the duration of the synchrotron 
pulse was artificially stretched out to 3000 micro- 
sec. The intensity of the beam was measured by 
means of a thin-walled ionization chamber. 

When the converters were removed, the count- 
ing rate decreased, with the residual counts being 
determined by the conversion of the y quanta in 
the carbon filters and in the scintillators. The 
targets used in this experiment were situated at 
an angle of 45° to the y-ray beam, and were fixed 
in a device which enabled targets to be changed by 
remote control. The thickness of each target 
amounted to 0.1 of a radiation unit. The targets 
covered the whole beam. To eliminate instabili- 
ties, the measurements were carried out using 
alternately the target investigated and a carbon 
target, and gave as a result the ratio og /oc of 
the photoproduction cross section for 7? mesons 
on the given nucleus to the cross section of pro- 
duction on a carbon nucleus. 

The energy dependence of the telescope effi- 
ciency was measured by placing the telescope in 
a beam of monoenergetic electrons. Electrons of 
a definite energy were selected by means of a mag- 
netic field in which was placed a lead target irra- 
diated by the synchrotron y-ray beam. Electron- 
positron pairs were formed in the target. 

The range of electron trajectories correspond- 
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FIG. 5. Results of the measurement of the dependence of 
the 7°-meson yield on the mass number of the target for maxi- 
mum energy of the y-ray beam equal to 210 Mev (circles); the 
solid curve is a~ A*4. 


ing to 10% accuracy in determining the electron 
energy was selected by the current-carrying-fila- 
ment method. As a measure of efficiency we 
adopted the ratio of the counting rate of coincidences 
to the counting rate of pulses of the scintillation 
counter of a telescope of 100% efficiency. To de- 
termine the efficiency of the telescope for y rays, 
we measured its efficiency for electrons passing 
through lead filters of various thicknesses placed 
in front of the telescope (this corresponds to pair 
production at various depths within the converter). 
Using the data received in this manner we calcu- 
lated the values for the efficiency of the y tele- 
scope. The results are shown in Fig. 2. 


4. RESULTS 


Measurements of the dependence of the yield 
of slow 7° mesons on the mass number were 
made at maximum y-ray energies of 265 and 210 
Mev. In the case of measurements with Ey = 265 
Mev, we used targets of C, Al, Cu, Mo, Cd, and 
Pb. The results of these measurements are shown 
in Fig. 4. 

The results of measurements at Ey’ = 210 Mev 
are shown in Fig. 5. 

The theoretical curve o, ~ A?/3 in Figs. 4 and 
5 was normalized for Pb, with all the experimental 
points falling on the curve within experimental er- 
ror in the case of both maximum energies. In the 
region of light nuclei (C, Al) there is some devi- 
ation from the relation o, ~ A? most likely be- 
cause the number of surface nucleons is not pro- 
portional to AY in light nuclei. 

In order to determine which part of the y-ray 
spectrum is responsible for the observed effect, 
we measured the dependence of the yield of slow 
mesons on the maximum energy of the y-ray 
beam. It can be assumed that the slow 7’ mesons 
recorded by the apparatus are the result of inelas- 
tic scattering of high-energy mesons that originate 
in the target. If this assumption is correct, the 
high-energy photons should make an appreciable 
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FIG. 6. Dependence of the slow 7°-meson yield in carbon 
on the maximum energy of the y-ray beam. 


contribution to the effect under investigation. Meas- 
urements were made for C and Pb targets, and 
the results are shown in Figs. 6 and 7 respectively. 
The quantity Y/Q shown in the graphs is the yield 
of 7° mesons per “effective” quantum. The number 
of “effective” quanta Q is defined as the energy 
flux in a bremsstrahlung beam divided by the max- 
imum energy EY’. The lack of precision in the 
maximum energy of the beam is determined by 

the “stretching” of the duration of the accelerator 
pulse. As can be seen from the graphs, in the re- 
gion of high y-ray energies the yield curve has a 
plateau which indicates that the contribution of 
high-energy mesons to the effect being investigated 
is not significant. 

From the curves shown in Figs. 6 and 7 it can 
be seen that the main contribution to the produc- 
tion of slow 7°’ mesons on nuclei is made by y 
quanta with energies between 160 to 230 Mev. 

This agrees with the results of Gorzhevskaia and 
Panova,?® who showed that production of a photo- 
meson of low energy (up to 6 Mev) ona nucleus 

is accompanied by emission of a fast (E = 20 Mev) 
recoil nucleon which acquires a considerable frac- 
tion of the momentum of the incident y quantum. 
Because of this, y quanta with energies even in 
excess of 200 Mev participate in the formation of 
slow 7 mesons. 

In addition to the inelastic scattering of high- 
energy mesons, a definite contribution to the effect 
recorded may also come from scattering events 
accompanied by charge exchange of low-energy 
m mesons. However, available experimental 
data on scattering of m-mesons on nuclei accom- 
panied by charge exchange!®>!? show that the mean 
free path for scattering accompanied by charge ex- 
change of charged ma mesons in nuclear matter 
amounts to ~100r, for meson energies from 30 
to 50 Mev, and increases rapidly with decreasing 
meson energy. Thus, in the case of mesons of 
energy ~10 Mev, we can practically neglect scat- 
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FIG. 7. Dependence of the slow 7°-meson yield in lead on 
the maximum energy of the y rays. 


tering accompanied by charge exchange. More- 
over, if a significant contribution is made by the 
scattering accompanied by charge exchange of 
charged m-mesons, the dependence of the yield 

of slow 7’ mesons on A must be stronger than 
Ay 3,_ since all the nucleons in the nucleus partici- 
pate in the scattering. 

Thus, experimental results show that the cross- 
section for the photoproduction of slow 7’ mesons 
increases in proportion to the 7, power of the mass 
number of the target nuclei, i.e., proportionally to 
the nuclear surface. The same dependence of the 
photoproduction cross-section on the mass number 
was obtained by Popova, Semashko, and lagudina 
for low energy 7 mesons.’® 

To be able to draw a final conclusion regarding 
the mechanism of photoproduction of m mesons 
on complex nuclei, it is necessary to investigate 
in greater detail the processes of interaction of 
mesons with nuclear matter and to make a quan- 
titative estimate of the magnitude of the mean free 
path Ag for mesons of definite energies in nuclei. 
An estimate of the value of the absorption mean 
free path of slow m mesons in nuclear matter can 
be made on the basis of the following considera- 
tions: 

1. The principal process of interaction between 
a m meson and the nucleus is absorption by a pair 
of nucleons (two-nucleon absorption). \ 

2. The two-nucleon absorption cross section for 
a m meson in the nucleus can be related to the ab- 
sorption cross section for ma mesons in deuterium 
by means of the following formula: 


sp = Po (x +.d— p +p). (9) 


In the reaction 7 +d—p+p, the absorption 
of a meson by a pair of nucleons, which acquire 
in the final state an energy on the order uc”, takes 
place when the distance between the latter is re- 
duced to an order of f/uc. The coefficient TI in 
formula (9) represents the ratio of the probabili- 
ties that two nucleons are fi/uc apart in the nu- 
cleus and in the deuteron and, consequently, de- 
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pends on meson energy. However, it is clear that 
for low t-meson kinetic energies, when Eq K ice 
the quantity I must be constant. According to the 
calculations of Wilson® and Levinger,!? and also 
from the analysis of experimental data of Byers, 
Tenney and Tinlot,?° and Byfield et al. 1 ='5>to 6 
in the region of small m-meson energies. 

3. The quantity o(7'+d—pt+tp) canbe ob- 
tained from experiments on the absorption of 1 
mesons in deuterium, and also by utilizing the 
principle of detailed balancing from the cross 
section of the inverse reaction p+ p—7' +d. 

It can be easily seen that 


a(x" -+d->p +p) 
Py WAC A 
5 
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Jc (p+ p—x* +d). (10) 
Here n= p,/uc is the momentum of the 7 meson 
in units of yc, while M and w are the masses 

of the nucleon and the 7 meson respectively. 

The energy dependence of the cross section of 
the reaction p+ p— mr’ +d is derived from semi- 
empirical considerations. It is shown by Rosen- 
feld?? and Gell-Mann and Watson”? that 


o(p+p—>nx* +d) 


= (0.147 + 1.07%)- 1072? em? (11) 
Frank et al.”4 have made calculations utilizing 
relations (9) to (11), and they have shown that the 
mean free path Ag for the absorption of a 7 me- 
son in nuclear matter increases as the m-meson 
energy is decreased right down to 30 Mev. In the 
energy region from 30 down to 2 Mev, A, * 10rp 
and is almost independent of the meson energy. 
At energies less than 2 Mev, A, decreases in 
proportion to the -meson momentum. However, 
these calculations were made for charged 7 me- 
sons. In the case of 7° mesons the absorption is 
due to the reaction 79 +d—n+ p. The cross sec- 
tion of this reaction is only half of the cross sec- 
tion of the reaction 74 +d—p+p, since the iso- 
topic spin of the n-p system may be equal to 0 
and 1 with equal probability, while the isotopic 
spin of the p-p system is equal tol. The tran- 
sition I=0-—-I=1 takes place when a meson is 
absorbed, while the transition I=0—I=0 is 
forbidden. Thus, only half of the possible final 
states of the nucleons participate in the 7 -meson 
absorption reaction, and the value of the mean free 
path of a mesons in the nucleus will be approxi- 
mately 20r) in the energy range from 2 to 30 Mev, 
i.e., practically for all mesons recorded in the 
present work. 


BELOUSOV, RUSAKOV, and TAMM 


5. CONCLUSION 


Present experiments on the study of the depend- 
ence of the cross section of photoproduction of slow 
(E, ~ 10 Mev) mn’ mesons on the mass number of 
the nucleus have shown that the cross section for 
this process is proportional to A’, On the other 
hand, an analysis of the absorption of slow n° 
mesons in nuclei leads to the conclusion that the 
mean free path for absorption of mesons of this 
energy in the nucleus amounts to 20ro, i.e., all 
nuclei right up to the heaviest ones must be trans- 
parent for such mesons. Consequently the experi- 
mentally obtained dependence cannot be explained 
by the absorption of all mesons formed inside the 
nucleus, as is done in the description of the proc- 
ess of photoproduction of mesons from the point 
of view of the optical model.® The results ob- 
tained support the theory of surface production 
of m mesons on nuclei,®*? according to which real 
mesons are produced only on the surface of nuclei. 

When a y quantum is absorbed by a nucleon 
situated inside a nucleus, photodisintegration of 
this nucleus takes place, whereby the photon en- 
ergy is transmitted to a pair of nucleons, with the 
probability of such photodisintegration being 
greater than the probability of m-meson photo- 
production. 

The electronic apparatus utilized in the present 
experiment was constructed and built by engineers 
P.N. Shareiko and A. A. Rudenko, to whom the 
authors wish to express their sincere gratitude. 

In conclusion we take this opportunity to ex- 
press our gratitude to Prof. V. I. Veksler and to 
Prof. P. A. Cerenkov for their interest in our 
work and for a number of valuable suggestions, 
to A. D. Makov who participated in the prepara- 
tion and the performance of the experiment, and 
also to the members of the accelerator crew for 
looking after the operation of the synchrotron. 
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A study is made of the influence of anisotropy of the chemical shift tensor on the relaxation 


time of fluorine nuclei. 


It is found that the difference in relaxation times of fluorine nuclei 


and of protons in one and the same molecule depends on the presence of nuclei of another 


halogen. 


Fuorme is one of the most electronegative ele- 


ments. The methods of nuclear magnetic resonance 


are currently applied successfully to the investi- 


gation of fluorine compounds. These investigations 


are devoted chiefly to the fine structure of the 
fluorine resonances, and also to the study of re- 
laxation processes. Gutowsky and Hoffman!? 
examined nuclear magnetic screening of hydrogen 
fluoride and of a large number of other inorganic 
fluorides. A considerable number of aromatic 
fluoride compounds have been studied by Borodin 
and Skripov.?4 Gutowsky and Woessner’ measured 
relaxation times in a series of fluorocarbons. They 
found that protons have considerably longer relax- 
ation times than do fluorine nuclei in the same 


molecule. The maximum value of the ratio R= 
T,(H')/T,(F!’) came to 9.2, in connection with 
which the authors emphasized the dependence of 
the given ratio on the strength of the magnetic 
field. They also express the hypothesis that fluc- 
tuations in the screening field, stipulated by the 
anisotropy of the chemical shift tensor, add a 
contribution to the relaxation time of the fluorine. 
On superimposing a constant magnetic field Ho 

on the specimen, the molecular electrons undergo 
a precession, by virtue of which an additional field 
—oH,) arises, proportional but opposite to the ap- 
plied field, o (o is a constant that characterizes 
the degree of screening of the nucleus by the elec- 
trons). In the general case, o is represented by 
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some second rank-tensor, since the screening is 
a function of direction in the molecule. Assuming 
axial symmetry of the chemical shift tensor (this 
name is due to the circumstance that a difference 
in screening leads to a shift of the resonances of 
nuclei of a given type in various chemical com- 
pounds), Gutowsky and Woessner obtained, the 
approximate formula: 


QRH Cz Spry) T,(H?) 
15(1 + 4n°vi77) 


T(H2) 


R = Try SS 


» (1) 


where yp is the gyromagnetic ratio of the fluo- 
rine nuclei, Hy is the intensity of the external 
magnetic field, tT, is the Debye correlation time, 
T,(H') the longitudinal relaxation time of the 
protons, T,( F!) the longitudinal relaxation time 
of the fluorine nuclei, (02/7 — Ox’x’) is the aniso- 
tropy of the chemical shift tensor, and pv», is the 
resonance frequency. The authors point out the 
poor agreement with the experimental data for 

the compounds which they studied. 

The present work was done with the aim of 
studying the question further. It is necessary to 
observe that the relaxation mechanism proposed 
by Gutowsky and Woessner, even in the absence 
of axial symmetry of the screening field, is not 
able to explain the great difference in relaxation 
times of protons and fluorine nuclei in certain 
compounds. 


EXPERIMENTAL PROCEDURE 


We measured the relaxation times by Bloch’s 
method of nuclear induction, since in this method 
the generator and receiver are separated, so that 
large radio-frequency fields can be used and satu- 
ration can be observed in a broad class of sub- 
stances. The high-frequency generator contained 
a Hartley oscillator for the 20 to 40 Mcs range. 
Through a buffer cascade provided with an attenu- 
ator, the r-f oscillations were fed to the exciting 
coil. The Bloch coils were of high mechanical 
stability; they were encased in polystrene jackets. 
The exciting coil had 12 turns and the receiving 
coil 10. Adjustment of the coupling between the 
coils was accomplished by the use of a little cop- 
per flag and the bridge circuit shown in the figure. 


Balanced bridge cir- 
cuit for observation of 
nuclear induction sig- 
nals. 


For the circuit given, it is easy to obtain the ap- 
proximate conditions for complete balance: 


Le = M; Cola +C,M=MCy; «= 1/C,(L,.+M), (2) 


where L, is the inductance of the exciting coil, 
L, the inductance of the receiving coil, and M 
the coefficient of mutual inductance of the coils. 
Capacitors C3; and C, had a maximum rating 

of 50pyuf, while that of Cy was 30upf. Capacitor 
C3 was tuned to precise resonance with Ly. In- 
ductor Ls consisted of two turns, the distance 
between which could be varied in the process of 
tuning the circuit. 

Adjustment of the balancing circuit permitted 
isolation of the dispersion signal or of the absorp- 
tion signal for observation. After high-frequency 
amplification, the nuclear-resonance signal was 
detected and amplified by a broadband low-noise 
low-frequency amplifier which had two stages with 
6Zh4 tubes. The magnet employed gave an effec- 
tive inhomogeneity of magnetic field on the order 
of 0.005 Oe/cm?. 

All the measurements were made at 25 Mcs, 
and the absorption signal was separated out for 
measurement. The dependence of the amplitude 
of the nuclear magnetic resonance signals on the 
intensity of the radiofrequency field was photo- 
graphed and saturation curves were constructed. 
The transverse relaxation time was estimated 
from the half-width of the absorption lines. A 
multiplet structure of fluorine resonances was 
observed. Within the limits of error, the com- 
ponents of the multiplets did not show different 
relaxation times. Distilled water used as a stand- 
ard, gave a Signal of optimum amplitude with a 
radiofrequency field of the order of 0.01 Oe. 


TABLE I* 
Substance Eset re R 
sec sec 

X-(CF,— C FCI), Y _ ‘F21 — 
C3F;0H,COOH 0.8 0,62 4.29 
C3F4OHsCOOH 0.65 0.47 {235 

X-+ (CF, —CFCl),,COOH 0.24 0.14 4% 

H.O 2.6 _ 25 


* y= 20 Mes 


TABLE II 


Substance | R (20 Mcs) 


CH2FCI1 3.8 
CHFCl, 9,2 
CHF,C1 3.56 
CeH3F3 1.56 


INVESTIGATION OF RELAXATION PROCESSES 


EXPERIMENTAL RESULTS 


Our results are plotted in Table I and those of 
Gutowsky and Woessner? in Table II. Numerical 
comparison of theory with experiment for 
C3F,;0H,COOH gives 


(R a AiheSe = 0.147; (R a A) eeotl = 0.29. 


The theoretical calculation made here is very ap- 
proximate. It is assumed that the value of the 
anisotropy of the chemical shift tensor of fluorine 
is of the order of the shift itself, i.e., 7 x 1074. 
The correlation time was estimated from the Debye 
formula and taken equal to 107!9 sec. The differ- 
ence in results by a factor of two can be regarded 
as a good approximation of theory to experiment 
for the estimate given. From Tables I and II it is 
seen that the value of R decreases with increas- 
ing number of fluorine nuclei in a molecule in 
which the number of nuclei of another halide re- 
mains the same. This, apparently, is a consequence 
of the reduced screening of fluorine. An increase 
in the number of chlorine nuclei in a molecule leads 
to an increase in R. The relaxation mechanism in 
question, connected in all probability with the prop- 
erties of chlorine atoms, is for the time being still 
not clear. 

Thus, the theory of Gutowsky and Woessner can 


Soviet PHYSICS. JETP 


VOLUME 35(8), NUMBER 2 


255 


explain only the not-too-large values of R. Very 
large values of R are observed, as a rule, in the 
presence of chlorine atoms in a molecule. There- 
fore, further development of the theory is required 
for the detailed explanation of the observed effects. 
The problem at hand is made difficult at the pres- 
ent time, however, by the fact that no complete 
theory of screening exists. 

In conclusion, I express my thanks to F. I. 
Skripov and P. M. Borodin for their interest in 
the work and its evaluation. 
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The distribution of the orbital moments in nuclei is considered on the basis of the statistical 
nuclear model using various distribution functions of the nucleon density. It is shown that 
reasonable nucleon density distribution functions can be found, satisfying the experiments on 
scattering of fast electrons on nuclei, the saturation properties of nuclear forces, and the 


fundamental requirements of the shell model. 


‘Tae problem of nuclear structure, namely the dis- 
tribution of nucleons in the nucleus, is being studied 
at present from different angles of approach. 
Experimental and theoretical investigations of 
the scattering of fast electrons on nuclei!~4 have 
shown that the proton density is approximately con- 
stant over the main part of the nuclear volume and 


falls off smoothly at its boundary. The most char- 
acteristic feature of the distribution function, found 
as the result of the above investigations, is the fact 
that the thickness of the surface layer is constant 
— independent of the mass number A in a wide 
range of A — and that the mean (proton) radius 
of the nucleus varies as Al/3 4 i.e. that there is no 
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affinity of proton distribution in various nuclei. 
Such a distribution, both for protons and neutrons, 
is consistent with the saturation properties of nu- 
clear forces® ‘ and with the experiments on the 
scattering of fast nucleons on nuclei.® 

The problem of the nucleon distribution is con- 
nected with the problem of the distribution of the 
orbital moments in the nucleus. A series of pub- 
lications has been devoted to the latter subject"»9~ 4 
dealing, partly, with the determination of nj7, the 
number of nucleons with a given 7. The results, 
obtained from statistical considerations, have 
been compared with those of the shell model. The 
assumed nucleon distribution is anisotropic, the 
density falling off according to a Gaussian’ or ex- 
ponential’*»"* law for r=Ry (where Ry is the 
region of constant density ). 

In the present work, the maximum number of 
nucleons of one kind (protons or neutrons), with 
orbital moment <J/, present in a nucleus has been 
calculated by means of a statistical method, using 
various nucleon distribution functions. The differ- 
ent types of distributions are investigated for the 
correct interpretation of results on the scattering 
of fast electrons on nuclei, and the values Nj] ob- 
tained are compared with these predicted by the 
shell model. Such a comparison is of a special 
interest, since the empirical values of N7 are 
given sufficiently accurately by the Mayer scheme, 
while, at the same time, a statistical (quasi-clas- 
sical) treatment of the orbital moments can be 
applied for the calculation of N7 for heavy and 
even medium nuclei in view of the large values 
of 1=]jm.- It is shown that the value of the func- 
tional K, which determines the value of Nj] ac- 
cording to the statistical theory, and which is cal- 
culated on the basis of empirical values of N v and 
l taken from the shell model, is approximately con- 
stant for all nuclei. At the same time, the value of 
K obtained by means of the statistical theory de- 
pends both on the nucleon distribution function and 
on the parameter of that function representing the 
ratio of the thickness of the surface layer to the 
radius Ry of the constant-density region (the 
“mean” nuclear radius). The value of K is con- 
stant when the above parameter remains constant, 
i.e., when there is an “affinity” of the nucleon den- 


TABLE I 
L Ny; Kemp 
3 20 | 0.058 
4 40 | 0.055 
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sity distribution in various nuclei. This, however, 
is not a necessary condition. The possibility is 
also discussed of selecting a nucleon distribution 
function leading to a value of K, calculated by the 
statistical method, constant for all nuclei, adjust- 
ing the parameter of the distribution function for 
agreement with the experimental results of elec- 
tron scattering on nuclei. 

It follows from the Fermi statistics! that the 
number of nucleons of one kind in a nucleus nj), 
having the moment of momentum between 7 and 
1+1, can be given by the expression 


Pe 


Bh \e AP UL + ING ip a) 


m= 721 +1) {G0} Manes SF 
where p(r) is the density of nucleons of the 
given kind; the integration is extended over real 
values of the integrand. For the maximum value 
of 7 in the nucleus we have r,;=r, and nj;=0 
which, according to Eq. (1), corresponds to the 
maximum of F(r) = rp (1). 

The limiting value of 7 for particles of a given 
kind in a nucleus is, therefore, connected with the 
density distribution function p(r) of these par- 
ticles, by the following relation (for sufficiently 
large l): 


[r30(r)Jmax = (20 + 1)9/24n2. (2) 


The function p(r) must satisfy also the condition 
4n\ o (r) r2 dr = N1. (3) 
1) 


From Eqs. (2) and (3) we obtain 
Ne Rial), (4) 


al Ge VOU) Pdr | E70 (Nena (5) 


Equations (4) and (5) are correct for sufficiently 
heavy spherical or almost spherical nuclei to which 
can be applied, on the one hand, the statistical 
method and, on the other, the notion of the orbital 
momentum of a particle characterized by an indi- 
vidual quantum number 1. The second condition, 
however, is exactly the one necessary for the ap- 
plicability of the shell model. 

The values N and J based on the Mayer level 
scheme, and the corresponding empirical values 
of Kemp = Nz/(21 +1 )?, K being defined by Eqs. 
(4) and (5), are given in Table I. It can be seen 
that K is almost constant for all nuclei, decreas- 
ing slowly for heavier nuclei (larger N7). 

For the calculation of K according to Eq. (5), 
let us consider the following distribution functions 
(similar for protons and neutrons ): 
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e(7) =p) = const for r<R,; 


(r) = pof (S*) = nef (x) for r>R,, 


a 


(6) 


where f(x) is a decreasing function. We also 
consider functions of the Fermi type 


P(r) = po/ [1 + e—15), (7) 


which are similar to (6) for b/c « 1. 

We introduce the following definitions of the 
thickness of the surface layer d and of the mean 
nuclear radius Rate 


d = fo1 —To.9; Peake for e =p, /2, (8) 


where ro, and ro are the distances from the 
center of the nucleus, corresponding to the densi- 
ties 0.1p) and 0.99; pg is the density in the 
central region of the nucleus. 

According to Eq. (8), d is connected with the 
parameter b of Eq. (7) by the expression 


d=bin9~4.40. (9) 


The relation between d andthe parameter a 
of Eq. (6) depends on the function f(x) in Eq. (6). 
For the case of a Fermi-type distribution 
[Eq. (7)], we obtain from Eqs. (5) and (8) the fol- 
lowing expression for K 


J b 


(%m—1)| 
i Sayceerel Canis ‘); eee 
m 
(10) 
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where ry, is the value of r corresponding to the 
maximum of the function r’p(r). 
From Eqs. (7) and (10) we have 


Xm = EYm — Ay, (11) 
where yy is the root of the equation 
eo! 1ym + (1/8) —3] =3. (12) 


Eq. (12) was solved numerically for various 
values of ¢«, and the corresponding values of xp 
were used to calculate K according to Eq. (10). 
The value of J, which enters the expression for 
K, was also determined for various « by means 
of numerical integration. 

Let us introduce a parameter y, which de- 
scribes the nucleon distribution. By definition: 


foo} 


Y= pos FPReet 00 = 40 | 19 (0) dr. a) 
eff 0 


For the case of the Fermi-type distribution (7) 
we have 


Rete =€(3)", y= 4.4e/(3/)". (14) 


TABLE II 
2 ¥ | K | Ref: a 
0.088 | 0.38 | 0.035 1.02c¢ 197 
0.120 | 0.54 | 0,038 1.0% 77 
0.154 | 0,62 | 0.044 1.06c 40 


Numerical integration of J yields a number of 
values of y according to Eq. (14) and the relation 
between y and K, the latter being defined by 
Eq. (10). The computed values of K for certain 
values of the parameter ¢ =b/c of the function 
(7), and the corresponding values of y, are given 
in Table II. The corresponding values of A aré 
also given in the table. The relation between the 
parameters e¢, y, and A is given by Eq. (9) and 
(14), and the experimental values of d and c 
have been taken from reference 4, devoted to the 
scattering of fast electrons on protons: 


d = (2.4-+ 0.3) 1078 cm, 


4) (15) 
= (107 4=0.02A=) 10 ems 


The relative error of y and e€ computed using 
the experimental values (15) is less than 15%. The 
values of Reg¢ calculated according to Eq. (14) and 
(15) are given in the fourth column of Table II. It 
can be seen that Regs is not very different from 
c * Re, The data in Table II indicate a low sensi- 
tivity of the value of K, calculated from the Fermi- 
type distribution function, with respect to the pa- 
rameter y. 

The dependence of K on y has also been cal- 
culated using the distribution function (6), for 
three types of density fali-off at r => Ro: (a) for 
a Gaussian fall-off: 


P(r) = eo exp | — (=*)'t for r > Ry; (16) 
(bo) for a linear fall-off 
e(r)=—(Ro +a—r)/a for Rh<r<Ry +4; (17) 
o(f) = 0 for r>R, +g} 
(c) for an exponential fall-off: 


p(r) =pyexp{—(r—Ry)/a} for r>Ry (18) 


The functions K(y) obtained for the cases (a), 
(b), and (c) are represented graphically in the fig- 
ure (curves A, B, and C, respectively). The 
function K(y) based upon the Fermi-type dis- 
tribution is also shown in the figure (curve F). 
For comparison of the results obtained with those 
of the shell model, the function Kemp(y) based 
upon the relations Kemp (N7) (Table I) and y(A) 
(Table II) is included. For small Nj7 (20, 40, 70) 
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it has been assumed that A * 2Z (taking into ac- 
count that Nz is the number of either the protons 
or the neutrons, the value of A for real stable 
nuclei with N7=70 is in the range from 120 to 
176); for N7=112 it has been assumed that 

A =188 (the mean of the values 186, 188, and 

190 for stable nuclei with 112 neutrons). It should 
be noted that the spread of the values of A for 
N7=70 (120 to 176) corresponds to a variation 
of y from 0.40 to 0.45. 

It can be seen that in the case (a) and, especially, 
in the case (b), K is not sensitive to the variation 
of y, as inthe case of distribution (7): for y 
changing form 0.38 to 0.62, the value of K varies 
between 0.036 and 0.048 in the case (a), between 
0.036 and 0.042 in the case (c), and between 0.035 
and 0.041 for the Fermi-type distribution. It has 
been shown, on the basis of Eqs. (6), (16), and (17) 
that, like in the case of the Fermi-type distribution, 
Regf is not much different from Rg in the cases 
(a) and (b). Furthermore, it can be seen that the 
curves A, B, and F are approximately parallel 
to Kemp (y), although the corresponding theoret- 
ical values of K are by ~ 30% less than those of 
Kemp: 
The result for the relation K(y) in the case 
(c) is different. Curve C rises sharply, in con- 
trast with the empirical curve, and the values 
y < 0.51, which correspond to a= a/R) < ¥% ac- 
cording to Eqs. (6), (8), (13), and (18) are not con- 
sistent with Eq. (5). At the same time, according 
to experimental results on electron scatter- 
ing,’ the values of y > 0.51 correspond to 
A<77. The statistical determination of N7 using 
the distribution function with an exponential den- 
sity fall-off and with parameters determined from 
electron scattering phenomena is not applicable to 
heavy nuclei for which, in general, the statistical 
method is most appropriate. It should be noted 
also that, independently of the value of the param- 
eters determined from electron scattering experi- 
ments, the condition a = % for the function with 
an exponential density fall-off requires, according 
to Eq. (8), that the minimum value of the ratio of 
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the surface layer thickness d to the radius of the 
constant density region Ry were greater than 0.73. 
For other cases, the above ratio is either unre- 
stricted [case (a)], or sufficiently small [0.23 for 
the case (b)]. 

The Fermi-type distribution function and the 
distribution functions with a Gaussian or linear 
fall-off at r => Rp, which describe correctly the 
scattering of electrons on nuclei,?*4 lead to a value 
of K that is almost constant and which varies with 
y in an analogy to the empirical dependence K(y) 
corresponding to the shell model, although the the- 
oretical curves lie somewhat lower than the em- 
pirical. It can be seen also that the distribution 
function with an exponential fall-off leads to a dis- 
crepancy with the experiment, 

In conclusion we would like to mention that, al- 
though neither theoretical nor experimental inves- 
tigations give at present the exact shape of the 
distribution function of the nucleons in nuclei, the 
present work indicates a possibility of application 
of the statistical method of determining Nj] to the 
selection of a distribution function. The Nj; found 
satisfy both the requirements of the shell model 
(K independent of A) and the saturation property 
of nuclear forces, as well as the experiments on 
scattering of electrons by nuclei (i.e., the require- 
ment that the effective nuclear radius be propor- 
tional to A'/? while the thickness of the surface 
layer be independent of A). 
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Mechanism of electron capture in betatrons is discussed. Its basis is the Coulomb interaction 
of the electrons in the beam and the losses of electrons to the walls of the doughnut. The prob- 
lem is treated exactly for a simplified model. It is shown that the considered capture mechan- 
ism has a high effectiveness which is in agreement with experiment. An expression for the 
limiting current, valid also for relativistic energies, is given. 


1, INTRODUCTION 


No existing theory explains the capture of elec- | 


trons in betatrons, nor has a satisfactory physical 
picture of this process been developed. However, 
several important experiments!~® performed dur- 
ing the last years have clarified this problem to 

a considerable extent. Thev have confirmed that 
the capture of electrons in betatrons is due to 
their collective interactions. It is therefore un- 
necessary to consider one-electron theories of 
electron capture.’-® Their applicability is limited 
to rather small injection currents. 

One can subdivide the capture mechanisms 
based on collective interactions into three groups: 
(a) mechanisms connected with the action of self- 
induction of the non-stationary electron current 
in the doughnut;?" (b) mechanisms based on the 
interaction of the electrons with the Coulomb field 
of the space charge;!® 1! 8-1 (c) statistical cap- 
ture mechanisms. ® 

Experimental models have shown that the 
mechanism based on the self induction of the non- 
stationary current! cannot explain, at the actual 
strengths of the injection currents, the observed 
effectiveness of the capture and does not play an 
important part in the capture process, Its ef- 
fectiveness is similar to that of the adiabatic 
contraction of the orbit and of the adiabatic 
damping of the betatron oscillations. Thus, one 


can consider it to be sufficently well established 
at present that the induction-type mechanism 
does not play an essential part in the overall 
picture of the electron capture. 

As to the statistical capture mechanism, it 
has been shown earlier! that it can work only at 
sufficiently small injection currents, in the re- 
gion between the single-electron capture and the 
collective capture. At such injection currents 
where the capture process is particularly effec- 
tive, this mechanism does not play an essential 
part. 

It appears thus that the most likely injection 
mechanism is that which takes into account the 
Coulomb interaction of the electrons. The dif- 
ferent effects associated with the Coulomb inter- 
action at injection time are discussed in refer- 
ences 10, 11, and 13 to 15. The mechanism 
treated by Wideroe is based on the energy lost by 
electrons passing through a space-charge cloud 
whose charge density decreases in time. This 
process cannot be decisive since it does not ex- 
plain the capture on the leading side of the injec- 
tion pulse. Bardeen has proposed a mechanism 
based on the use of the azimuthal inhomogeneity of 
the space charge. This mechanism is in disagree- 
ment with the well-known fact that the capture 
works equally well with injection from the outside 
(where n ~1) as from the inside (where n = 0.5). It 
also is in disagreement with the fact that if 
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several injectors are used and the first harmonic 
of the azimuthal inhomogeneity of the space charge 
disappears the injection does not get worse. 
Therefore this mechanism also cannot play an im- 
portant part. 

Rodimov" has investigated the capture mechan- 
ism which is based on the Coulomb interaction 
between electron beams that have made a different 
number of revolutions after injection. We believe 
that this mechanism correctly describes several 
important elements of the actual capture process. 
However, he has assumed that the density of the 
injected electrons roughly equals the final equi- 
librium density and states that there will be no 
capture of the electrons if the injection density 
differs strongly from the equilibrium value. This 
last deduction does not agree with the experimen- 
tal results, which show that the capture is highly 
effective also at injection densities much higher 
than at equilibrium. The assumption that the in- 
jection and equilibrium densities are equal seems 
to be too restrictive. It is rather obvious that 
this condition is almost never fulfilled in practice, 
since it can be obtained for each betatron only 
with a very special choice of the parameters and 
of the quantities that characterize the injection 
conditions. Another important shortcoming of 
Rodimov’s work is his neglect of the loss of 
electrons to the walls and on the injector. It is 
well known that a large part of the injected elec- 
trons strike either the walls or the injector and 
only a small fraction survives to be finally ac- 
celerated. It appears therefore that the loss of 
electrons is actually an essential part of the 
general capture process. 

In this paper we investigate a capture process 
based on consideration of the Coulomb interaction 
between the electrons and of the role played by 
the loss of electrons to the walls and the injector. 


2. COMMENTS ON THE FORMULATION OF THE 
PROBLEM 


For an accurate formulation and solution of this 
problem it would be necessary to use the transport 
equation. However, because of the extreme non- 
stationarity of the process and the involved bound- 
ary conditions, which furthermore depend on the 
time, this approach does not seem feasible. We 
shall therefore use a different approach, which, 
with some simplifying assumptions, makes a treat- 
ment possible. 

We shall assume first that the duration of the 
injection pulse equals the period of one revolution 
of the injected particle. To simplify the calcula- 


tions, we take the beam to be of infinite extent 
along the z axis and neglect the axial asymmetry 
of the problem when considering the acting forces. 
This is equivalent to neglecting small quantities 
proportional to the ratio of the radial width of the 
doughnut to the radius of the equilibrium orbit. 

The walls of the doughnut do not exert any 
forces on the electron beam: no charges will ac- 
cumulate on the inside wall since there is no 
electric field present; charges will accumulate on 
the outside wall but they have no influence on the 
electron beam. 

Thus stated, the problem can be solved exactly. 
There is no electron capture in the following three 
cases: (1) when the electrons do not interact, 

(2) when the electrons interact but there are no 
walls, and (3) when the density of the injected 
electrons is less than a certain value even if the 
electrons interact and the presence of the walls 

is taken into account. On the other hand, if the 
electrons interact, the presence of the walls and 
of the injector is taken into account, and the 
density of the injected electrons exceeds a certain 
value, the electrons are effectively captured. 

Thus, rigorous calculations with the approxi- 
mate model show that the capture mechanism is 
due to the Coulomb interaction of the electrons 
and to the electron loss on the walls and in the 
injector. The removal of the simplifying assump- 
tions and the change of the model to a more 
realistic situation do not change these conclusions. 


3. EQUILIBRIUM DENSITY OF THE ELECTRONS 


An electron moving in a betatron is acted upon 
by the Lorenz forces 


F =e(E+~-[v xH)). (1) 


If a certain volume element is to be in equilib- 
rium, i.e., if it is to move as a whole and if there 
are to be no forces trying to change the internal 
arrangement of the particles inside this volume 
element, then the following condition must be 
satisfied. 


\ Fdsi=0; (2) 
where the integral is to be taken over any arbi- 


trary closed surface inside the volume element. 
We thus obtain 


div(E + —[vxH]) =0. (3) 


We consequently obtain for the equilibrium den- 
sity Pe 
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Pe = — (1 /4xc) H curly (€/mc?)?, (4) 


which becomes at the center of the beam, i.e., on 
the equilibrium orbit Rg, 


pe (Ro) = Ga (8 )", Ba 2 m=. 6) 


2 
4r ToR2 mec? | myc? 


4, PULSATION OF THE ELECTRON BEAM 


Let the electron density upon leaving the in- 
iector be P) and let the width of the injector be 
tj. We assume that the density’ is constant over 
the width of the injector and that the injected 
electrons have no radial velocity. The beam will 
pulsate in a coordinate system tied to its center, 
Electrons located at a distance x from the center 
of the beam will be repelled electrostatically from 
the beam center with a force 


Frep = Anze0 Xo, (6) 


where Xp is the distance of these electrons from 
the center of the beam at the time of injection. 
The magnetic focusing forces are given in this 
coordinate system by 


Fatt (x) = — my (vu / Ry)? (1 — n) x, (7) 


where Rp is the equilibrium orbit radius, n the 
field index, v the electron velocity (v << c), and 
Mg the electron mass. No pulsations occur if 
|Frep| = | Fatt (x.)|. This corresponds to the 
following electron density at injection 


1{—n ep? (8) 


care INS 


Let us put @ = P)/Pe,. Then for a =1 there will 
be no beam pulsations. For '/, < @ < 1 the beam 
will pulsate with a frequency (v/Ry) V1 — n. The 
maximum beam width is given by the width at in- 
jection, and the electrons do not cross the center 
of the beam. For 0 < a < !/ the electrons cross 
the beam center; the maximum beam width is still 
the width at injection. In both cases the beam den- 
sity is minimum at injection. For @ > 1 the fre- 
quency of the pulsation is (v/Ro) V1 — n and the 
beam width at the point of largest dimension is 
given by 
1 = 1, (2a —1) (9) 

and is reached after one-half a pulsation period. 
The beam width has its minimum at injection. In 
this case the density is maximum at the instant of 
injection. 

It is easy to see that at each particular time the 
electron density is constant over the beam cross 
section. 


5. MOTION OF THE ELECTRON BEAM 


The center of the beam moves only under the 
influence of the magnetic focusing forces. When 
0 =a <1, no electrons are lost to the walls. In 
this case the entire motion does not differ essen- 
tially from the one-electron case. After the first 
few revolutions all electrons hit the rear part of 
the injector and are lost.* We are therefore in- 
terested in the case @ > 1, 

We shall characterize the width of the vacuum 
chamber by the dimensionless parameter B = 
(Lo/Zo) > 1 (Lois the width of the vacuum cham- 
ber.) If 1< @ < g the beam will start to expand 
immediately after injection but will not touch the 
wall on the injector side. In terms of the variable 

t= (v/R») Vi-n t 
the period of either the pulsations or the oscil- 
lations of the center of the beam is 2 m. It is con- 
venient to introduce, in lieu the distance y be- 
tween the center of the beam and the wall of the 
vacuum chamber, the dimensionless quantity 
& =y/l). The coordinates of the walls are then 
given by é = + 8/2 and the coordinates of the 
edges of the injector are #0) = — B/2; £0) =- 
B/2 + 1, In these dimensionless variables the 
width of the injector equals unity. Let tT =0 
denote the time at which a particular group of 
electrons is being emitted. Denoting the coordi- 
nates of the boundaries of the beam by é and 
&), we have the following equations of motion 


i= Sef2s (0) = Bia) a 
fy + = 0/2, (0) =—B/2+1, &(0) =0, 
which have the solutions 
o Cm ON 
b=—F4+( 5 eo (11) 
b= $+ (1— “FF cose. 


The condition a < # insures that the boundary 
of the beam, £,, does not touch the wall on the 
injector side right after emission. At the instant 
To, given by the condition 


€9(%) = B/2, (12) 


the beam will hit the wall opposite of the injec- 
tor and the loss of electrons will commence. 
This loss will change the dynamics of the beam, 
and two competing processes will take place. On 
the one hand the loss of electrons to the walls 
eliminates the repulsive forces on the remaining 


*If the injection pulse is longer than the time of one revo- 
lution, collective capture occurs also for0<a< 1. 
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electrons from the side where the electrons hit 
the wall. This is equivalent to an additional force 
attracting the remaining electrons to the wall. 
Thus, for example, the boundary of the beam £;, 
will be closer to the wall in the presence of 
electron loss than if there were no loss. On the 
other hand, the electron loss causes the center 
of the beam to move away from the wall. This 
process reduces the amplitude of the oscilla- 
tions of the center of the beam. 

For T > 7p, i.e., after the start electron loss 
to the walls, the equations of motion for é, are 


oad Cleie ph tale a (13) 


f =a(1—ecost), ¢= eal T > %. 


The initial conditions are given by the values of 
&, (7) and £,(T)) obtained from (11). Utilizing 
the particular solution of (13), 


é: = —B/2-+ Becost, 


the problem reduces to solving Hill’s equation. 
The theory of this equation is well developed. 
However, bearing in mind that the quantity 
a/2f does not change much during the interval 
of interest, T > To, it is easier to use approxima- 
tion methods. 

If & << 1, we obtain for the maximum excur- 
sion £; max, at which the electron loss ceases, 
the following expression: 


2 
Gnu = % } rea +O). (14) 


The new center of the beam formed of the re- 
maining electrons is located at the time of maxi- 
mum beam excursion at a distance a/2 from the 
wall. This means that the amplitude of the beam- 
center oscillations has been reduced. From now 
on the electrons will no longer hit the walls, but 
only the back of the injector. However, since the 
amplitude of the oscillations has decreased, a 
certain fraction of the electrons will miss the 
injector and will survive. One can calculate from 
(14) the number of electrons that will miss the 
injector and will be accelerated. This way we 
obtain 


Ny = No (a —1)?/(2a—1)=N,(a—1), we. (15) 


Here Np is the number of injected electrons and 
Ny the number of electrons captured in accele- 
ration. 


If a increases, the number of captured elec- 
trons increases. If a > 8, Eq. (10) must be re- 
placed from the beginning with equations analogous 
to (13), to account for the loss of electrons to the 
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wall on the injector side. Proceeding in this man- 
ner, one can calculate the number of captured 
electrons as a function of the number of injected 
electrons. The curve shown in Fig. 1 indicates 

the character of this dependence. As the density 

of the injected electrons increases, the number of 
captured electrons approaches asymptotically a 
value which, when spread iniformly over the cross 
section of the doughnut, would give a density Pe;/2, 
where Pe; is given by (8). 

This behavior of the number of captured elec- 
trons can be understood from the following con- 
siderations, which explain the capture process at 
high electron dinsities, a >>. Right after emis- 
sion, the electrons will begin hitting the wall on 
the side of the injector. After a short time, less 
than the time of one revolution, the other boundary 
of the beam will reach the opposite wall. Here- 
after the complete cross section of the doughnut 
will be filled with space charge and electrons 
will be lost to all walls. The electron density will 
now steadily decrease. At the instant when the ex- 
pansion of the beam ceases and the loss of elec- 
trons to the wall terminates, the electron density 
is given by 


P= p,,%/(2e—1) =p, /2, «S|, (16) 


and the beam fills the entire doughnut cross sec- 
tion. The beam center is located close to the cen- 
ter of the doughnut and continues to oscillate about 
it with a very small amplitude. Thus almost all 
electrons distributed with equilibrium density over 
the full doughnut cross section will be captured 

to be accelerated. 


6. THE CASE OF A ROUND ELECTRON BEAM 


The results above are based on a rigorous 
treatment of a simplified model. The main simpli- 
fying assumption, which must be analyzed, is that 
the beam has a infinite extent along the z axis. If 
the beam is assumed finite along the z axis, the 
exact solution becomes rather involved. However, 
we can estimate the changes that will be intro- 
duced into the above picture of the capture process 
by the finite length of the beam in the z direction. 

We assume the focusing magnetic field to be 
approximately symmetrical. This does not seem 
to be an overidealization. We can thus assume the 
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electron beam to have a round cross section, 

Then its pulsations will be axially symmetrical 
with respect to its center. Let r denote the radius 
of that layer of electrons which had a radius Yo 

at injection. We then have the following equation of 
motion for r 


” vu? vu? i Oo 
ge = a . ee ] 
pe Slope ee A eee ne 
r(O)=—7,, 1/7.) = 9, 


where pg is the electron density at injection time 
and p, is the density given by Eq. (5) (in the 
present nonrelativistic case G/mgc?* 1). The 
solution of (17) is given by the quadrature 


TIT 


R et in be LY a a 
t= “0 | di) Vqint—@— 1/2. (18) 
1 
The solution has therefore the form 
F =afoe CG): (19) 


This means that the period of oscillation is the 
same for all points within the beam. The density 
thus remains uniform over the beam. The period 
of oscillation can be obtained from Eq. (18) in an 
obvious way. One sees immediately from (17) 
that for small amplitudes this period is smaller 
than the period of oscillation of the center of the 
beam about the equilibrium orbit. 

The beam radius rmax at the widest point is 
given by the root of the equation 


Tmax 4 Tmax 2 red 
gin a) 2 ( ro 1|= 


The beam density p at maximum beam expansion 
is evidently 


(20) 


0 = 09 (Fo/fmax)”- at) 
Transforming (20) algebraically and utilizing 
(21) we obtain an equation for the density p: 
Oo EXP (He / Po) =P EXP (Pe/0). (20a) 


This equation can easily be solved graphically. 
After plotting the function f(x) = x exp (@e/x), we 
find the connection between py and p by the con- 
struction indicated in Fig. 2. 

If we rewrite (20a) in the form 


id 
_ In — rae a ’ 
Pe e Pe Po oth) 
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We can express the solution for the case po/pe>>1 
as 


p © fe / In (09 / fe). (22) 


It should be noted here that there is an essential 
difference in the behavior of the electron density 
at the maximum of the beam expansion compared 
with the previously-treated case, when this density 
approached pe;/2 with increasing density of the 
injected electrons. In the present case, on the 
other hand, the density at maximum beam expan- 
sion approaches zero asymptotically with increas- 
ing density of the injected electrons. As a result, 
the curve analogous to Fig. 1 has here a different 
trend: at very large densities of the injected 
electrons, the number of captured electrons de- 
creases with increasing injection density. At low 
injection densities the picture is not qualitatively 
different from Fig. 1. With increasing density 
the number of captured electrons increases, owing 
to the increase in the fraction of the doughnut 
volume filled by the electron beam at the time 
when the losses to the wall cease. If the beam fills 
at that time the whole effective doughnut volume, 
the saturation of the captured beam current has 
been reached. If the injection density is further 
increased, the useful doughnut volume does not in- 
crease further but the electron density in this 
cross section continues to decrease and the num- 
ber of captured electrons, Ny, starts to decline. 
The dependence of the number of captured elec- 
trons on the injection density is thus represented 
by a curve of the form shown in Fig. 3. 

As can be seen from (22), the curve decreases 
very slowly in the region past the maximum, since 
it has only a logarithmic dependence on the in- 
jection density. One therefore can utilize Eq.(22) 
near the maximum. Denoting the area of the in- 
jector by S and the effective area of the doughnut 
by Seff, then if 


On) Pee See | od (23) 


we obtain for the maximum number of captured 


electrons, Nyyax, the equation 
N. max OY ese /eln (5 rarlsee): (24) 


where Vegf is the effective doughnut volume and 
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Pemax 18 the injection electron density at satura- 


tion. 


7. CONCLUSIONS 


The above calculations and considerations give 
a clear physical picture of the processes that lead 
to the capture of electrons at an efficiency that is 
in agreement with the experiment. This physical 
picture allows in principle a rigorous mathematical 
formulation of the problem. However, the solution 
of this problem is very involved and depends in 
general on many parameters (form and dimensions 
of the injector, density distribution of the elec- 
trons over the area of the injector, etc.) Evi- 
dently it is not worth while to solve this problem in 
general, The functional dependence and the general 
character of the dependence of the capture on the 
different factors can be understood from the 
general physical picture without a detailed quanti- 
tative solution of the problem. 

In the present paper we have assumed the in- 
jection pulse to have a duration equal to the time of 
one electron revolution around the betatron orbit. 
If the injection pulse length exceeds this value one 
has to take into account the Coulomb interaction 
between electron beams which have completed a 
different number of revolutions. The role of this 
kind of interaction has been investigated by 
Rodimov® for the case q #1. For arbitrary 
values of q this problem becomes considerably 
more involved. However, the physical picture of 
the capture process remains essentially un- 
changed. 

In the special case of very high injection elec- 
tron densities, when conditions (23) are fulfilled 
and when the duration of the injection pulse ex- 
ceeds the time of one revolution (these conditions 
apply in the example of reference 16 on which we 
have made comments in reference 17, one can 
make the definite qualitative and quantitative 
findings which have been given in reference 17. 

We only add that in this case the main contribution 
to the electron capture will obviously come from 
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the trailing edge of the injection pulse, which must 


lie within the acceptance region of the Vinj vs.t 
diagram of the injection voltage. 
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The possibility is discussed of the existence of an electron structure and its description from 
the viewpoint of the linear theory of extended particles, and also from the viewpoint of non- 
linear theory. Both variants of the theory lead to similar results for the interaction of the 
electron with the proton, the neutron and light nuclei; however, according to the nonlineary 
theory, the interaction of two electrons at very short ranges must be essentially different 
from the interaction of the electron with the positron. 


I eeena y, experiments on the scattering of 
fast electrons on protons!*? have revealed a devi- 
ation from the usual formula of Mott? which is 
valid for two point particles with strong Coulomb 
interaction. The character of these deviations 
point to a failure of the purely Coulomb law of 
interaction at very short ranges. Hofstadter and 
others!»?»4 have shown that to explain the experi- 
mental results, it is enough to assume that, in 
contrast to the electron, the proton is not a point 
particle, but that its charge and magnetic moment 
are distributed in space according to some law.” 
However, although contemporary theory does not 
suggest sufficient arguments in support of the ex- 
tended electron, still it is not excluded that part 
of the Hofstadter effect might be connected with 
the structure of the electron (which a number of 
authors assume?*’). The difficulty of infinite den- 
sity is avoided in the theory of the extended elec- 
tron and the so-called classical radius of the elec- 
tron® ry = e2/mc? = 2.8 x 10° cm takes ona 
physical significance. 

On the other hand, experiments on the scatter- 
ing of fast electrons on protons could be explained 
by the hypothesis that there are nonlinear effects 
of the electromagnetic field at short ranges. We 
shall consider both possibilities and shall attempt 
to explain how future experiments could clarify 
the actual nature of the short-range interactions. 


1. LINEAR THEORY OF EXTENDED PARTICLES 


The Interaction of the Electron and Proton 


We shall consider throughout only the interac- 
tion of electrical charges which under the experi- 
mental conditions of Hofstadter’ play an important 


role at small angles of scattering. Furthermore, 
we Shall consider the charge distribution in the 
proton pp (T;) and in the electron pe(Yr2) to be 
spherically symmetric (r; and ry are distances 
from the center of the proton and electron, respec- 
tively ). 

We can then write the interaction energy of the 
extended proton with the extended electron, whose 
centers are separated a distance r, in the form 


pl ples dodo, ns 
|\P=ty— 


Vin=—el\ 


where pp (1%) and pe(r,) are normalized to 
unity. 
Integrating over the angles in (1), we get: 


39 dap ~ 

V(r) = — = \ P0 (ry) f(t, — 1) dry 
Sno? fos) ren ; feo} (2) 
“ a - \ Op (1) fda \ drs \ Pe (r2) fo (r3 — fe) dre. 
6 re 


Ir—ri| 


For the case of scattering of fast electrons on 
protons, the relativistic Born approximation*»*»? 


F Ze? \2 cos? (8 / 2) + 
do =(5F) Sare7a | @) P 2xsin Od) 


gives results only slightly different from the val- 
ues of the effective cross sections given by the 
exact forrnula,*»® while the dependence on the spe- 
cial features of the interaction at short ranges, 
i.e., on the structure of the particles, is deter- 
mined by the form factor’?! 


co 


j (6) = — Fr eV (PF ar. (3) 


0 
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Substituting (2) in (3) and integrating by parts, we 


get 
2me? C in Kr 9 
f (0) = ire | : \= Kr ee (r) Pdr 
0 
— 8n2K? \ ae rar \ Op (f1) dry (4) 
J 
0 0 
rtr, go 


x | dre \pe(ra) rela) ars). 


|r—r,| Te 


We now assume that only the region Kr <1 is 
significant in these integrals, because of the rapid 
fall-off pp and pe. That is, the momenta p= hK 
at large distances are not large, which, in any 
case, is satisfied for energies that are not too 
large. Then, substituting both terms of the expan- 
sion in the first term of (4), we obtain 


Sina Rr 2 Kr? 6; (9) 


In the second term of (4), limiting ourselves to the 
first term of the expansion, we get 


2a) { 


f (0) = ahs (1 “Feros + AED) (6) 


where a) =hi*/me’ is the Bohr radius, 


13> = po (1) r? du, (7) 
C= \ oe (r) r2dv = 6-8? \ rar \ TU ANE LLe 
0 0 
x | dre \ 00 (75) ro (rere) dr. (8) 


Ir—r,| re 


The latter equation is obtained by integration of 
the right side of (7) (by parts) with account of 
the normalization condition for pp. 

The difference between (5) and the correspond- 
ing formula that does not take the dimensions of 
the electron into account lies in the presence of an 
additional term proportional to 5S Grae Thus, it 
we assume the non-point character of the electron 
then the experimental value for the rms radius of 
the proton? (Ro = 0.8 x 107'3 cm) must be the 
square root of the sum of the mean squares of 
the radii of the proton and electron: Ry = 
aoe re 

Furthermore, in order to agree with experiment 
at much higher energies, when the expansion (5) is 
no longer a good approximation, it is necessary 
that the extended electron and proton interact ex- 
actly the same as, under the assumption of a point 
nature for the electron, the electron interacts with 
an extended proton with charge distribution py 
(according to recent data, py is best represented 


by an exponential’), i.e., that 


les) 


\ (Co PT — r) dr 


foo) rt+ry, co 
oe 2n\ e, (M1) rary \ drs \ p, (t,) 1% — %_) ars 

0 |r—r, | re 
Similarly, the effect of structure of the electron 
would manifest itself in the displacement of the 
electron levels in the hydrogen atom.? The dis- 
placement of the electron levels connected with 
the structure of the proton and electron, in first 
approximation, without consideration of the defor- 
mation of the electronic wave functions and rela- 
tivistic corrections which are not appreciable in 
the case under discussion, !” is equal to 


AE =—\| 9, PV +e8/r} do. (9) 


Inasmuch as the sum V+ e2/r falls off rapidly at 
distances much smaller than the radius of the Bohr 
orbit, we can remove the square of the wave func- 
tion of the electron for the n-th state of the elec- 
tron 7% from under the integral sign setting it 
equal to its value at zero. Substituting in (9) the 
value of V according to (2), and integrating by 
parts, similarly to what was done previously ,° 
we get : 

AE = | the (0)? Xrpy + re}, (10) 
where AE is expressed in em”. 


Interaction of the Electron with Other Particles 


Employing a method similar to the above, we 
can show that at relatively low energies the scat- 
tering cross section of neutrons on electrons 
(through electrostatic interaction) depends only 
on the rms radius of the charge distribution in the 
neutron, namely: 


f (9) = — 2a ray / ao. (11) 


The elastic scattering cross section of electrons 
on deuterons at relatively low energies depends not 
only on <rj>, <r&> and <rA>, but also on 


<rb> = fl Pry |? x? dv,® where Pp is the wave 


function of the proton in the nucleus of deuterium: 


2a Reo as f (12) 
Fo (0) = at Ul — “e 6rby + X18) EXP — Ge) 


The displacement of the electrons of the n-th level 
in deuterium is determined by the same form fac- 
tors, namely 


AEp = > | be (0) |? {ry + roy + 2 — GD}. (13) 
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It follows from (13) and (10) that the volume part 
of the Lamb shift,!! equal to the energy difference 
between (13) and (10), does not depend on the di- 
mensions of the electron and the proton: 


AEp — AEn = >|. (0) [? (Cry — Cry}. (14) 


The difference in the elastic scattering cross sec- 
tion of electrons on deuterons and on protons de-— 
pends approximately on the same difference <rp> 
— <ri>. Ifthe charge distribution in the positron 
were the same as for the electron, the effects of 
structure in its interaction with other particles 
would be the same as for the electron. 


Characteristic Energy and the Dimensions of the 
Electron 


The electrostatic energy 5 of the electron with 
charge distribution pg can be written in the form 
gy — 2d 2 4 
H =z \ Bide =e? / AR., (15) 


where we have used Gauss’ theorem and the notation. 


1 Pe (r) dv f 
— =\- Bir) 01s 
ie alain 
Further, assuming that 
KH = Heys (17) 


where m, is the rest mass of the electron, 7 is 
the ratio of the field mass of the electron to its 
total mass, we have, by (15), 


Re mat ro/% 


where ry is the classical radius of the electron. 
We shall show that for any non-alternating 

Pe(r), the rms radius ,R, = V<ri> ought to 

be larger than _{Rg/2. Above all it can be estab- 
lished that for fixed values of *!Re the rms radius 
»9Re has a minimum value for uniform charge dis- 
tribution over the volume.* But the Coulomb en- 
ergy of the charge, uniformly distributed over the 
volume of a sphere of radius a, is equal to 3e2/5a, 


* For proof, we write on the one hand, 


4 Eo 1 r ie (2) rar 
ere eee drnere 
—1 


since E = —grad ¢.’” On the other hand, according to the fore- 
going [see the derivation of Eq. (10)], 
foo} 


1 
2R* = Cr = a (° ~—) r°dr. 


0 
Now, constructing the function ,R’ — A/.{R and varying it in 


~, we obtain a 


eee TE al 
a =| or a ip 2r cE. 80 adr. 
0 . 4 
Then, setting the variation equal to zero, we find Vp = 6/A 
= const; this means that the density of charge distribution 
must be constant. 
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and, consequently, _j{Re = 5a/3, whereas >Re = 
v3/5a . Consequently, ,Re = (%)¥? _iRe, or 

pRe ee ia) 215) 20 (18) 


If neither the charge distribution of the proton 
Pp nor the charge distribution of the electron pe 
are alternating, then the rms radius of the elec- 
tron ,Re should in every case be not larger than 
the value of Ry = 0.8 x 107'8 cm obtained by Hof- 
stadter. But then the inequality (18) can be satis- 
fied for »>1.75; » must be > 1 for other con- 
siderations also. The extended electron cannot be 
stable and undeformed in strong external fields in 
the absence of additional internal forces that are 
large in magnitude, forces of attraction of a non- 
electromagnetic character; therefore the non-field 
mass of the electron must be considerable. 


2. NONLINEAR THEORY 
General Properties of a Nonlinear Field 


In the nonlinear theory there is no need of con- 
sidering the electron to be an extended particle. 
If the electromagnetic field has a nonlinear char- 
acter®»'3~16 that appears at short ranges, then this 
is equivalent, in a well known sense, to the pres- 
ence of structured particles. We shall first attempt 
to make clear in what measure the requirements of 
the theory and the experimental data limit the choice 
of the Lagrangian. In order that the Lagrangian of 
the field L be invariant, it must oe a function of 
the invariants of the electromagnetic field, consist- 
ing of the derivatives of the potentials of the elec- 
tromagnetic field.®!® An invariant which consists 
of the components of the potentials A, must not 
be contained in the Lagrangian; otherwise we would 
not arrive at equations of the Maxwell type. We 
shall further consider L to be a function of only 
a single invariant I=fy,f,, consisting of the com-. 
ponents of the antisymmetric tensor 


Tus = OA, LOX, — OA fOx,. (19) 


Furthermore, by forming the action integral and 
varying it with respect to the variable A, and 
Au,v = 9Ay/exp, then equating to zero the vari- 
ant of the action integral, we obtain Euler’s equa- 
tions:'® 


OP Ove O) (20) 
where 
Pee OA o> = Ob fore. (21) 
On the other hand, as a consequence of the anti- 
symmetry of the tensor fu we get 
dL = THAR Df ee Dis (22) 


oe) 2 
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The invariant properties of the Lagrangian rela- 
tive to a transformation of the coordinates allows 
us to write it in a much simpler form. In order 

to show this, we carry out an infinitely small trans 


formation of the coordinates: '®!? 
Xy = Xp + hy (%), 


for which the potentials Ay and their derivatives 
are equal to 


0&,, 
ys => A,—és by, 
= 0A, a _ 8. 0x, 
hai ies aie ae Ar] ax, 
We also find that 
OL = a => Puy vAun= a ae > (DuvAes -|- PyvAve) 


0g, 4 Oey 
x Ox, a PowAy 0x,0x,, 


and the Jacobian of the transformation is equal to 


0 (%4, hos is Raynor Xo, X3; X4) =: | + 20%, /Oxy. 


From the invariance of the Lagrangian under a 
coordinate transformation, it follows that 


\(L 4+ 8L) ax =\ Ldx (23) 


(the integration is carried out over all four vari- 
ables), whence, taking it into account that 
PopApe’tp /8xg2X, = 0 by virtue of the antisym- 
metry of Poy, we get (by equating tne expres- 
sions for dé/dx,,): 

Lae (Days Pye) = ent ays (24) 
Furthermore, the energy-momentum tensor of the 
electromagnetic field can be determined in the 
usual fashion; it can be shown that in the case of 
nonlinear electrodynamics the same conservation 
laws will be satisfied as in the case of the linear 
theory.®»!® Moreover, Laue’s theorem is valid. 
The Hamiltonian of the nonlinear field, which is 
of interest to us, can be written in the following 
form: 


A 44 = */2 Puvtuy + Prafva- (25) 


We now proceed to the usual vector description 
of electrodynamics, defining the electric field in- 
tensity E and magnetic field intensity H, and 
the corresponding inductions D and B, as 


Di iV 45 {Pia Poa, Psa}, 


(26) 
H= V4e {Pos Psi, Piz}- 


E = iV 45 fia; fea fsa}, 


B = V40 Wicee isi OD 
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Then the Euler equations (20) and the integrability 
conditions 


Of uv / OXo + Ofve | OXu + fou / OX = 0 


(which follow from the special choice of the func- 
tions fy,) give the Maxwell equations in their 
usual fovit 614,186 t¥owever, while in the linear 
theorem, for the case of avacuum, E=D, B=H, 
these relations are no longer preserved in the non- 


linear theory. In fact, 
aL wok 
Diy se dr fay ae (J) Fus 


or, 
D =<(/)E; H=<(I)B (27) 


In the usual notation, the expressions for I, L and 
Hy, take the following form 


| = —(E2? — B?) / 8n; (28) 
L = (1/8n)(— DE + BR); (29) 
Hy, = (1/8n) (DE + BH). (30) 


The Equivalent Charge Distribution and the Effec- 
tive Radius of Nonlinearity 


We shall show that the Lagrangian of the non- 
linear field can also be given with the aid of the 
density distribution of the equivalent charge of 
the linear field. For this purpose, we consider 
a special static case. Let there be a point charge 
e. The solution of the equation div D =47e6(r) 
is D=er/r>. We now compare the nonlinear field 
E = D/e(1) with the linear field E);, which is 
equal to it at all points of space. It is obvious that 
the source of Ejjn could be any distribution p, 
of the same charge e (generally speaking, not a 
point distribution), while, in accord with Gauss’ 
theorem: 


Ein + \ rade. 
0 
But since, by assumption, E = Ejjn at each point 
of space, we can write 
r (e%D2)'le 
Eo D | p.do= D \ adv, 


(31) 
0 0 
since r = (e2/D?)'/4, But then, by BO 
pe Vv ‘ei D 
ae \ oodu (32a) 
0 
in the static case, and 
(e2/gr/,)'s 
L=! \ odo (32b) 
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in the general case, in which I, = (D?— H?)/8m 
and consequently, L is invariant. As is seen 
from the latter equations, the Lagrangian can ac- 
tually be written with the aid of functions of the 
equivalent distribution p%.'® Such a form of the 
solution turns out to be more useful for subsequent 
analysis. We express the total energy of the field 
= a Hy, dv as a function of the equivalent distri- 
bution of charge pg, making use of Eqs. (30) and 
(31), and carrying out the integration by parts. We 
obtain 


H = e? / 2 Bee (33) 


Tf 


Pre, 
1 /aRe = | 


In the case of the nonlinear theory, it is natural to 
assume that the mass of the electron has a purely 
electromagnetic origin i.e., that © = myc”. But 
it then follows from (33) that 


il Re = Coie: (34) 


We shall show that for an arbitrary pe(r) which 
changes sign nowhere the rms radius of distribu- 
tion of the effective charge is larger than iiRe.- 
For this purpose, we write eRe = <r%> in the 


form 
Sie frente |e 


0 0 
' foe} foe} 2[~ —3 

= eter | (obra | eer 
ke 0 0 


and we show that the factor in front of _,R~ is 
not smaller than unity or, otherwise, that 


js \ eur Ver ir| - [\eirar| > 0. 
0 


0 


To do this, we introduce the notation g(r) = per’, 


write F in the form of the limit of the sum 
foo) ” ©0 3 
‘ Ar, 
F =1in |S (ri) RAT: bag pes L| - [Bet an | 
a T=L i; 
=lim >) 0 (rz) 9 (rj) 9 (rr) ArcArjArn 
t>j>k 


[ee ae ae 


ritp ana rr 


x 


But, inasmuch as 


(2 +3 tra — Br irre) = = (rp rj see 


x (a — ry +; =n)? oe (tm—nyl> ]= 
then F = 0, and consequently, 


Re eRe rif. (35) 


The latter equation is similar to Eq. (18) of the 
linear theory of the extended electron. If the dis- 
tribution Pp is not alternating in sign, then, as 
can be shown, »Re should not be larger than the 
rms radius of Hofstadter, Ry. But this would con- 
tradict the inequality (35), since Ry < r)/2. Thus, 
either pe or Pp ( which is less probable from 
the viewpoint af meson theory!®*4) must change 
sign. This is the essential result of the nonlinear 
theory. 


Particle Interaction in the Nonlinear Theory 


The problem of particle interaction in the non- 
linear theory is more difficult than in the linear 
theory. In the nonlinear theory it is difficult to 
separate the characteristic energy from the energy 
of interaction. The interaction energy between two 
(for example, point) particles is no longer equal 
to the product of the charge of the first particle by 
the potential created and the charge of the second 
particle at the location of the first particle (in its 
absence). In a similar fashion, the usual expres- 
sion for the Lorentz forces can be shown to be un- 
satisfactory. For interpretation of the experimental 
data, it is important to know the law of interaction 
between the particles. Therefore, we consider the 
interaction between two charged particles, in the 
general case of attraction, with the charge distri- 
butions p; and p,. We make use of the fact that 
in the nonlinear theory the induction vectors add 
linearly, as before: D=D,+D,, which is not 
valid for the fields. In this case, 

tet . Cato 
= lod, Dy = edo, (36) 
ny i 
Furthermore, in accord with Eqs. (30) and (31) we 
can write down the expression for the total field 
energy in the following form: 


Ve[D 
1 / , 
H = Vado 2 a \ (Di + Di +. 2D,+D,) do \ o'dv’, 
0 
where p’ is the density of the equivalent charge 


distribution. Then, computing the energy of the 
free field (the sum of the characteristic energies 
of the isolated noninteracting particles ) 

Ve[Dy VelDz 


2 ’ ft: 4 ‘ 
Hy = ye\ Dido ( edo + 3-\ Dido | edu, 
0 0 
we get the “pure” interaction energy: 


W =H —Hy= Wu + Wie + Wor. (37) 


Here ; 
"3 


Wie =a D?dv \ o’ dv’, (38) 


A 
Git 
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4 "3 
W335 = z\ D,- D, du \ o’dv’ , (39) 
0 
4 c 
Woo = | D3dv \ od’, (40) 
where . 
wale Ie 
sent |(fne) ’ 
(41) 


feaed(te) & 4th 24) oe). COS) 


x is the angle between the vectors r, and fry. 

It is easy to establish the fact that in the tran- 
sition to ordinary electrodynamics and to point 
particles, we obtain W = Wj, = eye)/ry2. We now 
consider the special case of the interaction of the 
proton with the electron. We shall assume that 
the dimensions of the proton (for example, as a 
consequence of the interaction with the meson 
field) are much larger than the dimensions of 
the electron, which we shall consider to be a point 
(this means that r, =r,). Let the nonlinearity ap- 


r 
appear only in the small region r°, so that ip p'dv’ 


j 
~1 forall r>r°, while r° is less than the ra- 


dius of the proton. We shall show that in this case 
the expression for the interaction energy of the 
particles (37) is materially simplified. From the 
locations of the first particle (the center of the 
extended proton) and the second particle (the 
electron) we draw spheres of radius r°. The fol- 
lowing two cases are then possible, depending on 
the distance between the particles: (a) the spheres 
do not overlap or (b) they do overlap. We consider 
the first case, in which ry = r/2 (r = distance 
between the particles). In the Pepin Ly < r°, 

rz * rg [see (41)], since r).>rj, inasmuch as rj} 
[as follows from its definition, see Eq. (41)] can- 
not be smaller than the radius of the proton Ip» 
which in turn is larger (by assumption) than r?. 
In the region r, >Yry, r3 is not smaller than 
irs: + rp), which is in any case larger than 

r, andsince ry >1f, shou not changing the 


0 


value of the integral e p’dv’, we can substitute 


the upper limit for rp. : 

In similar fashion, we can consider the case (b) 
and show that for one reason or another we can re- 
place r3 by rp. We then have approximately 
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Wi & «)\ D,-D, do \ odo’. 
0 
Substituting the values for D, and D, from se, 
(and taking it into account that now Dp, = er, /r3) 
we have 


1 er ¢ 
We® ee \ do \ ets| (es 
0 


But this coincides in form with the interaction of 
two extended particles in the linear theory: the 
proton with a charge distribution pp and the elec- 
tron with the distribution p’. In other words, Eq. 
(1) and the consequences obtained in Secs. 1 and 2, 
for the effective cross section and displacement of 
the electronic levels in the atoms, remain valid in 
this case. 
An estimate shows that the correction term to 
(42) is 3 3 (r°/rp)? times smaller than the princi- 
Bet term; the term W,, amounts to less than 

(r°/rp)? part of Wij, while We is 2(r°/rp) 
ae 

In the case of the interaction of two electrons, 
the terms W,, and W. are still quite substantial 
at distances of the order of the effective radius of 
nonlinearity. An important peculiarity of the non- 
linear théory is the difference of the scattering 
cross section of positrons on electrons from the 
scattering of electrons on electrons, since in the 
case of the interaction of particles of identical 
charge sign, Wy. is added to Wy, and Wao, 
while for the interaction of differently charged 
particles, W,, is subtracted from the sum Wy, 

+ Wo. A similar effect ought to appear in the 
scattering of positrons on a proton, by comparison 
with the scattering of electrons. However, if the 
radius of nonlinearity is smaller than the larger 
of the radii of the proton and electron, the effect 
of nonlinearity would show itself to be negligible. 
On the other hand, inasmuch as from the viewpoint 
of the nonlinear theory pe (or Pp) must be 
charge alternating, this would necessarily lead to 
peculiarities in the angular distribution. 

The possible corrections can be deduced with 
the aid of the dynamic effects, although in principle 
the interaction of the electric charges under the 
experimental conditions!*? must be distinguished 
from the two effects.4 A more precise calculation 
of the radiative corrections must also be carried 
out, both for the case of the linear theory of the 
extended electron and in particular for the non- 
linear theory. However, improving the precision 
of the calculations of the radiative corrections, 
which are relatively small in magnitude,?° almost 
never leads to a serious change in the resuits 
obtained. 


edo’). 


0 


(42) 
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The heating of electrons in a plasma in a variable electric field is considered. It is shown 

that the electron gas can exist in two stable states with different temperatures; the transition 
from one state to the other takes place at certain critical values of the field and is accompa- 
nied by an appreciable change in the electron temperature. A peculiar type of hysteresis takes 
place in the dependence of the electron temperature on the field amplitude,and frequency. The 
influence of a constant magnetic field on this effect is also taken into account. An expression 
is obtained for the complex conductivity of the plasma in variable electric and constant mag- 
netic fields (with account of interelectronic collisions). 


ie We consider an unbounded plasma placed in a 
spatially homogeneous electric field. We assume 
that the plasma is sufficiently strongly ionized 


that the principal influence on the distribution of 
the electrons is that due to collisions between elec- 
trons and between electrons and ions; we shall con- 
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sider these to be elastic. 
In this case, as is shown in the Appendix, if the 
condition 


aT, /dt Kv T (a) 


is satisfied, the symmetric part of the electron 
distribution function is Maxwellian; the electron 
temperature T, is defined by the equation 


aT 
E+ Bete; (Te) (T.—T) = ex M(T,)- (2) 


Here, as usual, k is Boltzmann’s constant, T the 
ion temperature, e the electronic charge, N the 
density of the electrons, and E the electric field 
intensity. Furthermore, 6 = 2m/M is the aver- 
age fraction of the energy given by an electron to 
an ion in a single collision (m is the electron 
mass and M the ion mass), and ver is a param- 
eter which it is reasonable to call the effective 
collision frequency of electrons with ions:* 


oe efN, kT 
‘effi + V 2x Taare Prax) ”) 
where Pmax is the maximum of the impact pa- 
rameter, which must be taken as equal to the Debye 
radius [but sometimes another, somewhat differ- 
ent quantity is used (see reference 2, Sec. 82; also 
reference 4)]. We note that the quantity appearing 
in (3) under the logarithm sign is always much 
larger than unity. As a consequence, even for 
large changes in the electron temperature, the 
logarithm does not change appreciably, and it can 


be taken approximately that 
V oft i = Yo (Ce) Tees (3’) 


where vy is the effective collision frequency of 
electrons with ions in a weak field (when Te = T). 


ve Ko Ke 
0 1.950 4.595 
0.05 1.921 Al 
Od 1.859 4.340 
0.2 1,652 3.792 
0.5 1,075 2.297 
1.0 0.721 1.405 
De) 0.623 1.048 
4.0 0,727 0.972 
6.0 0,824 0.976 
10.0 0.917 0.987 
35.0 0.992 0.997 


*We note that the effective collision frequency of the elec- 
tron thus introduced coincides with that considered in refer- 
ence 1. In reference 2 (see Secs. 61 ff) some other quantity is 
used as vers; (its use leads to a series of difficulties which 
are pointed out in references 1 and 3). 


Finally, j is the electron current density 
‘ . e— | 
j=(et le )E (4) 
e2N Vefti @ i @ ® 
—- z Ke t = Ke = EP 
i a + ee i ( vet i ) oh Vege i ( eff i ) 


Here veff, is the effective collision frequency of 
the electrons, defined by (3), (3’), while Kg (x) 
and Ke(x) are certain functions the computed 
values of which are given in the table.* 

It is seen from the table that the functions Kg 
and Ke do not change very markedly; therefore, 
for qualitative estimates, we can set them equal 
to unity, i.e., we can use the simple (“elementary”) 
formulas} for o and e. 

2. We now turn to the analysis of the solution 
of Eq. (2). In this case we assume that the temper- 
ature of the heavy particles in the plasma is con- 
stant (this case, which was considered in Sec. 3, 
is of interest in a methodological way, since it 
allows us to clarify some peculiarities of the heat- 
ing of an electron gas in a plasma). 

We first assume that the electric field E = 
E, cos wt changes rapidly (w > 6v)). In this 


*If we neglect the coefficients Kg and Kg in Eq. (4), then . 
it coincides with the well known “elementary” expression 
which is obtained in the hydrodynamic approximation (see, e.g., 
reference 2, Sec. 57). As is well known,’ the latter is strictly 
valid for electrons in a plasma for any frequency of the electric 
field, only if the condition is satisfied that the frequency of 
collision of the electron with heavy particles is independent 
of their velocity. In the case of collision with ions, this con- 
dition is naturally not satisfied (v~v*). Therefore, the kinetic 
consideration given in the Appendix is also necessary. It leads 
to the appearance of corrected coefficients Kg and Ky which 
reflect the dispersion of the electron collision frequency. For 
@ >> Vere ;, the coefficients Kg and Kgtend to unity, which is 
in accord with reference 5. In the case of a constant electric 
field (w = 0), the conductivity computed by Eq. (4) [see also 
Eq. (10)] coincides with that obtained in reference 6, as it 
must. 

TIt should be noted that the values of the functions Kg and 
Kg given in the table were computed for the case in which the 
electron density in the plasma is equal to the ion density. The 
functions Kg and Kg in the case in which the ion density is 
much greater than that of electrons (i.e., when there are more 
negative ions in the plasma and, therefore, collisions between 
the electrons are not important) were obtained in reference 1 
(Fig. 7). The same functions Kg and Kg are also valid for 
multiply ionized plasma, when Z > 1 (it must be kept in mind 
that the effective collision frequency of the electron is in- 
creased Z-fold in this case). The functions Kg and Kg for 
doubly, triply, ..., ionized plasma lie between the limiting 
functions for Z = 1 (the table) and for Z > 1; it is easy to 
compute them by making use of the results of Landshoff® 


(comparing the results of reference 6 with Eq. (10) for the 
case w = 0). 


PLASMA ELECTRONS IN A VARIABLE ELECTRIC FIELD 


case the field changes more rapidly with time 
than the electron temperature can be changed. 
Therefore, this temperature must be established 
at some mean value of Tey that is time independ- 
ent; deviations from this value are small. Actually, 
the solution of Eq. (2) in the case under considera- 
tion has the following form: 

ieee Swraeeven 


Drege ats sin 2wt + O (= y 1 (5) 


20 (T/T) ip 
where the temperature Tey is determined from 
the transcendental equation 


De CED Ko ((@/ (Teo / T) 


T = 3ermde (la) Cyl TP (6) 


The condition (1) for establishing the solution (5) 
is always satisfied. 

Analysis of the solution of the latter equation 
shows that at high frequencies (w >vy) there 
corresponds to each value of the field a particular 
value of the temperature Tey as, generally speak- 
ing, ought to be the case. However, at low frequen- 
cies (W «<v)), an interesting peculiarity arises: 
to a definite give of the field (in the region 
EY < Ey < El) there corresponds not one but three 
values of the temperature Teg (see Fig. 1).* The 
reason for this is that the electron gas in the plas~ 
ma is not a closed system: in the particular model 
it absorbs energy from the electric field and trans- 
fers it to the heavy particles of the plasma; its 
stationary temperature is determined, naturally, 
by the condition of energy balance between that 
log 4 

30 


20 

FIG. 1. Dependence of 
ive/ 1 onl Bo/ Eno tora) = 
0.011. 


Noe igs 


absorbed from the field and that given to the heavy 
particles [Eq. (6)]. In this case it is shown that for 
low frequencies the amount of energy absorbed and 
transmitted by the electron gas is linearly inde- 

pendent of its temperature and, thanks to this fact, 


*In constructing the dependence of Teo/T on Ey/Enpo, it is 
particularly useful to inverse the problem and construct the 
graph of the dependence of E,/Epo on avea/ als 
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Eq. (6) can be satisfied simultaneously for several 
different values of the electron temperature. How- 
ever, only two of them, which correspond to the 
upper and lower curve (the solid line plotted in 
Fig. 1), are stable; the state corresponding to the 
middle curve (the dotted line in Fig. 1) is not 
stable. Moreover, the solution corresponding to 
the upper and lower curves becomes unstable at 
points where they join to the middle curve, i.e., 

at E) = Ej; for the lower curve and for Ey = EL 
for the upper curve.* 

In the following, we restrict ourselves to the 
state corresponding to the lower curve, called 
state I, and to the upper, state II. The value of 
the electron temperature in state lat w «vy is 
given approximately by the following expression: 


Kg (9) (Eo / Eng)” 


1] ( 
Roe i\ er t= esR OE BER 


and in state II by 


| Eq. \2 2 \4 1B, NOS i 
inckerwacakmcmhNegik = 
Here Eno is the characteristic field for the 
plasma:° 


Wega 
Exo = V 3kT mbv2 /e = 2 - 10a: Va Vj} cm. 28) 


The first critical value of the field EL = 0.28 Eno; 
the corresponding temperature is Theisen 
state I and TH; 0.076(v)9/w)*T in state Il. For 
a sufficiently low frequency w, the temperature 
TH is many times larger than TI (for example, 
in the case shown in Fig. 1 (w=0.011), rT a) 
1.5T, and TH = 760 T). The second critical 
value for the field is El 1.7 (w/v 2/3 Eno; the 
corresponding value of the temperature in state I 
is TL* T, and in state I, TH © 1.2( /wyT, 
We now consider how the heating of the electron 
gas in the plasma will take place at slow changes 
in the amplitude of the intensity of the variable 
electric field. At small values of Ey) the electron 
gas is located in state I and the temperature of the 
electrons differs slightly from the ion temperature 
(see Fig. 1). However, when the field E) reaches 
its own first critical value EL, state 1 becomes 
unstable (since the electrons can no longer trans- 
fer all their absorbed energy to the heavy particles). 
Therefore the electron gas at Ey = EL is heated, 


*For analysis of the stability of a stationary value of Te, 
it is necessary to investigate the behavior of the derivative 
dT,/dt close to Teo. This can be done both analytically (by 
considering the change in time of a small perturbation AT.) 
and graphically [by constructing the dependence of dT,./dt on 
Te, with the help of Eq. (2)]. 
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FIG. 2. Time dependence of the electron temperature and 


its derivative for the transition I> II (for m = 0.011); curve 
1—for log (T-/T), 2—for (1/T5™%)dT./dt. 


and its temperature rises to the corresponding 
value in state II (this transition is shown by the 
dashed curve in Fig. 1). 

If the field E, now begins to fall below the 
value El, then Tg) takes on still higher values, 
corresponding to state II. However, when the field 
decreases to its second critical value EL state II 
becomes unstable (the electrons transfer more 
energy to the heavy particles than the field gives 
to them). Therefore, at Ey = EL the electron 
gas is cooled and its temperature drops to the 
value corresponding to state I, i.e., to T (this 
transition is also shown by the dashed curve in 
Fig. 1). Thus, in the case under consideration, 
an unusual hysteresis takes place in the depend- 
ence of the electron temperature on the amplitude 
of the intensity of the variable electric field. 

The process of transition from state I to state 
II, and vice versa, is described by Eq. (2).* The 
corresponding solution for the transition (for 
w= 0.01.) is shown in Fig. 2. It is seen from 
the figure that the rate of increase of the electron 
temperature increases rapidly at first, reaches a 
maximum, and then falls off slowly; its maximum 
value is rather high: 


(aT, / dt), © 9.03 (v9 /@) BvoT. (9) 


The change in the electron temperature for the 
transitions is naturally accompanied by corre- 
sponding changes in the effective collision fre- 
quency of the electrons (3) and, consequently, of 
the kinetic coefficients, too. 

The dependence of the temperature Teg on the 
frequency w is completely analogous to the de- 
pendence of Tg) on Ep. For large values of Ep, 


*Although dT,/dt increases appreciably in the transition, 
the condition (1) is seen to be satisfied as previously (for 
arbitrary @ > dv). 


only one stationary value of electron temperature 
corresponds to each value of the frequency; for 
small Ey, two values of Tey can correspond to a 
single value of w (see Fig. 3). In this case, how- 
ever, transitions from state I (lower curve) to 
state II (upper curve) are possible only for Ey 
larger than EL; therefore state lat Ey < EL is 
stable for arbitrary values of the frequency w. 

The critical frequency w, and the critical field 
E, (above which only a single stationary state ex- 
ists) are determined from the conditions 


AT oy [A ((Ey/ Eno)*] > ©, OT eo / @ ((Ey/Eno)"]> 9, 


from which it follows that w, ¥ 0.29; E, * 
0.4Eyo. Hysteresis of the dependence of Teo on 
Ey is possible only for w < w_, while hysteresis 
of the dependence of Teg on w is possible for 
EL < Ey < Ex. 

The external electric field is assumed to be 
rapidly changing (w > 6vy). Quite analogous ef- 
fects take place also in the opposite case, when 
w & 6vy. Their analysis is, generally speaking, 
more complicated. However, we can note that if 
the amplitude of E,) is larger than EL/V2, the 
electron temperature executes a complete hystere- 
sis cycle during each period, similar to that de- 
scribed above.* In this case the temperature cor- 
responding to state II increases with decrease in 
w as 1/w? (this is seen, for example, from 
Eq. (7); see also Fig. 3). For a constant field 
(w=0) no stationary state II exists in general: 
in this case, if only the field E) is larger than 
EL /V2, the energy of the electrons increase con- 
tinuously with time. Condition (1) is violated here; 
the electron velocity distribution function takes on 
a sharply directional character.{ 

3. It is not difficult to generalize these results 
to the case where a constant magnetic field H is 
present in the plasma. Equation (2) for the elec- 
tron temperature and Eq. (3) for the effective col- 
lision frequency are preserved in this case; only 
the expression for the electron current is changed: 
the conductivity and the dielectric constant of the 
plasma become tensors. 

The tensor components of o and ¢€ are ex- 
pressed by means of the functions Kg and Ke, 


*It should be noted, however, that condition (1) in this case 
is not always satisfied; the electron velocity distribution 
function in this case is definitely not Maxwellian. 

tIt should be emphasized that, as is seen from the results 
of this section, the stationary low frequency state (w < v) can 
exist only in the case ofa weak electric field (E, < Epo). 
Therefore the expressions for the complex conductivity and 
thermoelectric coefficient, obtained in reference 6 (see also 
references 4 and 7), are also valid in the present case. 
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developed above. For the components of the ten- 
sors o and € in the direction parallel to the 
magnetic field, the same expressions (4) are still 
valid; in a plane perpendicular to H (the plane 
xy), we have: 


2N Vares (K_[l|o—o Sie 
Sxx = Syy = dalle all ne eft i | 


mech (Or) ter i 


_Kol@ + ©) | Vettes) 
(45 On)? hve |, 


j ON. Vertis [Ro llo— plete: | 


Cie i —— ei 7 = 
Y Y m 2; \ (@ aa 03) ae vere: 
K,{(@ ap @ ry) / Vert; ] 

(@ + ©)? + Veee j (10) 
teats APO Te Re 4re°N 1 (Os Or MOS Onl! Vetey | 
Sxx = Syy 

‘ia Co (0 On)? + ee; 

(@ + ,,) K, [((@ + @,) / vege; | ! 
(© + @y) + Vege: 
Pe ee (o — Oy) K, [lo — 4 |/ Yete i | 
CT ST Vesta sine 2s 


(@ — py)? + Vege j 
(@ + ©) K, (@ + @g) / Vege ; | 
(© + @p)? + Voce 


Here wy = eH/mc is the gyromagnetic frequency. 

Now, substituting the expression for the electron 
current in (2), we get an equation through which the 
temperature of the electrons is also determined. 
In a rapidly varying field, it is stationary and is 
equal to Te; the latter satisfies the following 
transcendental equation (see reference 1): 
ee te. Ey ) (cos? BK, ((@ 1 ¥0) (Teo 17)? | 

\(@ PP F (Pag TY? 
sin? BKg{(|@ — @y | /%) (Teo /T)"] 
2 [(@ — w,,)? / v2 + (Teo / T)-9] 


(11) 


_ sin? 8K, [(@t ey) / Yo) (Te / T)'?] 
2 [(@ + @7,)? 1 V8 + (Teg / T)] 


Here £6 is the angle between E and H. For H 
=0 (andalsoif B=0) Eq. (11) coincides with 
(6), as it should. 

Analysis of the dependence of the temperature 
Tey on the amplitude of the field intensity Ej) is 
not difficult to carry out, in the same fashion as 
was done above in the case H=0. Fora high 
frequency wy (wy > Vo), effects similar to those 
considered above (two stationary states with dif- 
ferent electron temperatures ) take place in the 
gyro-resonance frequency region, when |w — wy | 
«Kv, singB#o0. Itis interesting to observe that 
in this case, for small values of the amplitude of 
the-field (Ey) < V2 EL /sin B) there is no sort of 
resonance increase in the electron temperature in 
the vicinity of the gyro-frequency (state I, for 
Ey < V2 Ej,/sin 8, is stable for an arbitrary fre- 
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FIG. 3. Dependence of T,/T on w/v, for various values of 
E,: curve 1—E, < Ek; curve Dire < E, < Ex; curve 3— 
lope G1 hss 


quency w). On the other hand, in the case in which 
Ey= V2 EL /sin B, a strong resonance effect ap- 
pears close to the gyro-frequency. 

4. The heating of the plasmas by the heavy par- 
ticles was not considered above. However, it is 
entirely understood that in the adiabatic, isolated 
plasma, under conditions for which the gas is 
heated more slowly by the heavy particles, than 
the electron gas,* the consideration carried out 
is valid; it suffices only to assume that the tem- 
perature of the plasma T increases slowly with 
time. This leads to a situation in which the rela- 
tive magnitude of the variable electric field Ey/Eyo 
increases with time (i.e., the point describing the 
state of the system on Fig. 1 is shifted to the right). 
When the ratio E)/Eno is equal to Ey /EL, a 
transition takes place from state I to state II. It 
is essential that the temperature of the electrons. 
in this transition changes rather sharply [ see 
Eq. (9)]; therefore, even in the case in which the 
heating of the heavy particles, generally speaking, 
cannot be regarded as slow (for example, ina 
completely ionized gas, when a ~ 1, see footnote 
below), the process of the transition of the elec- 
tron gas from state I to state II at sufficiently low 
frequency is expressed explicitly, as before. 

In this connection it should also be noted that 
the entire argument above was based on the as- 
sumption that the electric field is homogeneous 
in space. In a rea] system the field is usually in- 


*The heavy particles in the plasma are heated through the 
work of the ion current and the energy transferred to it by 
electrons in collisions. The ion current in the cases of interest 
to us is always much weaker than the electron current; there- 
fore, the condition of quasi-stationarity for the plasma heating 
due to the work of the ion current is always satisfied. The 
heating of the heavy particles due to collisions with electrons 
can be regarded as slow (quasi-stationary) for the case that 
a= N/(Ni + Nm) K 1 (here N, Nj, Nm are the densities of 
electrons, ions, and molecules, respectively), This condition 
is well satisfied, for example, in the upper ionosphere. 
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homogeneous. Therefore, the critical value EL 


is achieved initially only in a certain region of the 
plasma (and not throughout its volume); in this 
region the transition of the electron gas also be- 
gins from state I to state II.* A sharp electron 
temperature rise (and, consequently, in the pres- 
sure) in this region of the plasma during the tran- 
sition ought to lead to the excitation of essentially 
nonstationary effects. 

The author expresses his thanks to V. L. Ginz- 
burg for interest in the research. 


APPENDIX 


ELECTRON-VELOCITY DISTRIBUTION FUNCTION 
IN A STRONGLY-IONIZED PLASMA IN A VARI- 
ABLE ELECTRIC FIELDf 


As is well known,?® we can write the electron ve- 


locity distribution function for the plasma in the 
form 


f(v, t) =fo(v, t) +f (a, ¢). 
The Boltzmann, equation reduces in this case to the 


following system.of equations for the functions fp 


and f,: 
g 2a ed Te 
7 oe ns — (0°E “f1) — = al ees Ff} 


(A.1) 


— | 200 (w, 6’) w {fo (v,t) fo (%, ¢) (A.2) 
—fio(o’, t) Fo (0, £)} dv.dQ’; 
Tia << (Hx f) + Sho vf, 
= — Fe ee (w, {AOD Fo (oy 2) (A.3) 


qui (0, t) fo(v, t) oe Vie (v;, t) 


“fy vt 
HN, t) \dv,dQ'dQ. 
0; 


These equations differ from those obtained by 
Davydov’® by the fact that interelectronic collisions 
are considered in them. These collisions are de- 


*Heat exchange with the other parts of the plasma can be 
reduced by eliminating the magnetic field. This also leads to 
a weakening of the effect of boundaries which, generally 
speaking, is very important (especially under conditions 
where the characteristic dimensions of the plasma are less 
than or comparable with /\/ §, where / is the electron mean 
free path). 

tThe corresponding calculation was carried out by 
Landshoff* (see also references 4 and 7) only for the case 
of a quasistationary (w < v) electric field. The case of a 
variable field of arbitrary frequency was considered for. a 
weakly-ionized plasma, in which one could neglect collisions 
between electrons (see references 1 and 10 to 12). 
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scribed by the integral terms on the right-hand j 
side. Here v,v, and v’, vj are, respectively, 
the velocities of the two electrons before and after 
their collisions; w=VvV—v,, 0’ is the angle be- 
tween w and w’, dQ’ = sin 6’d@’dg’ and 

See (w, 9’) is the effective differential scattering 
cross section for collisions between electrons; 
y=p(v), as usual, is the collision frequency of 
the electron with heavy particles (see, for example, 
reference 2). 

The expansion (A.1), and consequently Eqs. (A.2) 

and (A.3), are valid under the conditions* 


Of [Ot << Vere fo: 


Here vege is the effective collision frequency of | 
the electrons with the heavy particles. | 

We shall seek a solution of Eqs. (A.2) and (A.3) 
by the method of successive approximations fy = 
foo + foy +t... £, =fy9 + fy, + . We assume that 
the form of the symmetric pare of the distribution 
function (fo )) in the zeroth approximation is de- 
termined by the integral term (i.e., that inter- 
electronic collisions play a dominant rolet). The 
solution of Eq. (A.2) in this approximation is, of 
course, the Maxwell distribution function. How- 
ever, the latter is determined only with accuracy 
up to some arbitrary function of time T,(t) 
(the electron temperature ) which must be found 
from the equation for the subsequent approxima- 
tion (see below). 

In order to find the zero approximation for the 
directional part of the distribution function fj, 
it is necessary to solve the integro-differential 
equation (A.3). This problem is generally very 
complicated. It was solved by Landshoff® for the 
case of a constant electric field (see also refer- 
ence 7). The results of this work can be general- 
ized to the case of a variable electric field.t In 
fact, if use is made of the condition (A.4), it is 
not difficult to show (similarly to what was done 
in reference 9) that the dependence of the function 
foo on time does not have to be taken into account 
in the integration of Eq. (A.3). In this approxima- 
tion, Eq. (A.3) is a linear integro-differential equa- 
tion with time independent coefficients; obviously, 
the time variation in such an equation is easily 


8=2m/M<l, (A.4) 


*We note that the condition of,/dt « Vetifo was not noted 
by Davydov. 

tThe opposite extreme, in which the integral term is not 
important, was considered in references 1 and 8 to 12. 

{The possibility of such a generalization is based on the 
physically evident equivalence of the motion of the electrons 
in the direction of a weak electric field in the variable field 
case and in a constant field perpendicular to the magnetic 
(if only wy = @). 
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separated, after which the equation becomes quite 
analogous to the one considered by Landshoff. The 
solution of this equation was found in reference 6 
in the form of a series of Laguerre polynomials 
of order %. The same expression for the function 
fio is valid even in the case of a variable electric 
field. It is only necessary to replace the gyrofre- 
quency wy by w+wy). Making use of this, it 
is not difficult to obtain expressions for the con- 
ductivity and dielectric constant of the plasma 
[ which were obtained above, Eqs. (4) and (10)], and 
also for the other coefficients of transfer in a vari- 
able electric field. 

Now substituting fy) and f;) in (A.2), we obtain 
the following equation for the first approximation 
( fo1): 


\ see: {for (2, #) foo Or» £) + for Or 4) foo (2 2) 
cat Fox (v, t) Foo (1, t)= for (v4, t) Foo (0, t)} dv, dQ’ 


lh 6) 3 ame F (A.5) 
Perr ay co ie Foo (2 Die —»(T.—T)| 
a GLE 
—- v? — fio (2, ay. 


This integral equation is degenerate: if we multiply 
it by v‘ and integrate over dv, the integral term 
vanishes identically. It is natural that the right 
hand side of the equation must also vanish in this 


case [in the opposite case Eq. (A.5) has no solution]. 


This condition reduces to Eq. (2), (as can easily be 
seen) which also determines the temperature of 
the electrons Te(t). 

If we estimate the value of terms of the second 
approximation and compare them with the zero ap- 
proximation, we find that we can neglect them if 
the conditions 


Ove ge / Ye < Ae aT] dt < Wallies (A.6) 


are satisfied, where vg is the mean collision fre- 
quency between electrons. 
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In a strongly ionized plasma ve and ves are 
of the same order. Consequently, conditions (A.6) 
and (A.4) are identical in this case. This means 
that in the case of a strongly ionized plasma, the 
solution of Eqs. (A.2) and (A.3), obtained above as 
a zeroth approximation, is the complete solution; 
it is valid with the same degree of accuracy with 
which Eqs. (A.2) and (A.3) are themselves valid. 
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The production of two 7 mesons in collisions between 7 mesons or y quanta with nucleons 
or deuterons is studied by a phenomenological method for small angles of emission of the 7 


mesons produced. 
l. Let us consider the reaction m+ 
mt and let us denote the amplitude of that process 
for the pseudopotential given in references 1 and 2 
by A. We have 


+p—onta+ 


V = Ad (0, — 4) th. (1) 


where Ty, is an operator acting on the isotopic 
variable of the nucleon. 

The m mesons are pseudoscalar particles. The 
amplitude A, corresponding to the transformation 
of one mt meson into two m mesons in collision 
with nucleons, should therefore be a pseudoscalar. 
In the following, we shall limit ourselves to reac- 
tions in which the produced am mesons are emitted 
at small angles. The expression Ag, where A = 
ak, + bk, + cky, represents then the only pseudo- 
scalar which can be constructed from the given 
ky, k,, k, (wave vectors of the incident and the 
produced mesons, respectively) and nucleon spin - 
vector @. In consequence, the amplitude should be 
of the form 


A — Ac — (ak, -F bk, -- ck,)¢, (2) 


where a, b, c are invariant functions of the vec- 
tors kp, k,;, k,. The differential cross-section for 
the reaction m¢+p—-n+7'+ 7+ canbe expressed 
in terms of the amplitude A of the reaction: 


dk, dkp 
(2)3 (22)3 ° (3) 


fs EA re E') 


where Ej, is the energy of the incident meson. The 
vector A in Eq. (3) has an index p indicating that 
the reaction goes on a proton. 

2. Let us consider the transformation reaction 
of one m meson into two in collisions with deuter- 
ons. The interaction between the incident 7 me- 
son and a deuteron can be described by a pseudo- 
potential which is a sum of pseudopotentials (1): 
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V=V(1)+V (2). (4) 
where 1 and 2 denote the coordinates of the first 
and second nucleons in the deuteron. 

The reaction m +d—-n+n+7~+7°. The 
pseudopotential is then 


V = Apex (ry — vr) a + Apood (ro— r) (5) 


For the differential cross-section of the reac- 
tion m +d—-n+n+7~+7* we obtain (after 
some Peat goa calculations): 


ds (kikeg )= Tf we fi es | _ : 
’ dk, dk, d iy 
x8 (Ey 27) » Ons ny : 


Here q is the momentum of the relative motion 
of produced nucleons and where 


1* = \ 9 (x) ego (r)adr. (7) 


In the above integrals @)(r) denotes the coordi- 
nate part of the deuteron wave function (we assume 
that the ground state of the deuteronisa S state), 
pq (tr) are the symmetric and antisymmetric co- 
ordinate parts, respectively, of the wave function 
of the relative motion of two nucleons with relative 
momentum q. We have, furthermore, 


% = 1/2 (ko —k, —k,), 
ee (8) 
42 
ie ht jae a 


where x2/M and g?/ M are, respectively, the en- 
ergy of motion of the center of mass of two nucle- 
ons and the energy of the relative motion of the 
nucleons, and ¢ is the deuteron binding energy. 
In Eq. (8) the difference between the mass of 
charged and neutral a mesons and between the 
mass of protons and neutrons h has been neglected. 
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The reaction 7m +d—ptn+a-+ 7°, 
pseudopotential we have: 


For the 


= 5 (Ager (1 + 2) + Ano (1— 8, =) 


4 
Fy {Ape (1 + 25) + Anco (1 — of) 8 (rp — 2). (9) 
For the differential cross section of the reaction 
mm +d—p+n+7->+7° we obtain: 


ds (kykoq) = ~~ F {IP (2| Ap — Anl? +] Ap + An!) 


+ IFT P| Apt An)? + | Ap — An|’) (10) 
+ (LT [2 (Ap + An)* (Ap — An) + (Ap — An)*(Ap + An)! 
dk; dk, dq 


+compl. conj. )}6(E,— £,) One On? Gn: 


The integrals I* of Eq. (10) are given by Eq. (7). 

In the case when the reaction goes without deu- 
teron disintegration, i.e., a +d—~-d+7~+7°, 
the differential cross section is given by the ex- 
pression 


ZT oie 
de (k,k.) = Dyan {Ap + An |? | ly)? 
‘ ee ees 
@) (Ey fr On (Qn : ay 
where 

i= \e3 (r) e** dr, (12) 

Ey - E,=V e+ R—V me+r 
—V m+ B—2/M. (13) 


3. Let us determine the differential cross sec- 
tion do(kyn,), corresponding to a given momen- 
tum of one meson k, and to a given angle of emis- 
sion of the other n, =k,/k, independently from 
the state of the nucleons produced. For that pur- 
pose we shall integrate Eq. (6) and (10) over all 
possible values of ‘a. The values of q are deter- 


mined by the law of conservation of‘energy [Eq. (8)]. 


The integration over dq can be carried out easily 
taking into account that the integrals of I* are 
markedly different from zero only for a small re- 
gion of the varies of q permitted by the conser- 
vation law (8).! 

Taking into account that the functions 04 (r) 
form a complete system, we obtain, approximately, 


1 
Ve ? oF = Pee? 


For the differential cross-section do(k,n,) for 
the reaction 7+d—n+n+7 +7” (two neutrons 
in the final state) we find 


bee * tan“! ~). (14) 


-1% 


2r a 
do (Kym) = je | Ap |*(1— grtan ~) 


: — dky dQ (15) 
< (Eo — F)) V (Eo ee eae Ons : 


For the reaction r+d—p+n+7 +7” (a neu- 
tron and a proton are present in the final state) we 
have: 


2m 2 
ds (kim) = poe (A pl? + Pale 


4 tan (A, FAP | Ap Agi} e(L6) 
* (Ep Ex) VE BP ee 

A correction to the differential cross sections 
(15) and (16). for the existence of deuterons in the 
D state contributes about 10% to do(kjn,) (the 
correction is less for xk «<a and for large k). 

4. It is easy to show on the basis of the isotopic- 
invariance hypothesis that the amplitudes Ap and 
Ay are equal and have opposite signs near the 
thresholds of the reactions m™ +p—-p+am +7 
and m +n—-n+7~+7°, as well as in the pro- 
duction of 7 mesons with equal momentum k, = 
Ko. 

In fact, the initial state is a superposition of 
states with total isotopic spin T equal to uy, and 
*,. The system of two m7 mesons: can be found in 
states with total isotopic spin t equal to 0, 1, and 
2. 


0 


Let us introduce amplitudes Ad correspond- 


ing to a given value of the isotopic spin of the whole 
system T and a given value of the isotopic spin of 
the produced mesons t. For the amplitude of the 
process of transmutation of one mt meson into two 
m mesons A(m,m),s’; sm) we have the following 
expression 
es Tm+s ptm +-menTm4-s 
A (mym,s’; sm) DA Cimtl,s Cumams Camgimaltis's 17) 


where Gin ijgm, re the Clebsch-Gordan coeffi- 
cients; m, m;, and m, are the projections of the 
isotopic spin of the incident and of the produced 7 
mesons, and s and s’ are the projections of the 
isotopic spin of the nucleon in the initial and final 
state. 

The amplitudes A(m,m,s’; sm) satisfy the 
following symmetry relations: 


A(mym,s'; sm) = — A(—m, — m, — s', —s—m), 


A (mymzs’; s0) = — A (mm, — s’; — sO). (18) 


Near the reaction threshold, the m mesons are 
produced in the s state. Since the wave function 
of the meson system would be symmetric with 
respect to a permutation of the mesons, production 
of two m mesons with t=1 is forbidden near the 
threshold of the reaction r+n—n’ + +7".° It 
follows then from Eq. (17) that 


A(mym,s, sm) = — A(mym, — s; — sm). (19) 
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A similar symmetry relation holds, apart from 
the reaction threshold, when the two m7 mesons 
are produced in course of the considered reactions 
with identical momentum, k, = kp. 

Taking the above into account we find that the 
differential cross-section for the reaction +d 
—pt+n+7m+7 for small angles of emission of 
m ‘mesons and equal momenta k; =k, can be writ- 
ten in the form 


Oy pas 
deka) = gre SIMPRITP FUT 
dk, dk, dq 

MOKEG Ey) ny On (27)3 ° 


For the same conditions the transmutation re- 
action of one m meson into two without deuteron 
disintegration 7+d—-d+7’ +7” is forbidden. 

5. The reactions of photoproduction of 7 me- 
sons can be treated by an analogous method, using 
a pseudopotential.” 

The amplitude of photoproduction of two 7 me- 
sons should be a scalar. Limiting ourselves to the 
reactions in which the produced a mesons are 
emitted at small angles, we shall construct the 
following scalar expression containing k,, k,, o, 
and the polarization vector ¢€ of the y quantum: 


[(a,k, + a,k,) x elo, (21) 


where a, and a, are invariant functions of the 
vectors kp, kj, and k,. The expression (21) rep- 
resents the most general scalar containing k,, ko, 
and go, and linear with respect to e. 

The pseudopotential of photoproduction of two 
m™ mesons on a nucleon is given by the expression 


V ={(a,k, + a,k,) x e]o8 (tn — 1) tn. (22) 


Since Eq. (22) is analogous to Eq. (1), the formulae 
for differential cross sections of photoproduction 
can be obtained directly from the analogous ex- 
pressions, (3) to (16). 

For small angles of emission of mesons, the 
momentum of these mesons is approximately per- 
pendicular to the polarization vector ¢€. The cross 
sections of the studied processes for unpolarized 
nucleons and deuterons are, therefore, independent 
of the direction of polarization of the y quanta. 

6. We shall determine now the momentum and 
angle distributions of nucleons in the deuteron re- 
actions under consideration. 

In formulae (6) and (10) for the differential cross 
sections we eliminated momentum of the center of 
mass of the system consisting of two nucleons by 
using the law of conservation of momentum. It is 
convenient to make use of this law for the elimi- 
nation of other variables. 
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We shall determine the momentum distribution 
function of the nucleons separately for three differ- 
ent specifications of the m-meson variable in the 
final state. 

(a) Let the meson momenta k, and k, be 
given. Out of six other variables p,, and Pp», the 
three variables of the vector p, are eliminated by 
the momentum-conservation law. The energy- 
conservation law yields: 


V m+ poe V m em V m?-- RS 


— pi [M—2x?/M+2x«p,/M+e = 0. 


(23) 


Since kK = (Ky — k, — k,)/2 = const, we shall 
choose the z axis as the direction of the vector 
K and integrate, in the differential cross section, 
over the angle variables of the vector p,. 

The integration over the azimuth dg, is car- 
ried out from 0 to 27. The integration over the 
polar angle dJ,; can be carried out easily thanks 
to the existence of the energy 6 -function. 

We finally obtain for the momentum distribu- 
tion function W(p,, k,;, k,) of the nucleons in the 
reaction m7 d-—ct nat ae a 


W (px, ky ke) dp, dk, dk, 


IR Sil — 
= spe org (IP TUE pa dp dks dk, 


(24) 


where the integrals I* are given by the expres- 
sions: 


ae — 4 
hae gh: leone ae (25) 
ra Fe Werceaai alee! 4 
it mee Arar 5 9. IMA 
BMP frets el ona UAE NET 
aVMA—e 12 at (YMA + x)? 
+e Otani a 
4 = ive 

(26) 
A=Vmi +e — Vii +k — Vm +k (27) 


(b) The momentum of one meson k, and the 
direction of emission of the other, n, =k,/k,, are 
given. The momentum-conservation law yields: 


mat alee, ee al 


—Pi—p: = 0. (28) 


Integrating over the angle variables Dis Pt» do, 
and , of the vectors p, and P, we obtain the 
following expression for the distribution function 
W (PiP2, Kyn, ): 
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x A ei “A? — m2 
W (Pr Pa» ky ng) dpy dp, dk, dQo», =e eat 
0 0 N 


xX {2| 17 + | I*)?} py po dp, dps dk, dQyp. (29) 


where I” and I* are expressed in terms of the 
variables p, and py: 


= —YV 4re ee mare) oo) 
a a rer 2 mares 
52 [Ln ites 
+itan™! = — itan™ all (31) 


where 


Q? + x? = 1/5 (p? + p2), % = 1/2] ko —ky — n, V A? — m*|, 


A = Ey — E, — (p2 + p2)/2M +2 = Ey— Ey. 


(c) Let the momentum k, of one meson be 
given. It follows from the energy-conversation 
law that 


Vr? +R — Vm + BR Vm? + (ky — ky — pr — Pr)? 
— (p? + p2)/2M +2 =0. (32) 
Taking into account that we deal with reactions 
in which fast mesons are emitted at small angles, 
we have, approximately 
Vm +R —Vn+k 
=5 Vm + (Ko — ky)? — 2 (Ky — ki)(pi + Pe) =U; 
The integration over the angular variables of 
the vector p; can be carried out easily thanks to 
the existence of the energy 6-function. Integrat- 
ing over the angular variables of the vector pp» 
we take it into account that the integrals i "dee 


pend on these variables through the variables q 
and kx. Since we have 


q? +? = 1/2 (p? + 73); 
x = (Ky —ky)(pi + Po) /2| Ko — ki | + O(p?/?), 


(33) 


then the integrals I* contain the variables ¥, 
and #, in the form p, cos J; + p, cos ¥ only. 
The result of integration of the differential 
cross-section over di, depends therefore only 
on p;, and py. The limits of integration over diy 


are determined by the energy conservation law (33). 


Finally, we obtain for the distribution function 
W (PiPe, ky): . 
2| A, |? En Ea 
W (Pi P2, k,) dp, dp» dk, — 3k / Eo (27)6 l ky an 
% {2|IT PAT PS (Pr + Pe — 2%) Pr D2 Epi dp2 dky. 


(34) 


In Eq. (34), I* have their previous meanings [cf. 
Eqs. (30) and (31)] and 
mate 2. m2 
= ihe Sate”), 

We consider now the angular distribution of nu- 
cleons in two cases. In the first we assume that 
k,; and k, are given, and denote the correspond- 
ing distribution function by W(.4, k;, k,). In the 
second, we assume that k; and n, are given, and 
denote the corresponding distribution function by 
W (Ji, kino ) 5 

(a) Given k; and kp, we express Eq. (6) in 
terms of k,, k,, and p,. Integrating over dp, 
and dg, we obtain the distribution function: 


W (94, ky k,) sin 9, dd, dk, dk, 
| Ap |? Mp; 


- 3k, E65 (2m)? (x2 cos? 9, — 2x2 + MA)'!? (35) 


x {2|IK P+ | I+} sin 9, dd, dk, dkg. 


where I* are given, as before, by Eqs. (25) and. 
(26), and are expressed in terms of #,. It follows 
from Eq. (23) that . 


pi =xcos, + Vx? cos? 9, — 2x? + MA. (36) 


(c) Given k,; and n,, we choose the z axis 
in direction of the vector n). Expressing pj, Pp, 
and the azimuth @, of the vector p,. through the 
variables kp, 31, %, ~, (using the momentum- 
conservation law) and integrating over dk, we. 
find: 


W (d; dy Qi, k, No) sin Dy sin De dd, dt, do, dk, Gasp, 


_ 421A, (E,— 21) V (Ey — Aa — 
Bho / Ep (27)8 


pi sin @ sin 9; / sin @» sin? 9» (37) 
x \[n, x (ky —k,)I|cos ®2 cot Xo — No (k,— k1) 


x {2| 17]? +] 1* 7} sin dy sin 9, dd, dydo, dk, dQgp. 
where I* are given by Eqs. (30) and (31) and are 
expressed in terms of J, 3), and 9: 

Po = — pisin 9, sin 9, / sin 9, sin $2, (38) 
Np (ky — k,) — p, Cos 94 
+ p,sin 4, sin 9; cos 9 /sin 9, sin 9, = 0. (39) 


The angle ~, is determined by the equation 


cot 9, =cot ¢, — |[n, x (ko —k,)]|/pisin:sing:. (4) 


For [ng X (Kg — ki)] = 0, we have 2 = g,+T7. 
For this condition we find the following distribution 
function: 
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ind4si 21 Ay? (Ey — Es) [ko — Bi PV Eg Ex m™ po) poe pee 
W (9, %, ky my) sindysin 9 dd, dB, dk, dQ, = ane ( \ an oF |r P+ 
x cart oe sin 9, sin 9, d9, d9s dk, dQqx, (41) 
1 2 
(42) 


Pre = | ky — ky | $in 9,1 / (cos 9, + cos 9p). 
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A complete set of phenomenological equations is derived to describe the behavior of super- 
fluid helium near the A point. The normal part of the liquid is described in the usual way, 
while the superfluid part is described by an “effective” wave function. 


In the present work, equations obtained earlier 

by V. L. Ginzburg and the author to describe the 
behavior of helium II in the immediate vicinity of 
the A point! are extended to include the nonstation- 
ary case. In contrast with the ordinary hydrody- 
namics of helium II, in the scheme considered here 
the density of the superfluid part pg is not assumed 
a given function of p and T, but is determined 
from the equations; these equations characterize 
the approach of pg to its equilibrium value. As 

in reference 1, the superfluid part of the liquid is 
described by a complex function ~(x, y, z, t) = 
nelY? which is so defined that 


p= m'io|?, v 


(1) 


(m is the mass of the helium atom). This func- 
tion is introduced to take account of the quantum 
nature of the effect; its role in this scheme is the 


Ss 


h 
tern 4 


same as that of the expansion parameter in the 
usual theory of second-order phase changes.” The 
helium state is characterized by the density of the 
liquid p, the velocity of the normal part vy, and 
the entropy per unit volume § in addition to y. 


1. BASIC EQUATIONS 


In reference 1 an equation was obtained to de- 
termine the equilibrium values of y~ for vy, =0. 
Here, we first examine the equilibrium condition 
for the case vy ~ 0. At low values of the veloci- 
ties Vy and Vg, the energy per unit volume of 
the liquid can be written in the form 


v2 2 
E=(p—m|ol=- + 5h VeP + 2(ps Sia) aeebed) 


This expression is the first term in the energy 
expansion in terms of the velocity v, and the 
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gradient of ¥. Expressing y in terms of Pg and 
Vg we rewrite Eq. (1.1) in the form 
ne (Ve,)? 


y2 
aids ae aL : 
r Ps5 m 8m® pe. - 


E= On = (1.1a) 


Gn =p —m|o)?. 


The first three terms in (1.1a) are the usual energy 
density, while the last term is a specific quantum 
energy which can be attributed to the uncertainty 
principle. The equilibrium condition can be ob- 
tained by minimizing (1.1) with respect to ~* or 
~. However, this procedure must be carried out 
for the total momentum j per unit volume of the 
liquid; if this procedure were not followed we 
would also be minimizing the kinetic energy of the 
liquid as a whole, a quantity which bears no rela- 
tion to the thermodynamic properties. Thus vy 
is a function of y and j. The expression for j | 
follows immediately from the definition of 
[Eq. (1)]: 
j=(e—m|9)?) va + ps Vs 

= (p — m| a2) vn + = (yVo" — 9° V9). (1.2) 
We use the Lagrangian-multiplier method to ex- 
press v, interms of j and y from Kq. (1.2). 
Multiplying (1.2) by an undetermined multiplier 
fw and adding the result to (1.1) we obtain the ex- 
pression 


apne 
Perey rae ee 


+ f{i—@—m|9P)vn—=7 Ve —¥VO}. 1.3) 


Varying (1.3) independently with respect to 7* 
and v, (with fixed values of p, j, S and »y), 
and eliminating yu we obtain the required condi- 
tion 


i==.0, 
e, S 


£(~Bv—va) +(e) (1.4) 
this expression takes the place of the basic equa- 
tion in reference 1. 

We turn now to the immediate problem, that of 
deriving a complete system of equations for 4, 
Vy, S, and p. Asis well known,°*4 in ordinary 
two-velocity hydrodynamics the equations are de- 
termined uniquely by the conservation laws. There 
is an analogous situation in the present case. In 
order to simplify the analysis we shall formulate 
the equations using heuristic reasoning and then 
demonstrate that these equations do in fact satisfy 
the conservation laws. 

The scheme being developed here is based on 
the assumption that the state of the system at any 
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instant of time is completely determined by 7, 

Vn» Pp, and S. In particular, the derivative 0y/dt 
must also be determined by these quantities at a 
given time. If the above assumptions are valid 

the change of ~ with time must be described by 

a first-order equation which, by analogy with quan- 
tum mechanics, can be written in the form 


in op / at = Lo, (1.5) 


where L is a nonlinear operator which acts on y. 
It will be apparent that the operator L cannot be 
Hermitian. If L were Hermitian, it would follow 
from Eq. (1.5), in the usual way, that 


7 \lorav = — |pav = 0, (1.6) 
and we would obtain the usual conservation rela- 
tion for pg. But Eq. (1.6) cannot hold if we con- 
sider relaxation, i.e., the fact that pg is “con- 
verted” into py up to the point at which equilib- 
rium is reached. Thus, the anti-Hermitian part 
of L is associated with the process by which 
thermodynamic equilibrium is approached; it be- 
comes larger the more rapidly the system relaxes. 
As in (1.1) we limit ourselves to the first term 
in the expansion in the gradient of ¥%, writing the 
Hermitian part of L ina form similar to the right- 


hand side of the Schrédinger equation 


— (n8 /2m) Ad + Ud, (1.7) 


where the function U will be determined below. 
At the outset it is convenient to write U in the 
form 


U = (de /9|$|?)on,s — gm 


= (ds /00)o,sm -+ (de /Op,), ,m— gm. (1.8) 
Separation of the term containing the derivative 
(d¢«/8| |?) corresponds to the physical meaning 
of this quantity as the “potential energy” of the 
superfluid part. The quantity g is to be deter- 
mined from the conservation relation. 

As we have already indicated, the anti-Hermitian 
part of L characterizes the approach to equilib- 
rium and must vanish at equilibrium, i.e., when the 
left-hand side of Eq. (1.4) is zero. Hence, if the 
deviation from equilibrium is small, the anti-Her- 
mitian part of L can be written in the form 


—iA{(—2V—va) my + (82 /dps)o,s mo}. (1-9) 


Here A is a dimensionless factor which is in- 
versely proportional to the relaxation time. 
Finally we obtain the equation for »: 
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ine = — FAY + (Greens laa eeael me 


—iA{z(—2v—va) +(z2), g}mp. (1-10) 


It does not follow from the above reasoning that 
A must be pure real. We assume to begin with 
that A is complex: A= Ay +iA,. Then, multi- 
plying (1.10) by y%* and subtracting the complex 
conjugate equation, we easily verify that with A, 
#0 part of the superfluid mass is carried with 
the normal velocity rather than with the superfluid 
velocity; obviously this contradicts the physical 
meaning of these quantities. On this basis, which 
admittedly is not a rigorous one, we take A, = 0, 
i.e., we assume that A is real. 

In carrying out the calculations it is sometimes 
useful to write Eq. (1.10) in symbolic form 


in OY / Ot = Av —iABo (1.10a) 
using the properties of A and B: 
y* Ay — pA yt = — (in / m) div ps Vs, (1.11) 


o*By — vB o* = — (in /m) div (j — pvn). 


The present theory must satisfy the conserva- 
tion laws in addition to &q. (1.10). The conserva- 


tion-of-mass relation is of the obvious form 
do / Ot + divj =0, (1.12) 


where j is determined by Eq. (1.2). 
In the momentum flux I]j,, which satisfies the 
conservation law 


2. EQUATION OF ENERGY CONTINUITY 


Oj; /Ot + Olin / Oxn = 9, (113) FF 
we can immediately separate the terms 
2, AE of Ob OU Teens 
Tin = 4m? Ee Oxy — Ox, Ox, aca c.c.} 
(1.14) 


++ Pn Uni Unk + Pik — Tir 


(p is the pressure and c.c. denotes the complex 
conjugate of a given expression). The separation 

of the first term is due to the fact that Eq. (1.10) 

is analogous to the Schrédinger equation and this 

term acts as the expression for momentum flux 

which follows from the usual Schrédinger equation. 
Here 7;, is a symmetric tensor which is to be de- 
termined; it can be given in the form | 


Tip = Oy Fay (1.15) 


where pik is a tensor whose trace is zero (yjj=9). 
We write the entropy equation in the form 


OS /Ot + div{Svn —q}= R/T. 


In writing Eq. (1.16) we have used the fact that the 
entropy is carried with the normal part of the 
liquid. In Eq. (1.16) q is the entropy flux, as yet 
unknown, and R is the dissipation function for the . _ 
liquid, i.e., the energy dissipation per unit time 
per unit volume. The problem now is essentially 
that of choosing the quantities g, Tix, q and R 
in such a way as to satisfy energy conservation. 
This requirement turns out to be a sufficient con- 
dition for the unique determination of all these 
quantities. 


(1.16) 


In view of Eqs. (1.10), (1.12), (1.13), and (1.16), energy conservation requires that the following rela- 
tions be satisfied identicaliy: 


dE /dt + divQ=0 (2.1) 


(Q is the energy loss vector). Now we differentiate the right-hand side of Eq. (1.1) with respect to time, 
expressing #, Vy, p, and § from Eqs. (1.10), (1.12), (1. 13), and (1.16) and choosing g, Ti,, q and R 
in such a way as to cancel terms which cannot be written in the form of a divergence. Expressing vy in 
Kq. (1.1) in terms of p, j, and %, and differentiating and collecting terms with derivatives of the same 
order we have: 


dee oe Oj de Un 
ieee? PetAM Oy ilstes 3 2 paki 


P (a5). ,° a + a eee vaV | mi" 4 (me vy" ota a Vn) e+e. Cc. \ 


(2.2) 


Assuming that d¢/8S = T and substituting the time derivatives of the equations, and after some 
lengthy calculations which are carried out most conveniently in symbolic form (1.10a), we finally obtain 
from (1.11): 


: 0 0 PAIN aes : ar 
+ diva = va(SVT + oV 5 + ps V 5 —Vp) + R— 5| By |? — div vn — g div (j—pvn)—qVP 


oe Bin div va), (2.3) 


4 ee OU np 
Ox; 3 y) 


Sai ital Merra: 
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where } 


ih opt Ak Ou* 4 
Q: = (a= Ox; Ab t+ 57 Ge Be te.c.)+[TS +5 zy Pn ¥ 2 + (3), y? ee div (j — pVn)| Unz — T qi — Var Per. 
(2.4) 
In order to satisfy energy conservation, the right-hand side of Eq. (2.3) must vanish. Then Q is the 
energy loss vector. Setting the right-hand side of Eq. (2.3) equal to zero, we first obtain an expression 
for the pressure in terms of the variables p, S and Pg (it is assumed that the pressure can be deter- 


mined in terms of the thermodynamic variables without their coordinate derivatives ): 


sie 


pe se cae ous a psV cae ae V[e iene + (se), S gl | (2.5) 


Thus 
= —s ~ { Oe" de \ 
iy pai be eae aie Can Si (2.6) 
Further, for R we find: 


2A , 4 Ov,; , IW, 2 : : eae 
R=—=-|8v? + qvT 4 tan (See 4+- a 3 bin div Vn) -+ div Vn + g div (j—pvr) 


(2.7) 
A «7 ' Be ye 4 On; Ou, Peis ; P c . 
= soe (BY + OB ey +aVT + 5 tn (Se + 5 —F bin div Vn} + cdivvn + [ne rp diy G — Vn) + g| div (j — pVn)- 


Reasoning as in reference 5, we see that in small deviations from the equilibrium state the following 
equality must be satisfied when R is quadratic in the velocity derivatives and thermodynamic variables: 
Oni dv, ex : \ 
q= = VI, van =e ee — 5 RAIA E (2.8) 


3 


It is apparent from Eq. (2.7) that + and g contain those terms with the second viscosities of helium 
which are not related to the relaxation pg. However, close to the A point the relaxation of pg makes 
the chief contribution in the second viscosities. Hence, terms with Tt and g are set equal to zero. 

It is obvious that x is the thermal conductivity and 7 is the first viscosity of the normal part. 

We now have the final system of equations (the extremely complicated expression for Q is not of 
general interest and is not given here): 


Bae lap) cet \oe.)p al > Aledo New 8) to, gl (2.8) 
Fe + div(e— mj 9) va + (Yd — HAY) = 0; eH) 
SZ {(o— m9) on +E (9 Se — 9 2) = — 32 {le — mI oncom + om (Se an, — Panay FO) 
tase (30 +e — F Bin div vn)} (2.11) 
Sy tain (Sve) — pave) + {E[[F(—ae Pv) +5), mel + ana + Ge stad ws) | 


Making use of Eq. (2.9) we can write Eq. (2.11) in another somewhat more convenient form: 


On; WW np 


oe a+ in{s By — .0.} + Oni div (Pn Vn) + Pn (VaV) One + a {pba — (ee ker : Sin div Vn)} es 


3. CASES IN WHICH THE GRADIENT OF pg IS SMALL 


We now consider the equations in the limit of a small gradient for pg, in which case the quantum en- 
ergy terms in Eq. (1.la) are small. Again we replace the operators — (ih/m) V( which act on ? in Ly), 
Ijx and j by Vg. Making this substitution and applying the gradient operator to (2.9), from we have 


Eqs. (2.9) to (2.12) 
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Op / dt + div (ps Vs + Pn Vn) = 95 (3.2) 
ee (Pn Uni + Ps Usi) + = {en On Unk + Ps Usi Ush + Pin — 4] e + 3 : Orr div vn) = 0; (3.3) 
+ div (Svn) = f div(«VT) + {see [div ps (Vs — Vn)]? aa 
ate “(5 (Vs — Vn)? + Cae al ps +3 (Fe + oe -- : Scr divvn) |; 
Mee 4 divpsve = — SUT" + (=) hoe (3.5) 


Formally Eqs. (3.1) to (3.4) are similar to the usual equations for the hydrodynamics of the superfluid 
liquid, in which the role of the chemical potential is played by the quantity 


(de / Op)o,,s + (de / 9p,), 5» 


with this difference, that the density pg is not given in these equations. This density is taken as an un- 
known quantity whose approach to its equilibrium value is described by the auxiliary equation (3.5). 

In order to find the parameter A we make a brief analysis of the propagation of sound in helium II 
near the A point. (The absorption of first sound near the » point has been computed by Landau and 
Khalatnikov.*) Linearizing Eqs. (3.1) to (3.5) and eliminating pg from the first three equations, we 
arrive at the usual equation for the propagation of sound in a superfluid. In this case the second vis- 
cosities, which are responsible for the absorption of sound, are expressed in terms of A (the definition 
of the coefficients £ are those used by Khalatnikov’): 


1 de\ /1 %s We\ Sp (£1 s\ (1.00) Sp (08s PC aN FOR \ a > felt eal one 
tC =—t, = 2h e (i oa Va aimee Conse mn aris ar il eae arta alte #2), ($2), 
== ame ae) op 7d ey (3). tala), | 
(ap it G Tp Op Tal e? \aT Jp (3.6) 
Oe ARP ON afd Wasco 
ape Qh 6? © \OT Ns ° ( ip iL (5), it : (3.7) 
7 Arie, de\ %p 1 (de \2 
(ap) a ar) 
1 (92s\ 1 /d0\ Cy (9s 1 (9s\ (de\ __ 1 (dp\ (9s : 
pee {ltr (at), 3 (at) ~7 Galen’ plan evan «(ar )p ar 41 (208) 
e 2me, A? ‘ de Cy 4 (2 2 * 
(ap )et Eup, T)p 
(In these expressions o = S/p.) derivative (9p,/0p)q, which appears in Eq. (3.7) 

For simplicity we limit ourselves to the low- can be found from the pressure dependence of the 
frequency case, which is of practical interest; at temperature of the A point. Differentiating pg 
low frequencies the dispersion properties of the along the A line, we have 
coefficients ¢ can be neglected. 

0p. /Op), = — (do. /dT) dT ; 

The absorption coefficients for first sound and (26, / OP) pe 3 -EC) 
second sound are expressed in terms of &, ¢, The calculations yield a value of approximately 15 
and ¢3, the first viscosity and thermal conductiv- for eA. 
ity. In the absorption coefficient for first sound, In order to carry out the analysis, the function 
only the term containing £ increases without €(p,S, pg) must be known. It is determined from 
limit as the A point is approached. In the ab- the experimental data on the specific heat of helium 
sorption coefficients for second sound, however, and the density of the superfluid component as func- 


the terms containing {;, {, ¢3 and « all increase. tions of temperature and pressure in the vicinity of 
Comparing the computed value of the absorption the A point. 


coefficient for first sound The equations which have been obtained apply only 
& = (o* / Qpud) 6, (3.9) for temperatures such chats TY = «<TH, ‘exactly 
as is the case for the equations obtained in refer- 
(u, is the velocity of first sound) with the meas- ence 1. 


ured value,® it is possible to determine A. The The most interesting application of the system 
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being described appears in processes which take 
place in the presence of vortices in which high 
gradients of pg exist. Under these conditions the 
quantum terms in the equations turn out to be im- 
portant. The equations which have been derived 
make it possible to compute the coefficients B 
and B' of Hall and Vinen? because of friction be- 
tween the superfluid part and the normal part in 
the presence of a vortex; it is proposed to carry 
out this calculation in a subsequent paper. 

In conclusion the authors wish to express their 
gratitude to L. D. Landau and V. L. Ginzburg for 
help and advice in the course of this work. 
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A spectral representation has been found for the two-meson Green’s function which is analo- 
gous to that found earlier!~? for the vertex part. The analytic properties of this function are 

examined. It follows from the representations that dispersion relations exist for the scatter- 
ing amplitude for a fixed scattering angle in the center-of-mass system. These relations are 


obtained and discussed. 
1. INTRODUCTION 


In a previous paper by the writer® the causality 
conditions were used to obtain the spectral repre- 
sentation of the vacuum expectation value of the 

T -product of three Heisenberg operators. In the 
present paper this same method is used to obtain 
the spectral representation of the vacuum expec- 
tation value of the T-product of four operators, 
i.e., for the two-particle Green’s function. In 
order not to encumber the discussion with elab- 


orate computations associated with the spinor 
character of the meson-nucleon Green’s function 
and its possession of poles, we shall confine our- 
selves in this paper to the derivation of the spec- 
tral representation for the two-meson Green’s 
function and the study of the analytical properties 
of the meson-meson scattering amplitude. 

From the spectral representation it follows 
that the scattering amplitude is an analytic func- 
tion in the upper half-plane and has no essential 
singularity at infinity, not only for a fixed pre- 
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Sasienod momentum, but also for a fixed scatter- the scattering amplitude in the region of imagi- 
ing angle in the center-of-mass system. Owing nary angles. Analytic continuation into this re- 

to this, it is possible to write dispersion rela- gion by means of expansion in Legendre polynomi- 
tions for a fixed value of the scattering angle. als is evidently impossible. 


These relations are written out, but they contain 


2. THE SPECTRAL REPRESENTATION FOR <|Tjj (1) 3j (Xe) dk (Xs) JZ (44) | > 


Let us consider the symmetrical pseudoscalar meson theory. In this theory one ordinarily takes the 
two-meson Green’s function to mean the expression 


<|T 0; (%1)9j(%2) Px(%3) P1(%4)|>> 


with terms corresponding to unconnected diagrams removed. The 7%j are meson field operators, which 
can be taken to be Hermitian. This quantity, however, does not occur directly in the scattering amplitude, 
and it contains singularities not related to the interaction of the mesons. A more interesting quantity, 
with its Fourier components proportional to the matrix elements of the S matrix is (cf. reference 4) 


Ky Ko K3 Ka <| T 92 (1) 9) (X2) Or (%3) G1 (%4)|> = Tejet (X11 Xa» X3o Xa), K, =O, —p’. (1) 
The differentiations in this expression are easily performed if we use the formula 
Ky <| T¢¢ (1) A (%2) B (xs) C (x4)|) = <| Tie (%1) A (%2) Bs) © ra) 
+ 8(t) — te) <| T [2 (41) A (%2)] B (Xe) C (%4)> + (2 8) + (2 > 4), ji (41) = Ki 9 (41); 


for which the proof is simple if we use the fact that the operators commute on a space-like surface. Here 
A, B, C are arbitrary operators. 
Using Eq. (2) and dropping terms that are of the form f; (x; — X,.)* £,( x3 — x,) (these correspond to 


(2) 


unconnected diagrams and make no contribution to the scattering amplitude), we get after simple calcu- ._ 


lations: 
Ky Ko K3 Ka <| T 9: (X21) 9 (%2) Pn (%3) Gt (%4)|> =<] The (41) Fj (Xe) dr (Xs) ft (Xa) 


The terms not written out here are given in detail in Appendix I and correspond to diagrams in which two, 
three, or four external meson lines emerge from a single point. All these terms can be expressed in 
terms of vacuum expectation values of two or three operators for which the spectral representations are 
known. We note that they are all equal to zero if there is no contact interaction of the mesons described 
by aterm AQYj9,KY, in the current jj. 

We assume that terms corresponding to the mass renormalization and a term Ag* are introduced 
into the Hamiltonian, but the multiplicative renormalization is carried out only in the final result. 

We note that the essential part of all the following does not depend on the explicit form of the interac- 
tion. 

To establish the spectral representation for <| Tjj (x) Jj (%2)* Jk (X3) 37 (%4) | > we first consider, 
as in reference 3, the simple product: 


<| in (%1) Tj (%2) de (Xs) Jt (%4) > = \ tps d*p, d*p exp {ipy (x1 — X2) + ip (x2 — x3) 

. (4) 
+ ips (xs — X4)} 9 (P10) (Pao) © (Po) D1 (iddons (ido. (in) ops (it) pu (ip = <P1| 4; (9)| p>. 

The summation is taken over all states with given p,, p, py. In virtue of the properties of the operators 

ji(x) the smallest possible values of —p? and — pi correspond to three-meson states, and the four- 

dimensional momentum p can correspond either to the vacuum state or to states beginning with the two 

meson states. To the vacuum state there corresponds the term in Eq. (4) 


5 (p) [ >) Cisdoo. (iio. |[ D5 (indore (ie)p.0] - 


For what follows it is convenient to split off this term and consider it Separately. Individually, how- 
ever, this term does not satisfy the causality condition (that the operators commute on a space-like sur- 
face). Therefore we also separate from Eq. (4) a number of further terms, which will satisfy the causal- 
ity condition together with the above term. If we imagine the operators jj(x;), j j(%2), jk (3), and 
jz (%4) expanded in terms of creation and annihilation operators, then the term that has been written out . 


SPECTRAL REPRESENTATION OF THE TWO-MESON GREEN’S FUNCTION 289 


corresponds to those terms of Eq. (4) in which the creation and annihilation operators of jj (x;,) are con- 
tracted completely with corresponding operators of jj (%_:) and are not contracted with any others. There 
also exist other terms in which the operators of ji (%,) are contracted only with operators of j, (x3), or 
only with those of jz(x,). They contain the respective factors 6(p — py ~ Py) -and 6(p; — py). Separat- 
ing out these terms also, we can write: 


: a : . 5 2 8 il Ale : 5 mma EZ.) 2 
2s (doo. adore (in)ow. it) 200 = BER pis (— 2) ors (— pi) + 22 ay Pin (— P2) On (— #2) + “APD 0, (— p2) Om (— 02) 


4 P e ; : 

+ Gays Peyin (P2 P*, PE (0, — PI, (P, — Py), (P—— Py)*)s Paz (— 2) = (2) D (idon idno- ©) 
After the vacuum state has been separated out, the smallest value of — p? belongs to a two-meson state, 
and consequently 

Pir, (Der B's D2: (P —P,)*, (P, — P,)*s (0 —B,)) = 0, 
if one of the inequalities 
ee ee OR ee (6) 

is satisfied. Substituting Eq. (5) into Eq. (4), and Eq. (4) into the causality condition, written in the form 
(for example for x%, > 0) 


<| Fé (41) Ij (%2) in (%3) fe (%4) |> = <| Fj 2) Fe %r) Te (Xs) fr (44) |, (7) 


one can easily show that the terms that have been separated out satisfy this condition automatically. In 
addition they make no contribution to the scattering amplitude (they correspond to unconnected diagrams ), 
and therefore they can be omitted from the further treatment. 

In order to satisfy the causality condition, in analogy with reference 3 we shall write Pijlk (pts 3 pi, 


(p:-p)*, (pi-—P,)?, (p—p,)?) in the form: 


Pr ith (Py P» P,) = 19 (ya) 9) 9(R,,) 9 (FR 3) 9 (2,4) > (Ray) List, (= Rites Kiama: lee) OC Dame one eer s 
x 6 (p — Ris — Rig — Ros — Roa) 8 (Da — Ria — Rog — aa) (dR); $(k) = ( ky > 0 
OR 0: 


regarding this relation as an equation with respect to fijz(—kf,, —kijs,..., —kjq). 
From the invariance of pjjjk it follows that fijlk = 0 if any one of its arguments is smaller than zero 
(if ko >0, then J(k,.) is a noninvariant quantity ). 

We shall not carry out a detailed analysis of the equation (8), as was done at the corresponding point 
in the argument of reference 3, but we shall assume that it has a solution. We remark only that if we 
write Eq. (8) in the form 


8 


4 oer 9 2 WONG 
- dx2, ore OK (D> Ps P43 om AB ey) iim (x2, Kees x2)5 


Pijtr (Py) P; P,) = 


ee 
owe 


K (Py Dy Pai %3qr y+ + 2.) = (9,8 (k2, + 22,) 9 (h,,) 8 (2, + 22,) + -- (9) 
«9 (egg) 8 (R2, + 2.) 8 (D, — By —Byg — Bag) 8 (P — Byg — Bug — Bag — Bay) 8 (Pa — Raa — Boa — sa) (AR), 


then it is easy to see that K(pi, P, Pa, ep ie sai) ~ 0 only if 
a (hee, ,) eee Og a gt My) a Pe = as Te seat %o4)”. (10) 
In order that the function Pijlk (Pi, P, Py) automatically satisfy the conditions (6), we set, as in refer- 
ence 3, 
F ijiy (2g Mgr - - 2) = 0, 
whenever even a single one of the conditions 
yo + a3 Mag > Se5 X43 + %1a + 23 T+ % og SS QS 44 + Mog + X34 > By; (11) 


is not satisfied. 
Substituting Eq. (9) into Eq. (5) and then into Eq. (4), we get: 
<| i (x,) i; (x,) ie (x5) Ie (x,) = \ ; Adve, eke du2 At (X55 X59) oe ON (Coa X5,) Feit (x2, oe ae A 
0 1) (12) 
A* (Xs5) %p) = (2m)? \ dtheths8 (k® + x2,) 9 (k). 
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Substituting Eq. (12) into the causality condition (7) and using the fact that A*(x, kK) = At(-x, «) for 
x? >0, we get 
\ ; ‘\ dui: sh dus A’ (X15, 1») iw (X54) X54) Fite (xt iy? Mie? #59? Moa? 4) ite Fictn Oy: #53? oa? 9? mie? xi) my (13) 
0 0 
and other analogous conditions from which if follows that fijzk ( Kio, K73,-+-k%q) is a symmetric function 
with respect to simultaneous interchange of any two of the indices ij/k and the corresponding indices on 
the Kjk. Ne ity. ; 
From the symmetry of fijlk (Ki2» ...k%4) and the conditions (11) it follows that fijzk(Ki2, Kis,--- K34 ) 
= 0 if any one of the conditions 
X19 + %13 + %14 > Sp, X12 + X93 + %o4 > Se, X13 + X93 + %gq > 3p, X14 + Mag + X%3q > Sp, (14) 
X13 +4 + X23 + X24 > 2, X12 + 13 + Xa + %a > Qu, X93 + %34 + G2 + %14 > 2b. 


is not satisfied. 
We obtain further information about fijZk ( Kao Kigene K34) if we use the fact that the operators 9j(X), 
and consequently also jj(x), can be chosen to be Hermitian. With such a choice it follows from Eqs. 
(4) and (5) that 
Psp (Py» Ps Pg) = Pntjz (Par P> P,) (15) 


but from symmetry of fijlk (Ki1,--- 34) it follows that 
Pijtk (Pi, P, Ps) = PRET (Pa; P; Pr). (16) 


Consequently the pijJk(Pi, P, Pq) are real, and therefore the fijdk (42 ...k%,) can also be taken to be 
real. 

Using the symmetry of the function fijlk ( Pa is arate KS4)> we can go over to the representation of the 
vacuum expectation value of the T-product of the operators jj(x). To do this we have only to replace 
the functions A*(x, x) in Eq. (12) by functions 


Ap (x) = 9 (x) At (x) + 9 (— x) At (—»). (17) 
Making this replacement, we obtain the desired spectral representation in the coordinate space 
<| Tj, (x,) iF (x,) hr (X,) i, (x,) |> a \: { dx’. SS deel sin Ot, Xf a a (18) 
0 0 


X Ar (X12, %12) Ar (X13, %13) Ar (X14, %14) Ar (X93, %93) Ap (X24, %2a) Ar (%3ay %3a)- 


Equation (18) follows directly from Eqs. (12), (17) and the definition of the T-product when account is 
taken of the symmetry properties of fijJ, ( ea pete 

To obtain the spectral representation in the momentum space it is necessary to calculate the following 
integral 


(2n) -12 ( dRy. ay dks 8 (1; = Rio mam Ris es Ry4) § (Lo + Rio a Ris a 4) 8 (ls + Ris + o3—Rga) 8 (lat+-Riat hoa +t Roa) 
Gi. + 40) (Ris +f X33) (kia Pe Xia) (kos te om) (4 ay X54) (R54 ay %54) (19) 


which diverges logarithmically. Since, however, we assume that the meson-meson scattering amplitude 
exists, this divergence must not appear in the result. If to remove the divergence we introduce a cut-off 
radius A, then the term that goes to infinity for A—» will be proportional to In A and will not de- 
pend on kj,. When substituted into the integral with respect to Ki it gives a contribution proportional to 


2 due 2 re 2 
Ind | de, An. Hh Fay, (4245 02,5... 22,). 


In order for this term to make no contribution to the scattering amplitude, it must either be equal to zero 
or else cancel with the infinite terms written out in Appendix 1. 


As is shown in Appendix 2, the integral (19) can be brought into a simpler form. We thus get the follow- 
ing spectral representation in momentum space: 


' 


SPECTRAL REPRESENTATION OF THE TWO-MESON GREEN’S FUNCTION ©2911 


TryRL (Li, L., ls, L)= 


oO 


1 
x J+ (deus. 
0 


0 


« deg48 (2 + oy3-+.. 


(The factor 6(1, +1, +13; +1,) will be omitted hereafter ). 


Tear \ 
0 0 


P (0) = O90 3005 + Oy 901304 + Oyo%yg%aq Ty o%yqetog TL Oyo %y4Qtag + % 12% 4%yq + LyoXoghgq + Ky o%oq% gq 


FM 3%4%o3 Oy 3%yqhog + 13% 4%sq 4- AyshogQoq + Ky gM%y4%gq + Hy 4X q3%oq + HXyqMog%qq + Aos%oq%gq 


Bey" be Fins erat iti Hee 
(20) 
5 +- X34 — 1)  *In(Tj7—ie)s (1, 4+ ly+-L3+-14).. 
Here 
(21) 


(the sum of all products of three different variables Qj, under the condition that no index can occur 


more than twice in a given term); 


ee 3 f 
LC) = Uocyo% 13014 (Gog + Hog + O54) + Ley otos%og (Oyg + O44 + O34) + P21 3% 3034 (Oya + Mig + %2q) + L2e%y4%24%sq (X12 + M13 + M%p9) 


+ H13%14%o3%oq (ty + fy)? + yoy 4%o3%yq (Ly Is)? Oy 2% 13% 4%g4 (Ly + ts)? + P(x) x?; x? = 19015 oT xish1s = ge X3adega. (22) 


Formulas (20) to (22) provide a convenient means for studying the analytical properties of 7(1,, ly, 23, U4) | 


as affected by the variation of any one of the erent ee 
ested in the scattering rie, we set = Eis be 


Since, however, we shall be inter- 


i= —y? and consider 7 as a function of (J, + 1,)?, 


(1, + By , and (1, + ioe ; poe eone them at first as independent. 
The behavior of 7 ((1, + Bie : (1 + 1,)? iad OP ae iy ) depends essentially on whether, for given values of 
ue +1,)?, (4+ 1,)?, and (1, + Ey? , the quantity O can vanish for any particular values of the variables 


Qik and Ki; We shall show that 0 >0O if 


— (d, + 13)? << 4? — (4 + bs)? << 42; — (2 + 3)? < 4y?. (23) 


The proof reduces to a matter of regrouping the terms in Eq. (22) and using the conditions (14). 


Let us first consider those terms y(q@) which, when multiplied by x?, 


Q143Q44Q3Q24. These are the following terms: 


can give terms containing 


i] 
13% q%o3 $- Lyg%yq%oq Hy g%og%oq -f Ly qMog%oq. 


Multiplying them by x? 


on, we get 


and adding and subtracting terms containing the products Kk43ky4, K43K93, and so 


Hy 3% ya%og%og (%13 + *y4 + X23 + Xoa)* + Hy 3%14 (%230o3 oe Xoq4%o4)” + &13%29 (%14%14 a %o4%o4) + 1 3%o4 (%,4%14 aa Xog%og)” 


tO 4%03 (%13%13 — %o40te)® + Op g%oa (%13%13 — %23%ag)” + Oog%o4 (%13%13 — %r4taa)® + 2, (Mp2%r9%14 (M23 + %o4) 


boty 30og%oq (1g + O14)] + %2, [019% 23%sa(%ra + %o4) + %a%oa%ga (%1g + M3). 


Selecting in the same way the terms of y(a@) which when multiplied by «x 


2 will contain 0h 494493034 


and 49043Q24@34, and grouping the remaining terms not containing squares of differences, we get 


C) = 13% 4%o3%o4 [(Ly + fy)? + 


“(x13 + 13 + X24 + %s4)] + Or2%13%14 (%es + %o2g + Mga) (0? x8, + 2, + 


ZkL ifm 


(X13 + X14 ++ %23 + %4)] + 19% 4%ogQogl (Ly te l,)? + (x19 + X14 -F %2g + %oq)"] + %12%13%24%34 (lg + ls)? 


12.) + (1-2) + (13) + (14) 


=i >; (%zr*ik)” 161 bY App Xel (%mk%nie cae “pt%mt) (24) 


k#l 


From he pau Kyg + Ky3 + Kyg = 3 it follows 
that x2. + K75 + «iy = 3y. Since 7] = —y’, all the 
terms in Eq. (24) except the first three are always 
positive. The condition that the first three terms 
be positive, together with the second group of con- 
ditions (14), reduces to Kq. (23). 

If we regard 7 as a function of one of the vari- 
ables [for example (1l; + bye for fixed values of 
the others, then starting from Eq. (20) we can 
easily show (for example, by means of Titch- 


marsh’s theorem ) that on the hypothesis of uni- 
form convergence of the integrals with respect 

to x2, for real (1; +1,)? this formula defines 

a function analytic in the entire plane with the ex- 
ception of those points of the real axis for which 
O can be equal to zero. 

If these singularities are removed by the intro- 
duction of aterm —ie, then at the corresponding 
points Ret 0. It is easy to show, by using the 
results of reference 3, that terms depending on a 
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contact interaction Ag‘ do not change this result. 

In concluding this section we point out the fol- 
lowing important fact. The expression (20) has a 
direct meaning provided that 


In (x?e) f (x2... 


In cases in which f(xK%,,.. .k%,) does not decrease 
rapidly enough, the integral must be regularized, 
and its divergent terms must be cancelled with 
the infinite terms written out in Appendix 1. The 
degree of divergence of the integral is closely 
connected with the behavior of 7jj,7 at large en- 
ergies. Therefore in obtaining spectral represen- 
tations, just as in the derivation of dispersion re- 
lations, it is necessary to make an assumption 
about the behavior of the quantity in question at 
large energies. 


2 2 2 ee 
i Ga) dxf ie axe < sat 


3. THE DISPERSION RELATIONS FOR THE SCAT- 
TERING AMPLITUDE FOR CONSTANT SCAT- 
TERING ANGLE IN THE CENTER-OF-MASS 
SYSTEM 


In order to go over directly to the relations for 
the scattering amplitude, we take 1, and J, as 
the four-momenta of the mesons in the initial 
state. Then 


(dy ap ly)? = — 40’; 
(2, + Ll)? = 2p? (1 — cos 9) = 2 (w? —p?) (1 — cos 9); (25) 


(ly + 15)? = 2p? (1 + cos 3) = 2 (w? — uv”) (1 + cos 9); 


w is the energy of one of the mesons in the center- 
of-mass system, and ¥ is the scattering angle. 
The scattering amplitude is 


Tri, ij (@, cos 9) 
= a TVejkl (4, ae te)e, (Ly a Us\es (ly ae [3)?]. 

From the formulas of the preceding section it 
follows that the function 7 ((1, + bao (1, + ej e 
(ly + 13)*) is analytic not only as a function of one 
of the invariants for fixed values of the others, 
but also as a function of w* for fixed cos J, if 
we draw the cuts along the real axis from w* = ,2 
to w* =o and, depending on whether ¥&< 1/2 or 
3>/2, from w* = — p? tan? 3/2 or w* = —p? x 
cot? 3/2 to —~, The position of the cuts is de- 
termined by means of the conditions (23) and the 
formulas (25). 

Using these analytic properties or, with a pro- 
cedure like that of Goldberger,’ changing the order 
of integration in Eq. (20), we can write the follow- 
ing dispersion relations for Tijki(% cos #) for 
&< n/2: 


(26) 


GRIBOV 


Im T,;p1 (@, cos 9) Im 7; ;p1 (10 COS 9) 


2 2 2 2 
(@? = oy) (@? oar oe) (@? Pa io) (®55 a 59) 


Im 7; 21 (@20, Cos 9) 2 Re T;;,1 (@’, Cos 9) dor’? 
yeh , ’ , 2 | 
(@? — p90)? (@5o = wo) i \ (2 — w?) (@/? — oF )( o 2 w?) | 

p? 
—.? tan® (9/2) (27) 


Re Ti jRl (w’, cos 9) dw’? 


P 
ae (07? — oF) (0? — oF) (0 — 08) 


In obtaining this formula we have made the same 
assumption about the behavior of 7 for large w 
as is made (cf. reference 5) for the scattering 
amplitude of a mesons on nucleons. Wig, wo 
are so far arbitrary. 

The second term of the right member appears 
with a minus sign, since in the derivation of the | 
dispersion relations we integrate along the top 1 
edge of the cut, whereas for (1; + iia <— 4? or 
(1, + 1s)? < — 4p? the function 7((d, + 2)", (Ly + Ig)? om) 
(lg + Us)e) is defined by Eq. (20) as the value on 
the bottom side of the cut. 

The first integral in the right member contains 
the scattering amplitude in the physical region. 

The second contains the scattering amplitude for 
imaginary energies. Using the symmetry of the 
function Tijkl (41> l,, lj, lg), we transform it into 
an integral over real energies, but containing the 
scattering angle for an imaginary angle. For this 


2 


purpose we change the variable in the second in- 
tegral of Eq. (27) in the following way: 
2 (w’? — p?) (1 + cos 9) = — 407, (28) 
and define a quantity cos #3, by the relation: | 
1 dei Nas D (ot al ecos aay: (29) 
In the new variables | 
(1, + 15)? = 2 (wo; —p*) (1 + cos 4), (L, + Ls)? | 
= 2 (a, — p?) (1 — cos 94); (30) 4) 
(G4 Lye fe. 
Since | 
tijnt (Ly + L2)?, (tL, + ls)”, (le + fs)? | 
= tai (le + 49)", (+ 4)% (+4), BY 
| 
we get | 
Tijkl (o’, cos >) = Trjil (0, cos a4). (32) 
In particular 
9 
Vijhl (— uw tan ; COS s) = Trl (U, OX), (33) 
where use has been made of the fact that 
20? 
is 29 
cos $, = 1 + ate tan* =. (34) 


Since, however, the scattering amplitude at zero 


SPECTRAL REPRESENTATION OF THE TWO-MESON GREEN’S FUNCTION 293 


energy does not depend on the angle, we have 
Tejnt (By 00) = Tyjnr(¥, 0) == (u). (35) 


Using these equations, we take wo Sie wo = 
=e tan? 9/2. Then, using also Eq. (26), we can 
write instead of Eq. (27) 


o Re T), ;;(@, cos 9) 
(@°—p?) (a? + v? tan? (9 /2)) 


__ cos? ($ / 2) & Tati j(¥) Re T;7, pj (¥) 
u "of y?tan(9 / 2 


22 — uw? 


2 ee odo’ Im Tp, ;;(@’, cos 9) 0) 
S= 2 i 
Tw 


(@? — w) (@® — n) (@ = p?tan%(9/2)) 
u 
Im Tj7, pj (@1, COS 91) doy 


a? + wi — yu? cos? (9 / 2)) (wo? — 42) © 


— : cos* ; \ 
For 1/2< <7 one gets analogous relations dif- 
fering only in the replacement of ¥ by 7-¥. 

By taking advantage of isotopic invariance, we 
can express the amplitudes Tyj7 ;j in terms of the 
scattering amplitudes in the states with total iso- 
topic spins Ty, T;, and T, and reduce the sys- 
tem of equations (36) to three equations for To, 
T,;, and T,. It is easy to show that 


pee 5 
Trt, i7 = ZT 8cj8nr + Tr (82n8 52 — 8218 jx) 
er a Byes (37) 
— Ty {Bandit + 8:8jn — = Bii2na} : 
Substituting this expression into Eq. (36), we get 
the following system of equations: 
w Re T; (@, cos 9) 


(a? — uw?) (02 ie wtant + ) 
\ 


U. 


D ° w’*dw’ Im T, (@’, cos 9) (38) 
= 5) pa Iw OTD 
u. 


° Im T, (@, cos 9;) da, 


2 aoe. a a ACER BCT WT VAC RT 
coe eae: De (w? + 0? — u? cos? (9 / 2)) (a — H?) 


*/5 —'e 5/6 
(Am) =| —*/s - 1, fs |. 
fips slaeee/s 
The equations that have been obtained would be 
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of considerably greater interest if one could indi- 
cate a simple method for analytic continuation of 
the scattering amplitude into the region of imagi- 
nary angles. It seems natural to use for this pur- 
pose an expansion of the scattering amplitude in 
series of Legendre polynomials 
Vago! 

T; (0, cos 9) aT (w) P; (cos 9). (39) 
Such an expansion is especially attractive because 
the conditions for the S matrix to be unitary have 
a simple form for the quantities TL Such an ex- 
pansion, however, can scarcely allow us to continue 
the scattering amplitude into a region of values of 
cos J that are much larger than1. Namely, it fol- 
lows from Eqs. (23) and (24) that the scattering 
amplitude has singularities of the type of branch 
points for those values of the variables at which 
one of the invariants (1, + J, yee (i+ Pye (ly + 13)? 
becomes equal to —4y?. According to Eq. (25) this 
means that as a function of cos # the scattering 
amplitude has singularities at 


cos $ = + (w? + p?) / (wm? — y?). (40) 


Therefore the radius of convergence of the series 
(39) cannot exceed this value. This means that we 
can use the expansion (39) in the last integral in 
the right member of Eq. (38) in the region of val- 
ues of w, for which 


cos, < (wf + w?)/ (0? — p). 


Recalling the expression (34) for cos ¥,;, we 
get the condition 


wt <peot® =, (41) 


which shows that the expansion can be used only 
for the forward scattering amplitude, since the 
contribution to the integral in question from the 
region w, > cot (¥/2) is of the order 


(u cot x) =u? (1 —cos 9), 


i.e., of the order of the first term of the expansion 
of Tj(w, cos @) in powers of 1-—cos ¥. There- 
fore in order to give meaning to the dispersion re- 
lations for the scattering amplitude one must find 
some other method of analytic continuation. 


Let us write out the formula (3) in detail using the fact that when we introduce a contact interaction 


[2 (x), je (X’)] loner = 03 (9 — 2’) {%8en + 29H}; 


this gives 
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Ki KoK Ka | Tz (1) 9) (%2) @n (Xs) ex (Xa) [> = <| Tie (a) fy (2) tr (Xs) ft (%a) 1D 
4 {8 (%y — Xe) <| T pi (x2) Biz F Qe (1) G7 (%a)} Te (Ma) Me (Xi) ID ARs «yFoym 
+ 2 {8 (xy — Xa) 8 (X2 — X5) [Baz <| Te (%1) fe (%4) [> + Bin <| 79; (%2) fr (Xa) D 
+ 81; <| Tr (3) fe (%4) [>] ++ + deym + {8 (x, — X2) 6 (X3 — Xa) <|T {0} (X1) 8zz + 22 (1) ; (%1)} {@, (3) Ort 
+. 2en (Xs) Gr (X5)} [> +E. «Jey E23 (xy — XQ) 8 (Xp — Xs) 8 (Xe — Xa) [BzjBn0 + Bendjt + Bn Pit]. 


Here { } sym means that we are to take the sum of terms corresponding to all permutations of x,, X2, 
X3, X4 together with the associated isotopic indices. 
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The integral (19) can be easily reduced to integrations over parameters if we use the formula 


rt 
4 On Cle we sia Chaco o crim t4n =) 

_ —1)! . 2, 

Qyd2... fe » \ gates; (a1z1 + agze +... a,z,)" (A.1) 
Denoting the integral (19) by I and dropping the factor 6(1; + J, + 13+ 1,4), we can write 
o! dhkyodkygdke38 (O12 + %1s+. - -+o%3q—1) 
da&yod d ‘ 

(Qn (2x) \ Oe os [ee omre-f eb R3 gcse ty cet... +x3,%sa]® (A.2) 


Ryg = 1) — Rag — Rs, Rog = Ly + Riz — Ros; Roa = Ls + Ris + Ros. 


Instead of the variables z,, Z),...,Zg we have here introduced the variables Qj), @13, Q14, 23, Qo4, Mga. 


If in the denominator of the expression (A.2) we insert instead of k,,, ko, and k3, their expressions 
in terms of 1, l,, 13 and kj, ky3, ko3, then besides quadratic terms the denominator will contain linear 
terms in kj, ky3, and kp3. To get rid of these terms we make the change of variables 


Ria = Jia + Ars; Ris = das + Ais; Ros = Joa + Ars- (A.3). 


The conditions for the determination of Aj, have the form: 
Ayo (G12 + O14 + O%y4) + O%ygAyg —— GegAes + Lye%og —Lye%yg = 0; — oygAgs + (Org + O44 + gq) Azg + OgqAog + Lgegq — Lya14 = 0; 
— Og4Ayo + &ggAyg + (Ho5 $+ Hog + %3q) Aas + Lg%3q — Lo%oq = 0. Sa) 
The determinant g(a) of this system is the sum (21). Then 
Ayo = {101424 — lattes Pia + Lygq (29014 — X13 — %oa)} / 9; Ais = {hopapsa— lateaPia Plates (O4atlgs —"hiotae)) ) O (A.5) 
Nog = {lateaPsi — Us%gaPoa + Litae (1g%oa — Xqa%ea)} | 0; Pagina Mog fies Aelng “Orang abe Onan: (A.6) 


v4 consists of the products by pairs of all the variables except 12 and dy, taken so that the indices 
2 and 4 do not occur twice in any product. Substituting Eqs. (A.5) and (A.6) into the denominator of (A.2), 
we get for the latter the expression 


(X12 + X14 + X24) Giz + (%13 + %14 + % 34) Gis + (H23 + %o4 + a3) qos + 2614912913 + 2%13413423 — 2%24912923 + 1/9; 
CT) = GAjs (Lo%24 — L014) + Ars (— Lye14 + Leesa) + oAgg (Lg0t34 — Lo%o,) (A.7) 
+9 (Gal Oogles’ Caney + pn? = [e414 + Boros Pog + [3egao4 + 211 loe1a%o49r0 a QW lyr 4%eaPhs oe ol geo4%3qPos + 9x; 
iq is the sum of those terms of gy which do not contain a4; and 
12 = rdotre fb xG30tag + Gattag + xG9003 + rha%eg Xga%34-. 


[If in Eq. (A.7) we express 1,1,, ll; and I,l3 in terms of (1, + oe ame CF ak , and (1, + By and 
note that 
(d + 12)? =F (L4 “ [3)? an (ly at Is)? = Ei ai 3 of 3 Sf la, 


then we can easily get for O the expression (22) given in the text.] 
It is now easy to carry out the integrations with respect to qj), qj3; Q23 by introducing new variables 
di2, G13, 423 in such a way that the quadratic terms reduce to a sum of squares. We thus get 


\ d4q\ ,d4q, ,d*q,, (ix?) \ q 4 
7 7 Ti = 0 9 1222-7... 
[Ar2dy3 + Aa89,3 + 23953 + L/9]° SIAR ADs [29,3 +O / 9]? 
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To perform the last integration we introduce the cut-off parameter A, and then 


i 


pegse UR . 
i (4n) 4252 2 (In pA + —In(g — ie)]. 


13°°23 


(A.8) 


Noting that Aj.A13A23 = —~ and that the terms that do not depend on kj, make no contribution, we get the 


result (20) given in the text. 
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The propagation of a thermal wave from an instantaneous point source in a gas is investigated 
with account of the temperature dependence of the internal energy of the gas. The case when 
the internal energy is associated not only with the matter but also with radiation is considered. 
The range of the radiation is assumed to depend on the temperature in accordance with a power 
law. An approximate method can also be used in the case of an arbitrary dependence of the in- 
ternal energy and of the heat flux on the temperature. 


Ler a quantity of heat Q) be liberated at a given 
initial instant of time within a small volume (ata 
point). Then, if the density of the medium is con- 
stant, and the thermal conductivity and the specific 
heat are each proportional to the temperature 
raised to a certain power, the problem is a self- 
similar one and its solution can be obtained in 
closed form. Such a problem was investigated by 
Zel’dovich and Kompaneets ti 

If a thermal wave propagates in a gas then, be- 
cause of the high temperature, the molecules of 
the gas break up into atoms and the latter are 
ionized, and this leads to a temperature depend- 
ence of the internal energy of the gas. Calcula- 
tions?*® show that the internal energy of a gas may 
be approximated over a wide range of temperatures 
by a power of the temperature (~ aT), However, 
at very high temperatures (on the order of several 


millions of degrees for air of normal density) it 
is necessary to take into account, in addition to the 
energy of the matter, also the radiation energy, 
which is proportional to the fourth power of the 
temperature ~ bT*. Such a problem is no longer 
self-similar even if the radiation range is expressed 
by a power of the temperature. Another non-self- 
similar problem will be one in which the internal 
energy is given by a power of the temperature, 

but the range of radiation is given not by a single 
power, but involves two or more terms. 

We shall discuss the problem of the propaga- 
tion of a non-self-similar thermal wave by con- 
sidering a special case when the internal energy 
is expressed by the following two term formula 


E = aT+-+ bT* (1) 
(here k =40/c, c is the velocity of light, o = 
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5.67 x 107° ergs/cm? sec deg* is the Stefan-Boltz- 
mann constant, and a and A are arbitrary), 
while the mean free path of the radiation depends 
on the temperature in accordance with the power 
law 1=1,T". The heat balance equation can be 
written in the form: 


OEE) = co =O" 20s 
ote. Ser or Store (2) 
k=n+4, Cy = 16l)/3k. 


We present an approximate method of solving 
Eq. (2), based on a number of physical considera- 
tions. Since the thermal conductivity depends 
strongly on the temperature (k ~ TK-1 ), then in 
the course of propagation of the thermal wave the 
temperature tends to a uniform distribution more 
rapidly in regions which have undergone greater 
heating, thus forming a “plateau.” A sharp varia- 
tion in the temperature occurs only in the narrow 
zone near the front, which in the first approxima- 
tion need not be taken into account in the energy 
balance if the temperature of the “plateau” is ex 
pressed in terms of the radius of the wave front 


as follows: 
Ui 
Qo=4n | (ari + or’) rar. 


0 


(3) 


In order to determine r¢g(t), we shall make 
use of the integral relationship between the mo- 
ments, which was investigated by Barenblatt.‘ If 
we multiply Eq. (2) by r™ (m= 2, 3,4...) and 
integrate with respect to r between the limits 
from 0 to rg, taking into account the conditions 
that the heat flux vanishes at the center and at the 
wave front: 

ie or” 


ie 
Or jp 


OP Ie 


=T Ge.) =0, 
f 


(4) 


we obtain an infinite number of relations which, 
taken together, are equivalent to Eq. (2). The first 
of these relations (m=2) gives us the law of 
conservation of energy [Eq. (3)], the second (m = 
3) leads to the additional condition 

rf Te 

ap \(AT? + OTS) r8dr = 20, \ rT dr. 

0 0 
In spite of the fact that the remaining equations re- 
main unsatisfied, we can hope that there will be 
reasonably good agreement between the approxi- 
mate and the exact solutions, since the tempera- 
ture behind the wave front varies smoothly and 
monotonically. 

Our problem is characterized by the following 
parameters, whose dimensions are expressed in 
terms of length [L], time [t], temperature [T] 
and quantity of heat [Q] as follows: 


(5) 
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[a] =[Q]/(LPIT)’, (61 = (Q)/(LP ITI, 
[col = [QU/ILVIET tiem, Weel er 


It is not possible to form a dimensionless con- 


(6) 


stant from these quantities. The solution has there- _ 


fore the important property of similarity. It can be 
recalculated independently for arbitrary values of 
the parameters a, b, Co, and Q). If we eliminate 
T from (3) and (5) and introduce dimensionless 
variables, we obtain the law of motion of the wave 


front: 
(E4+GA-. g 
= [FEET = eG ae 


By denoting x~?dx/dr=p_ we can easily write 
down the solutions of Eq. (7) in parametric form: 


x2 (aprl® + 4pilh) dp » h F 
Be) uShip’ Sees x = (pF + palk)—hs, 


(8) 
p 
In those cases when any one of the combinations 


(A —3k)/B, (34—k — 8)/8, 


(where 6 = 12 — 3A) and one of the two ratios 

(12 — 3k — 2A)/B and (4 — 3k)/6 are integers 
simultaneously, the integral (8) can be expressed 

in terms of elementary functions. Figure 1 shows 
the dependence of the dimensionless coordinate of 
the wave front x on the time tT obtained from the 
solution (8) for 7A=1 and k=4and6. From an 
analysis of (7) it follows that the solution of our prob- 


lem x(7T) approaches, for small values of 7, the 
(use A) 
ie 


MV (3k-A) 


limiting self-similar solution x, = 


3k —A 
r 


while for large T it tends to x, = 


For all values of Tt, the curve x(T) lies lower 
than in both self-similar cases (dotted curve in 
Fig. 2). However, the solution x(7T) practically 
turns out to be close to x,(7T) as long as the value 
of the quantity x(12-3A)/4 = y is small compared to 
unity. If, for example, we consider y= 0.03 as 
small, then our solution coincides with the curve 
X1(T), so long as x < X49, X49 = (0.03)4/(12-3A) 

(if A=1, x)= 0.210). In the case x > x9, when 
we can neglect the quantity x,(3\-12)/A =» com- 
pared to unity, our solution approaches the other 
self-similar solution x,(T) (if we set v = 0.03 
then Xy9 = 1.475 for A =1). In spite of the fact 
that in terms of dimensionless coordinates the 
zone of the non-self-similar solution is important 
only within the narrow interval xj) < x < X99, it 
turns out in practice to be the most interesting 
one, Since outside this interval the solution (8) 
loses its meaning in a number of cases, owing to 
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the fact that the gas begins moving. The large 
pressure gradients at the wave front, correspond- 
to the temperature gradients, lead to the forma- 
tion of a shock wave. After this has occurred the 
energy is transferred by agas-dynamic mechanism, 
whereby the law of motion of a strong discontinuity 
differs from the law of propagation of a thermal 
wave, and our solution becomes unjustified. 

A strong discontinuity can exist only if small 
perturbations propagated with the speed of sound 
c,(T) can catch up to the wave front. Since the 
thermal wave is slowed down very sharply, the 
limits of validity of the solution may be found, 
following a remark of A. S. Kompaneets, from 
the physical requirement c,(T,) = re. In this 
connection it turns out that, for example, for air 
of normal density, x, < X99. 

It is interesting to compare the solution of a 
self-similar problem obtained by the method just 
described with the exact solution, which in the case 
Xt =b=0 is given by the following formulas: 


~- Co 1/(3k—1) Qo joke. t) 
og = (é - lee (k) J 


(9) 
Pale | OS, y= 1-7/5; 
ieee Wea 3) k 3 k \}-1. 
ee) ae ea ete] 
where I is the gamma-function. 
For the approximate solution we obtain: 


ro= [é (22 ee ba ee 


Gra 
nw (t) aa 


> 


3Q, (10) 


— ae 
4rary 


Figure 2 gives the temperature distribution for 
A=b=0 and k=6, obtained by means of the 
exact solution (9) (solid line) and by the approxi- 
mate method, on the assumption that there is a 
temperature “plateau” behind the wave front 
(curve 1). The temperature distribution is given 
in dimensionless form in terms of its value Tg = 
T(0,t), at the center of the self-similar wave, 
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and is shown as a function of the ratio of the co- 
ordinate r to the radius of the front of the self- 
similar wave r,(t). If we compare (9) and (10) 
we find that the approximate solution agrees well 
with the exact one. For k=6 we have 


Ve] Fa = 0.962, 97a 1, Ont == Or esoe 
If we know the law of wave propagation (10) we 


can also find the temperature distribution near the 
front by expanding the solution in powers of 7: 


TH=Ti(m )+Tiln, be 


We write Eq. (2) in terms of the variables t and 
n(x, t): 


(11) 


a(aT* +67!) | % a (aT* + 674) 
ae eeay ie wee (t=) > aeon ae 
2co OT* cy aT (12) 


te (4—1) On ( On? * 


Near the front of the wave (n—0) the tempera- 


ture tends to zero, and therefore the main terms 
of Eq. (12) must cancel one another: 


retgOT, | On = C,0°T} / O7?. 
This leads to the well known law for the variation 
of temperature near the wave front: 


= Ayyplk—, 


a k—id,° Poe (13) 


T,=(27 epmeedg: 


For the second term we obtain: 
Ty = Ay ®HIEY, Ay = BAT” /a(4 +&—2). (14) 


The series expansion gives the solution as a func- 
tion of one arbitrary function r¢g(t), which can 

be approximately determined by the method de- 
scribed earlier. We note that the method of solv- 
ing the problem for small values of 7» is analogous 
to the method of “short” waves proposed by Khristi- 
anovich® for treating a number of gas-dynamic prob- 
lems that are physically characterized by the fact 
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that an appreciable variation in the parameters of 
the gas occurs only in a narrow zone close to the 
front. 

In the case of a self-similar problem, the first 
two terms of the expansion (11) give good agree- 
ment with the exact solution over the whole range 
0 <7 <1. The solution obtained by means of such 
an expansion in the case A=b=0, k=6, is given 
by curve 2 of Fig. 2. Therefore the function r¢(t) 
may be determined for such problems directly from 
the condition of heat balance: 

1 
Qo = Ara Ay (¢) rf VL a)? [rain + tl 32 po | dn. 
° (15) 


It follows hence that yo is given by formulas (9), 
in which one should set y ~ yp: 


k—1 
esd yemerr 


ie io —odk+ 2 


8k? — 11k + 4 
k (8k —2) ik 


~~ (Ck —1) Gk—3) 
(16) 


This value of yy) agrees well with the exact one. 
Thus, for example, for k=6 we get y = 0.251 


and yy = 0.252. 
The approximate method just described may be 


made more precise if, for example, we replace T . 
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of Eqs. (3) and (5) with an expression for T which | 
takes into account the variation of temperature in 
the zone near the wave front. 

By the method described above we can also in- 
vestigate the problem arising when both the inter- 
nal energy and the range of radiation are expressed 
by formulas that contain several terms. 

The author expresses his sincere gratitude to 
A. S. Kompaneets for valuable remarks. 
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It is proposed that the dispersion relations for the scattering amplitude for potential scattering 
be deduced by studying the Green’s function of the total Hamiltonian. The method is illustrated 
for the case of a three-dimensional non-relativistic equation for scattering from a fixed center. 
The relations previously obtained by Wong and Khuri are derived rigorously. The existence of 

dispersion relations is related to the problem of a complete description of the S matrix for 


various potential scattering equations. 


Seae recent papers appeared again to direct 1. DERIVATION OF THE DISPERSION RELA- 


attention to the properties of the S matrix ele- 
ments for complex energies in the non-relativistic 
theory.'»? It seems that, contrary to the previous 
work of van Kampen,? it is not necessary to re- 
quire the validity of any special principle of caus- 
ality. The locality of the potentiai in position 
space guarantees all properties necessary for 

a derivation of the dispersion relations. 

The dispersion relations are derived in the 
paper of Wong? under the assumption that the 
perturbation expansion converges. This is too 
much of a restriction. The derivation of Khuri 
is based on the Fredholm theory for the integral 
equation of the scattering theory developed by 
Jost and Pais.* This involves a rather unwieldy 
mathematical apparatus; furthermore, the paper 
of Jost and Pais contains an incorrect proof of 
the assertions used by Khuri. 

We propose a comparatively simple derivation 
of the dispersion relations based on the proper- 
ties of the Green’s function of the total Hamil- 
tonian. The derivation is general and applies to 
an arbitrary potential scattering equation if the 
behavior of the corresponding Green’s function 
is known. Our discussion uses the example of 
scattering from a three-dimensional center. 

The corresponding Green’s function was inves- 
tigated by Povzner,°*® The asymptotic behavior 
of this function for high energies was investi- 
gated by the author.’® 

The second part of the paper contains some 
considerations of mathematical character, which 
may be useful in discussing the possibilities for 
applying the dispersion relations. 


TIONS FOR THE SCATTERING FROM A 
THREE-DIMENSIONAL CENTER 


As is known, for the existence of a dispersion 
relation of the non-relativistic type 
dy 


me 


Ref (E) =P \ pil de’ + 3 
0 i 
0 SE <Goor 
for the amplitude f(E), the following properties 
of f£(E) are sufficient: 

(a) f{(E) is the limiting value on the positive 
real axis of a function which is analytic in the 
plane of the complex variable E with a cut along 
the positive real axis, except for a finite number 
of points E; on the negative real axis, where the 
function may have simple poles with real residues 
dj; 

(b) £(E +i0) = f£*(E — i0); 

(c) for large |E|, £(E)—0. 

We consider the matrix element of the T 
matrix 


Fao = OV IES D, Lae (2) 


Here , is an eigenfunction of the free Hamilto- 
nian Hg, and vy) is a solution of the integral 
equation of the scattering theory 


eH oO, — Gy (Ea + i0) VES”. (3) 


Here G)(E) is the Green’s function of the free 
Hamiltonian. 

Instead of Eq. (3) we shall use the representa- 
tion of the function ut in terms of the Green’s 
function of the total Hamiltonian H = Hy + V: 
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ww = O,—limG (Eq + is) Va. (4) 


e>0 
For complex energies, G(E) is the solution of 


the equation 
G(E)=G,)(Ey—G,(E) VG (). (5) 


This expression we now use in writing down the 
elements of the T matrix: 


Tay = (Dq|V| ®,| — lim <D,|VG (Eq + ie) V| Dp>. (6) 
&>0 
For scattering from a three-dimensional center, 
where 
Hig Ve Vie OX X_)VAX), 


we have: 


Ee 3lo : ==. 
Oa (=) exp{i V Ea(x, a)}, 
exp {iV E |x — x’ |} %) 
4 |x — x’ | 


(a, a)=1; G(E)= 


The functions wl) depend on the same parameters 
as ,, i.e., 


a RE Bee) (8) 


We consider the resolvent G(E) = G(x, x’, E). 
In the following we shall assume that the potential 
satisfies the condition 


[V(xX)|<C/|x Pr, ¢ > 0. (9) 


Povzner, investigating the integral equation (5), ob- 
tained the following properties* of the function 
GUX, XE): 

(1) The function G(x, x’, E) is analytic in the 
complex plane of E with a cut along the positive 
real axis, except for a finite number of points Ej 
on the negative real axis and, possibly at the ori- 
gin, where it has simple poles. The points Ej 
correspond to discrete eigenvalues and 


Res G (x, x, £)|e-z, =D) de (x) a(x’), (10) 
Rk 


where %,(X) are orthonormal eigenfunctions cor- 
responding to the eigenvalue Ej. 
(2) The limit 
lim G (x, x’, E + is), 


e>0 


> 0 


exists for all E >0, with the exclusion, perhaps, 
of a finite number of points Ej >0, for which the 
homogeneous equation 


u= G,(E:+i0)Vu (11) 


*These results remain valid when the potential has singu- 
larities of type o/|r|?— © at a finite distance. The integral 
condition of Khuri is equivalent to this requirement. 
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has a non-trivial solution. At these points 
G(x, x’, E) has a singularity of type 


GAxX aXe Ee dur (x) Up (x’) /(E — Ei), 


where u,(X) are linearly independent solutions 
of equation (11). These solutions satisfy the re- 
quirement 


exp {iV E; (x, «)}V (x) u(x) dx =0 


for arbitrary a, (@, @)=1. 

We note here that the values E >0 for which 
equation (11) has non-trivial solutions correspond 
to a positive discrete spectrum, the absence of 
which has so far not been rigorously proven for 
a potential satisfying only condition (9). It is pre- 
cisely this point which has been treated incorrectly 
in the paper of Jost and Pais. From their consid- 
erations it follows only that the solutions of Eq. 
(11) satisfy condition (12), but it does not follow 
that u=0. 

(3) The following condition is satisfied: 


G(x, x, B-F 10) = G (&, xe 20), 


(12) 


(13) 


The behavior of G(x, x’, E) for large | E| 
was investigated by the author. 

(4) From the results of references 7 and 8 it 
follows that 


4 exp {iV E|x— x’ |} 
4 |x— x’ | 


G (x, x’, E) — 


<Ce 
(14) 


x exp{—Im VE| x —x’}}, 


where Cp —0 for |E|—o. 

The properties (1) to (4) are sufficient for the 
derivation of the dispersion relations. We consider 
the forward scattering amplitude: 


(15) 
Je VFm 2 V(X) G(x, x’, EV (x!) et VE addy de’ 


Using the obvious estimate 
jexp @ VE (x—x’, a)}| <exp {Im/V/E |x —x’}} 


and relation (14), we obtain the result that the in- 
tegral on the right hand side of (15) is absolutely 
convergent for all E of the complex plane. Due 
to the analyticity of the function under the integral, 
the integral itself is analytic in the whole plane, 
excluding the cut and the points of singularity of 
the function G(E). At these points we have 
simple poles with the residues 
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iVIEjI VIE p44 
| dj=—-—4 (=) 


x SB Nexp VTEj| 6%, 4) V(x) be (x) ds 
x (exp {= V Ej 1 (x, a)} V(x") de (x’) dx’. 


Since the eigenfunctions can be chosen to be real, 
the dj are real. 

There are no singularities on the cut due to 
property (12). 

Thus, the function 


(e) = ve | Pea ee eS) \V @) dx| (16) 


has been shown to have the property (a). Further- 
more, property (b) for f(E) follows from prop- 
erty (13) for G(x, x’, E). Finally, one can show 
with the help of (14) that f{(E) also has the prop- 
erty (c). From this there follows a dispersion re- 
lation of type (1) for the function f(E), which can 
also be written in terms of the forward scattering 
amplitude. 

Similar considerations apply for the scattering 
amplitude with fixed transferred momentum T. 
In this case condition (9) is not sufficient, and we 
must require that 


|V (x) |<C|x[~ *exp(—+|x|/2), e>0 


(cf. reference 2 on this point). 


2. DISCUSSION OF THE DISPERSION RELATIONS 


In the above derivation it was evident that we 
did not require any special causality conditions, 
except for the locality of the potential in position 
space, for the existence of dispersion relations 
in the case of scattering from a three-dimensional 
center. The locality of the potential apparently 
plays the same role in the non-relativistic theory 
as the requirement of microscopic causality in 
field theory. 

We add a number of formal considerations, 
which may be useful for an analysis of the reasons 
for the existence of dispersion relations, and of 
the possibilities for applying them. 

In non-relativistic scattering problems in which 
dispersion relations appear, the situation is such 
that the complete S matrix of the system is a 
function of a greater number of variables than the 
potential. The general requirements which the 
S matrix has to fulfil, such as unitarity and sym- 
metry, do not sufficiently lower the number of 
variables. For example, for scattering from a 
three-dimensional center, the S matrixisa 


complex function of the energy E, 0 = E< a, 
and of two unit vectors defining the directions of 
the incident and the scattered particles, while the 
potential is a real point function in three-dimen- 
sional space, i.e., a function of the radius r, 

0 =r<o, and of one unit vector. 

The requirements of symmetry and unitarity 
lead to the possibility of expressing the S matrix 
elements through a real and symmetric function 
of the energy and two unit vectors. For example, 
one can use the representation of the S matrix 
in terms of the K matrix: 


Seika (17) 


But this function still depends on a greater number 
of parameters than the potential. An analogous 
situation obtains even for the scattering from a 
one-dimensional potential barrier. In this case 
the S matrixis a 2 X 2 unitary and symmetric 
matrix 


se)= (0 al 


b(E) c(E) (18) 


consisting of the coefficients for reflection to the 
right and to the left, a(E) and c(E), and the 
transmission coefficient, b(E). The require- 
ments of symmetry and unitarity lead to the pos- 
sibility of expressing all S matrix elements by 
three real functions of E, 0 < E< , for example, 
by a(E) and the argument of the function b(E),. 
while the potential is a real function of the variable 
X, —°0<x< 0, which may be regarded as two real 
functions of a variable going from 0 to o. 

Since the potential determines the S matrix 
uniquely, it is natural tc expect that in these cases 
there exist additional relations between the S 
matrix elements, which lower the number of vari- 
ables on which these elements depend. The dis- 
persion relations are examples for such connec- 
tions. This is particularly clear in the example of 
scattering from a one-dimensional barrier. In this 
case an analysis similar to that of part 1 shows 
that the transmission coefficient b(E) is the 
limiting value of a function which is analytic in 
the cut plane of E and has simple poles at points 
corresponding to a discrete spectrum. For large 
| E | 

b(E) =14+0(\E/-*), b(E + iO) = 6° (E — iO). 

Thus, conditions (a), (b), and (c) are satisfied 
for the function f{(E) =b(E) —1, and thus there 
exists a relation of type (1). It is more convenient 
to consider the function g(E) =In b(E). We ob- 
tain a relation for it which in terms of b(E) has 
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the form: 


ae’ +2 Yiarctan(/4! oe 


: (19) 


gb(E) =— p\ =; eee 


Relation (19) allows us to construct the whole 
S matrix from the reflection coefficient a(E). 
Indeed, from the unitarity requirement we have 

(20) 
|O(E)| = (1 —|a(E) Py; 
We determine arg b(E) from formula (19), and 
we obtain b(E) and c(E). 

In the three-dimensional case the relation in- 
troduced for Tag, does not sufficiently reduce the 
number of parameters. There must exist a whole 
series of additional relations, possibly of a com- 
pletely different type. Here it is interesting to 
note a result of Wong and Toll.? For a spherically 
symmetric potential they obtain the result that, to- 
gether with the forward scattering amplitude 


fos) 


fo = Dy (20 + 1) [Si(E) — 1] (21) 


1=0 


the expressions 


al Wa 


jn (E) = (+r) 


have properties of types (a), (b), and (c). Hence 
there exists an infinite system of relations con- 
necting all S7(E). Here it appears that only one 
function among all the S7(E) can be taken inde- 
pendently. Under the assumption that the pertur- 
bation theory converges, all S;(E) can then be 
expressed through S)(E). 

The above examples show that if the potential 
depends on less parameters than the S matrix, 
then there exist a whole series of relations be- 
tween its elements, which reduce the number of 
variables on which the S matrix depends. On 
the other hand, in the one-dimensional case, where 
the S matrix is a simple function with modulus 
one [S(E) =exp{2i6(E)}, where 6(E) isa 
real function of E] and where the potential also 
depends on one variable going from 0 to ~, re- 
lations of this type do not exist. Indeed, it follows 
from the theory of the reverse problem adapted to 
this case by Krein and Marchenko,!" that for 
every function S(E) such that |S(E)|=1, 
S(0)=+41, and S(E) -1—0 for E—o sguf- 
ficiently fast, one can find a potential, which is 
local in position space, and for which S(E) is 
the S function. Thus the S function correspond- 
ing to a potential which is not subject to any re- 
quirements except that of locality (and, of course, 


DAl+ VHA) 22) 


c’ (E) = —a(E) 6° (E)/6(E). 
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to the requirements which guarantee the existence 
of the S function, e.g., the decrease like 1/r’*€ 
for r— ©) cannot satisfy any relations of the 
dispersion type. We note here that our melee se 
do not contradict the results of van Kampen,° since 
the causality principle, which is the basis for his 
derivation of the dispersion relations, is equiva- 
lent to the assumption that the potential vanishes 
outside a finite interaction range. As is known, 
S(E) =S8(E) exp (2iE'/2a ) satisfies the disper- 
sion relation if V(r) =0 for r>a. 

Analogous considerations lead to the result that, 
in the case of scattering from a one-dimensional 
barrier, the relation (19) is the only relation, ex- 
cept for the requirements of symmetry and uni- 
tarity, to which the elements of the S matrix may 
be subject. Indeed, an investigation of the reverse 
problem, conducted for this case by Moses” and 
the author,!? shows that for every function a(E) 
such that |a(E)| <1, except at E=0, where 
possibly a(0) =-1, and such that a(E)—0 
for E-—o, one can find a potential for which the 
matrix constructed from a(E) with the help of 
formulas (19) and (20) is the S matrix. 

Finally, the relations of Toll and Wong for the 


case of a three-dimensional spherically symmetric | 


potential also are a complete system of relations 
in the sense that, if there exists a system of func- 
tions S;(E) subject to the conditions resulting 
from the analyticity properties (22), then it is pos- 
sible to construct a spherically symmetric poten- 
tial for which this system is a system of eigenval- 
ues of the S matrix. 


This last result shows that any relations between 


the S matrix elements which may later be intro- 
duced are consequences of the relations of Toll and 
Wong, although they may be different inform. This 
does not mean that the relations of Toll and Wong 
are the most convenient system. This system has 
a whole series of deficiencies. Firstly, one must 
require the fast decrease of the potential for 

r—o to guarantee the convergence of the series 
of type (22). Thus, for the convergence of the 
series determining f, it is necessary that the 


i-.0) 
integral f rl) Vor) |dr converge; thus, 
0 


for fy to have a meaning, the potential has to de- 
crease faster than r~™ for arbitrary m. Inter- 
preting the summation in (22) in some general 
sense, we can justify the relation of the Toll-Wong 
type also for an arbitrary potential (which de- 
creases faster than 1/r*), but this has not yet 
been done. Secondly, it is not clear what the anal- 
ogous relations in the spherically non-symmetric 
case look like. Therefore, one wishes to find pos- 
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sibly a new system of relations, which is valid 
also in the general case. In this connection it is 
interesting to note a paper by Moses,'4 in which 

a formal procedure is developed for the construc- 
tion of a potential from the known backward scat- 
tering amplitude for all energies and all directions 
of the incident particles over a hemisphere. Moses 
points out the analogy between these data and the 
reflection coefficient in the case of a uni-dimen- 
sional barrier. It is of interest to note that these 
data consist of two real functions of the param- 
eter E anda unit vector describing a hemisphere, 
while the potential depends on the parameter r 
and on a unit vector describing a full sphere. 


‘Dp. J. Wong, Phys. Rev. 107, 302 (1957). 

2N. N. Khuri, Phys. Rev. 107, 1148 (1957). 

3N. G. van Kampen, Phys. Rev. 91, 1267 (1953). 
4R. Jost and A. Pais, Phys. Rev. 82, 840 (1951). 
°A.Ia. Povzner, Maren. c6. (Math. Collection ) 


SOVIET PHYSICS JETP 


ROTATIONAL STATES OF NONAXIAL NUCLEI 


A. S. DAVYDOV and G. F. FILIPPOV 
Moscow State University 


Submitted to JETP editor March 17, 1958 


VOLUME 35(8), NUMBER 2 


32 (74), 1 (1953). 

OA, dae Povzner, Dokl. Akad. Nauk SSSR 104, 
360 (1955). 

"L. D. Faddeev, Becrnux JITY (Bulletin Lenin- 
grad State University) 7, 126 (1956). 

81. D. Faddeev, Becrnux JITY (Bulletin Lenin- 
grad State University) 7, 166 (1957). 

°D. J. Wong and J. S. Toll, Annals of Phys. 1, 
91 (1957). 

0M. G. Krein, Dokl. Akad. Nauk SSSR 105, 433 
(1955). 

UA MoAL Marchenko, Dokl. Akad. Nauk SSSR 104, 
695 (1955). 

121s Kay and H. E. Moses, Nuovo cimento 3, 276 
(1956). 

31,. D. Faddeev, Dokl. Akad. Nauk SSSR (in press). 

4H. E. Moses, Phys. Rev. 102, 559 (1956). 


Translated by R. Lipperheide 
76 


FEBRUARY, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 440-447 (August, 1958) 


A theory is developed for the energy states of nuclei which have no axial symmetry, and for 
the electromagnetic transitions between these states. It is shown that the breakdown of axial 
symmetry, though it does not appreciably change the rotational states from those for axial 
nuclei, leads to the appearance of new energy states. Comparison of theory with experiment 
shows that the so-called y-vibrational levels of even-even nuclei should be regarded as ro- 
tational levels. The levels of some nuclei with the spin sequence 0, 2, 2, 3 should be assigned 


to this same type. 
INTRODUCTION 


On the basis of the uniform nuclear model of A. 
Bohr and Mottelson,»**® the present authors have in- 
vestigated!‘ the energy levels of nonspherical nu- 
clei corresponding to collective excitations in 
which there is no breakdown of the axial symmetry 
of the nucleus. It was shown that the rotation-vi- 
bration energy of the collective excited states of 
the nucleus is a function of only two parameters 

— the frequency of the surface oscillations of the 


nucleus and the ratio of the equilibrium deforma- 
tion to the amplitude of the zero-point vibrations. 
The question naturally arises as to the extent to 
whick these results remain valid when one takes 
account of possible breakdown of axial symmetry 
of the nucleus. 

The question of the breakdown of axial sym- 
metry of the nucleus has already been discussed 
qualitatively in some papers.»”® Recently it has 
even become customary (cf. for example refer- 
ences 9 and 10) to assign certain excited nuclear 
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states to the so-called y-vibrations. Such an 
assignment is usually based on the values of the 
spins of the levels and the occurrence of a high 
probability for electromagnetic transitions, which 
confirms the collective nature of the levels. No 
quantitative theory of y vibrations exists. 

In the present paper we investigate the energy 
levels corresponding to rotation of the nucleus 
without change of its internal state. It will be 
shown that, with the breakdown of axial symmetry 
of even-even nuclei, the rotational spectrum cor- 
responding to the axial nucleus is changed com- 
paratively little but that new rotational states with 
total angular momentum J =2, 3,4... appear. 
For small deviations from axial symmetry these 
levels lie very high and are not excited, but with 
increasing deviation from axial symmetry some 
of the additional levels are lowered appreciably. 
So, for example, the ratio of the second excited 
level with spin 2 to the first level, which is also 
present in an axial nucleus, changes from infinity 
to two. The probabilities of electromagnetic tran- 
sitions between rotational states of nonaxial nuclei 
are calculated in Sec. 2. From a comparison of 
the theory with experimental data (Sec. 3) one 
can conclude that the properties of the experimen- 
tally observed energy states of even-even nuclei 
are satisfactorily explained if one assumes that 
these nuclei do not have axial symmetry. 


1. ROTATIONAL LEVELS OF NONSPHERICAL 
EVEN-EVEN NUCLEI 


On the basis of the uniform model, let us con- 
sider the nuclear levels corresponding to rotation 
of the nucleus as a whole without change of its in- 
ternal state. The operator for the rotational en- 
ergy of the nucleus has the form 


(1.1) 


AS J 
= a 
= 2 a sin? (y — 2m / 3) ’ 


where A = h’/4Bf" is a quantity having the dimen- 
sions of an energy; y varies between 0 and 72/3 
and determines the deviation of the shape of the 
nucleus from axial symmetry; the Jy are the op- 
erators for the projections of the angular momen- 
tum of the nucleus on the axes of a coordinate sys- 
tem fixed in the nucleus. The commutation rules 
for these operators differ from those for the cor- 
responding operators relative to a fixed coordinate 


system by a change in sign of their right-hand side. 


According to (1.1), for y#0 or 7/3 the nu- 
cleus should be treated as an asymmetric top. In 
the stationary states of the asymmetric top, none 
of the projections of the total angular momentum 
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on the axes 1, 2, 3 of the coordinate system fixed 
in the nucleus can have definite values, so that the 
energy levels cannot be classified by means of the 
value of K =J 3. In the asymmetric top there are 
2J +1 different energy levels for each value of 
the total angular momentum. These levels can 

be classified in terms of the irreducible repre- 
sentations of the group D, (with symmetry ele- 
ments Cy ery Gr corresponding to rotation 
through a around each of the coordinate axes 

1, 2, 3), since the operator (1.1).and the com- 
mutation relations of the Jn are invariant under 
this group of transformations. Thus the energy 
levels of the asymmetric top split into four types, 
corresponding to the four irreducible representa- 
tions of the group D, (cf. reference 11, § 101, 
and reference 12). 

In the case of even-even nuclei, of the 2J +1 
different energy levels with given J, only those 
can occur which correspond to the completely 
symmetric representation of D,. For J=1, 
there are no rotational levels of the required sym- 
metry. For J=2 there are two such states, 
there is one for J =3, three for J =4, two for 
J=5, four for J=6, etc. 

If we express the energy in units of A, the 
energies of the two states that have the required 
symmetry for J =2 are given by 
9 (1 —V 1— 8/, sin? 3y) 

sin? 3y 


21 (2) = 


’ 


(1.2) 


5 OG a Vesna s 

(2) =! 

The energy levels with angular momentum J =3 
are given by the formula 


3 
e(3) = 9)2/sin®(y — a) = 18/sin? 3y. 


A=1 


(1.3) 


The three energy levels with spin 4 are determined 
by the roots of the cubic equation 


is 90 48 


é Sin? 37 e + aang te + 26 sin? 3y] € 
640 : 
ey sin’ 3y [2% + 7 sin? oy] == (()), 


The two energy levels with spin 5 are given by 
é- (5) = [45-+9 V9 — 8 sin? 3y] / sin? 3y. 


In (1.4), 7=1 for the minus sign on the square 
root and t= 2 for the plus sign. The energy of 
the rotational states with angular momentum equal 
to six is determined from the solution of a quartic 
equation which we shall not give here. 

From (1.2) and (1.3) we get the simple relation 


1 (2) + 2 (2) = (3), (1.5) 


(1.4) 


4| 
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A/4bp? 


which relates the energies of the levels with spins 
2 and 3. 

The energy levels of even-even nuclei, calcu- 
lated on the basis of these formulas, are shown in 
the figure as functions of the parameter y. For 
y=0, the energy spectrum coincides with that for 
an axially symmetric nucleus. For fixed f£, the 
breakdown of the axial symmetry leads to an in- 
crease in energy of the levels which occur in the 
axial nucleus. This increase in energy corresponds 
to a reduction of the effective nuclear momentum 
of inertia or the effective deformation parameter 
Beff. For the first excited state with spin 2, the 
effective deformation parameter can be defined by 
the formula 

4 sin? 3 "a 
Pett = (saa) 

In addition to the comparatively small change 
in energy of those levels which occur in axially 
symmetric nuclei, the breakdown of axial sym- 
metry results in the appearance of new energy 
levels €)(2), €(3), €2(4),.... By using the 
dependence of €,(2)/e,(2) on y, one can from 
the experimental value of this ratio determine the 
appropriate value of y. 

Then we can use the figure to determine the 
sequence of spins and energies of the other col- 
lective levels of the nucleus. Comparison of the 
theory with experimental data will be made in 
Sec. 3. 


2. ELECTROMAGNETIC TRANSITIONS BETWEEN 
ROTATIONAL STATES OF NUCLEI 


It is well known that measurements of proba- 
bilities of transitions between nuclear states en- 
ables one to obtain valuable information concerning 
the nature of the excited states. In particular, to 
clarify the nature of the second excited 2* state 
in even-even nuclei, one can study the relative 


probability of transitions from this level directly 
to the ground state (0+) and to the first excited 
2+ state. It has been assumed in various papers 
that the first two experimentally observed levels 
with spin 2 correspond to one-phonon and two- 
phonon oscillation of the nuclear surface. Then 
the transition from the second spin 2 level to the 
ground state can occur only because of breakdown 
of the oscillator approximation. However no one 
has as yet succeeded in giving a quantitative es- 
timate of this effect. 

Starting from the assumption that both of the 
spin-2 levels are to be assigned as rotational 
levels, we shall calculate the ratio of the reduced 
probabilities for the transitions €)(2) — €;,(2) 
and €,(2)—~e€(0) as a function of the parameter 
y and, consequently, as a function of the ratio 
€,(2)/€,(2), since the latter depends on y. 

To calculate the probability of E2 transitions 
between rotational states we must express the nu- 
clear quadrupole moment operator 


Yh 
= 2¢ V4n/5 Ddyr2 Vou (9:92) 
t=1 
in terms of the Euler angles which determine the 
orientation of the nucleus and the collective co- 
ordinates measured relative to axes fixed in the 
nucleus. Making use of the transformation 


Y ou (99) = > Div (8) Yon (9'9') 


of the spherical functions when we go to a coordi- 
nate system fixed in the nucleus, and expressing 
the proton coordinates r, 3j, gj in this system 
(assuming that they are uniformly distributed 
inside the nucleus) in terms of collective coor- 
dinates a,, where 


@ 


Qj =B8cosy, a= 4, = 0, G, = a_, = siny, 


= 
wl> 


we can use the formula 
ay = a pe 5 Voy ( 9,02); 


to obtain the following expression for the yu-th 
component of the electric quadrupole-moment 
operator: 


Qon = Qo (Din cosy + = (Dist D} sa)siny), (2.1) 


where 


Q,= 3ZR°B/.V oe (2.2) 


is the intrinsic quadrupole moment of an axial nu- 
cleus with deformation parameter 8; Diy are 
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generalized spherical functions, dependent on the 
Euler angles, determine the unitary transforma- 


tion from the coordinate system fixed in space to 
the coordinate system fixed in the nucleus. 

The wave functions of the rotational states of 
the nonaxial nucleus which we want can be written 
in the form 

Poor = (1/8 7°)" @ (By), 
: b 
Yom = (5/8 7°)" 9 (By) [a1Dino + = (Ding + Din,—2)] 
cs (2.3) 


1 b 
Dane = (5/8 =)" 9 (8x) [@aDivo + 7p (Din + Dix), 
where g(fy) is a function describing the internal 


state of the nucleus, which is assumed to be the 
same in all three rotational states; 


a,N, =—[V9— 8sin? 3y + siny sin 3y + 3 cos y cos 3y], 
6,N, = 3sinycos 3y — cos y sin 3y, 
Ni = 2V9—8Bsin? 3y [V9 — 8 sin? 3y 


+ sinysin 3y + 3cosycos 3y], (2.4) 
a,N, = V9 — 8sin® 3y — sinysin 3y — 3cos y cos 3y, 
b,.N, = 3siny cos 3y — cosy sin 3y, 
NZ =2V9—8Bsin? 3y [V9 — 8 sin? 3y 


— siny sin 3y — 3cos ycos 3y]. 


As already mentioned, y varies between the 
limits 0 and 7/3 and determines the deviation 
of the nucleus from axial symmetry. The axes of 
the ellipsoid by means of which the shape of the 
nucleus is approximated are expressed in terms 
of y by means of the formulas 


R, =R[(1+8V5/4xcos(y—27d/3)], A= 1, 2,3. 


For y=0, the nucleus is a prolate ellipsoid of 
rotation with symmetry axis along 3. Fory = 
1/3, the nucleus is an oblate ellipsoid with sym- 
metry axis along 2. The rotational states as de- 
termined by the operator (1.1), and the probabili- 
ties of electromagnetic transitions between them 
are the same for values of y equalto y; and 
1/3 — y;. We therefore give all quantities only 
in the interval 0 <y <7/6. 

In connection with the above, it should be re- 
marked that the measurement of energies of ro- 
tational states and of electromagnetic transitions 
between them cannot give any indication as to 
whether the nucleus is a prolate or an oblate 
ellipsoid. The answer to this question could be 
obtained by measurement of average values of 
electric quadrupole moments in stationary states 
(J; M=J). In even-even nuclei, the average 
values of electric quadrupole moments in the 
ground state (J =0) are zero. In the first ex- 
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cited state with spin 2 the average value of the 
quadrupole moment is 


Q, = —Q,6cos3y¥/7V 9 — 8sin? 3y, 


where Q, is defined in (2.2). The average elec- 
tric quadrupole moment of the second excited 
state with spin 2 has the opposite sign: Q») = — Q. 
The reduced probability for an electric quad- 
rupole transition (JtT)— (J’T’), averaged over 
initial states of polarization of the nucleus, is 


tet 5 nee 9 
B(E2; Jt J'0') = eReIED 21 | me | oe ae 
Since we are assuming that there is no change in 
the internal state of the nucleus in the transition, 
the reduced transition probability can be expressed 
in terms of average values of 6 and y in the 
state y (8, y). Substituting (2.3) in (2.5) and using 
(2.4), we find the following values for the reduced 
probabilities of electric quadrupole transitions, 
expressed in units of e7Q? /16m which is the re- 
duced probability for electric quadrupole transi- 
tion in an axially symmetric nucleus between ro- 
tational states with spins 2 and 0: 


' _ B(E%M+0) _ 1 f, , .3—2sin®3y 7. 
OE ae chen) (e?Q?2 / 16 x) 2 L + Vos sy | 
(2.6) 
4 3—2sin?3y 
b PB) = —— —_— 5 5 
tease iS [! oma | em) 
O(E 9092501) = eee 


7 9—8sin?3y° 


In Table I we give, for several values of y, 
the ratio ¢€,(2)/e,(2), the values of the reduced 
probabilities of the transitions (2.6) to (2.8) and 
the ratio of the reduced probabilities of the elec- 
tric quadrupole transitions b(E2; 22—-21)/ 
b(E2; 22—-0). From the data of Table I it follows 
that with the breakdown of axial symmetry of the 
nucleus, the reduced probability of the transition 
from the first excited level to the ground state 
changes little. The reduced probability (2.7) of 
the transition from the second excited level with 
spin 2 directly to the ground state is equal to zero 
for y=0 and 30°, andfor y=15—24° amounts 
to approximately 5 to 7% of the probability of the 
corresponding transition between the first excited 
state and the ground state. The reduced probabil- 
ity of the E2 transition from the second excited 
state with spin 2 to the first excited level is very 
small for y * 0, but it then increases rapidly and 
in the region of y ~ 20° it amounts to approxi- 


mately 40%, in the region y ~ 30° to approximately 


140% of the reduced probability of the ground state 


| 


(2.8) 


ROTATIONAL STATES OF NONAXIAL NUCLEI 
| TABLE I 


a 


y° ae b (E2; 24 — 0) b (E2; 22 — 0) 
0) co 41.000 0 

B) 64.2 0.993 0.0074 
10 15.9 0.972 0.028 
15 6.85 0.947 0.053 
20 3.73 0.933 0.067 
22.9 2,98 0.937 0.0625 
24 2,59 0,948 0,052 
25 2.44 0.955 0,0425 
26 2.26 0.968 0.0324 
28 2.07 0.99 0.010 
29 2.01 0.996 0,004 
30 2.00 4.000 0.000 


b (E2; 22 —> 21) 


[ai ee RC SOMES MESHED) 


transition in the axial nucleus. 

Especially interesting is the ratio of the reduced 
probabilities b(E2; 22—-21)/b(E2; 22—0), since 
this quantity is independent of the occupation of the 
level €,(2) and can be measured directly. 

Using the explicit form of the wave function for 
the level with energy ¢€(3), 


Ysmi = V7/ 16 x (By) [Dos =a Dae. 1 


we can calculate the reduced probabilities (in our 
units ) of the electric quadrupole transitions 


b(2 B; 3-22) = 3 (1+ [SSE Se), 


V9—8sin? 37 
. ee 32 Site Oy. 
b(2E; 3-421) = 5¢(1— 


The values of these probabilities and their ratio 
are given in Table If. 


3. COMPARISON WITH EXPERIMENT 


b (E2; 22 — 21) 


b (£2, 22 — 0) 


NOIQoOoow 
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The results obtained in the preceding sections 
are based on the assumption that the internal state 
of the nucleus is not changed during its rotation. 


This assumption can be satisfied only approximately, 
the better the farther the rotational levels are from 
those levels (with the same J, parity, etc) corre- 
sponding to excitation of the internal state of the 
nucleus. 

In Table III we give experimental data on the 
ratio of the energy of the second level with spin 2 
to the first. This ratio enables us to calculate the 
value of the parameter y using formulas (1.2). 
Using this value of y, we can calculate the ratio 
N =b(E2; 22—21)/b(E2; 22—0) from (2.7) and 
(2.8). Comparison of these ratios with the experi- 
mentally observed values (column 7) shows that 
the theory gives a good description of the experi- 


TABLE II mentally-observed marked change in the ratio of 
b (EQ: 3-> 24) reduced probabilities when we go from one nu- 
pit We eK bt, as: Oe) cleus to another. Comparison of the experimental 
values of the sum of the energies of the two 2t 
i. ees ee ye levels with the energy of the 37 level. as we see 
1 5 3 00 
20 0,12 1,67 0,072 from comparison of columns 4 and 5 of Table III, 
a le Hee A ipea confirms the identity (1.5) which is demanded by 
30 1.78 0 the theory to within 1% for all elements except 
Cd!!4, where a deviation of 5% is observed. In 
TABLE III 
ee ee 
4 
a : Exper. (kev) | N Refer- 
Nucleus €,(2) €,(2) + e,(2) | e (3) | Theoret. | Exptl ence 
pes 1,94 30 929 920,9 foe) 163 13] 
Xel28 2.0 30 1445 a foe) 497 14 
Cals DAT we 20.79 1774 1860 78 77.9 15) 
Se7s 20 26.6 1760 iss 68 23.5 16] 
Te?22 2,25 26.5 1760 — 66 78,2 17] 
Gd4 8.24 | 13,7 1133 1140 2.0 = [23] 
W186 8,08 kde) 4000 1000 2.0 — [29] 
Sm152 8.9 13,48 1206 1226 1.9 1.7 [18, 22] 
Dy16° 11 1A 1051 1047 ino 2,38 P°] 
wie2 4254 41.6 4322 1334 1.6 4,59 [7°] 
Pu2s8 23,4 8.13 1074 1076 1,2 1,3—1,5 | [19% 23] 
Pu? 23,7 8.0 1063 1060 1,2 — D9} 
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the case of Cd!!‘, in the region of the second ex- 
cited 27 level there are still three nearby levels 
4*, 0*, 2*, which may have an effect. From the 
figure we see that for y < 21.5°, the second ex- 
cited spin-2 level should lie above the 4t level, 
while it lies below for y > 21.5°. The spin-3 
level should always lie higher than the 4t level. 
These rules are satisfied for all those nuclei of 
Table III for which the positions of the levels with 
spins Dr 4". and 37 are known. 

It is interesting to note that for y = 30° the 
theory leads to equal separations between the 
levels €,(2), €2(2), €(3). Such an arrange- 
ment of levels also follows from the oscillator 
approximation for the energy of the surface oscil- 
lations. It is true that in the latter case the levels 
€)(2) and €(3) should be degenerate with spin 
values 0, 2, 4, and 0, 2, 3, 4, 6, respectively. 

Unfortunately there is little experimental in- 
formation from which one could determine the 
ratio b(E2; 3—-21)/b(E2; 3—-22). This ratio is 
known only for Kr®* and is equal to 0.0167!, which 
corresponds to a value of y a little greater than 
29°. The value y ~ 30° is in agreement with the 
observed value of ¢€)(2)/e,(2) =1.9 if we as- 
sume that the adiabatic conditions are broken down 
in this nucleus. 

Thus a comparison of the results of the theory 
with the known experimental data confirm the as- 
sumption that certain even-even nuclei do not pos~ 
sess axial symmetry. 

It should be noted that Gursky”4 in 1955, using 

a three-dimensional harmonic oscillator model, 
showed that the minimum energy of the nucleons 
corresponds to a nonaxial shape of the nucleus. 
In Fig. 6 of reference 7 the data of Gursky for the 
energy of the nucleons in the nucleus with Z = 55 
and N=91 are shown as a function of @ and y. 
From the figure we see that the minimum energy 
corresponds to y = 7.5°. 
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The Hartree equations generalized to the case of nonstationary states are modified to incor- 
porate processes of scattering of particles at small distances as a sort of momentum inter- 
action. The relation of these equations to the theories of Landau and Silin is shown. On the 
basis of the generalized equations, dispersion relations are found for Fermi and Bose sys- 


tems of interacting particles. 


In systems of interacting particles, the density 
fluctuations can be divided conditionally into 
“coarse-grained” and “fine-grained” fluctuations.! 
This separation is related to the approximate meth- 
ods of description of the sole actually occurring 
fluctuations. In condensed systems, the “coarse- 
grained” fluctuations describe density changes 
over regions of space with linear dimensions 
which are appreciably greater than the distance 
between particles, while the changes in number 
density of particles over space regions of dimen- 
sions comparable with or smaller than the aver- 
age distance between particles are described by 
the “fine-grained” fluctuations. The “coarse- 
grained” fluctuations, in which the properties of 
the system manifest themselves as if it were a 
continuous medium, can be described by means 
of the Hartree self-consistent field. This field 
contains the effect of long range force correla- 
tions in the system. 

The self-consistent field is too poor an approx- 
imation to describe the “fine-grained” fluctua- 
tions. This is due primarily to the large fluctua- 
tions of the actual (but not of the average) field 
at small distances, even for the case of a spa- 
tially uniform density. Processes of interaction 
of particles at small distances have rather the 
character of collisions, and they are to be de- 
scribed preferably in terms of a scattering prob- 
lem. Here the fundamental quantity is the scat- 
tering amplitude, which depends on the potential 
of the interaction between the particles and on 
their momenta. If we neglect the effect of the 
self-consistent Hartree field on the scattering 
processes at small distances, the scattering 
amplitude will be independent of the spatial co- 
ordinates. This statement is equivalent to neg- 
lecting the interaction between the “coarse- 


grained” and “fine-grained” fluctuations. 

The interaction energy of the particles at small 
distances can then be assumed to be some function 
of the scattering amplitude. In the simplest case 
of small scattering amplitudes, this function can 
be expanded in series and one can limit oneself to 
the linear approximation; the interaction energy 
will then be proportional to the scattering ampli- 
tude. In general the interaction at small distances 
can be regarded as a sort of momentum interaction, 
and the scattering amplitude or some function of it 
as the operator of this interaction. 

As will be clear from the sequel, such inter- 
actions describe the force correlations over small 
distances. The momentum interactions described 
above can be included in the Hartree equations 
generalized.to the case of nonstationary states,” 
and can be expressed in the following form: 


indy = | in ag + | tla —¥') Bld) eae’ | (a) 
thes ae (1) 
+ x\ i (x) B (p, ps qs X") he (x°) dx"; (q), 


where 
© (p, ps q, x’) = 1/2 [8(x’—q) F( p—p")) 
+ F (\p—p”|)8(x’—4q)], 
p=—ihd/dq, p’* =ihd/ 0x’, 


F(| p| ) is some function of the scattering ampli- 
tude. 

One can establish the relation of these equa- 
tions to the Landau equation for a Fermi liquid? 
and with the equation for a degenerate electron 
fluid which was obtained by Silin' as a generali- 
zation of the work of Landau, as well as with the 
Hartree-Fock equations. 

A-more complete and consistent description of 
fluctuations, not assuming a separation of the fluc- 
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tuations into “coarse and fine grained”, should 
start from a single interaction kernel depending 
on coordinates as well as momenta of the inter- 
acting particles. In Eq. (1) the interaction kernel 


is a sum of coordinate and momentum interactions. 


This is the cause of the formal division of the 
fluctuations into two types. 

1. To establish the connection of (1) with the 
Landau and Silin equations, which arise from (1) 
as a quasi-classical approximation in the limit 
h— 0, we introduce the density matrix 


e(4, a’) = 3) 4 (a) 4 (q’). (2) 


For the case of particles with spin, the spin coor- 

dinates may be assumed to be contained in q. 
Using (1), we can find the equation of motion for 

p(q, q’). This equation has the following form: 


ine’ (q, a!) = { — (0? / 2m) (0? Aq? — 0° / dq") 
+ | dx’ [G(/q—x') 
— G(\q’ —x' lp, x) (3) 
oe \ ax" ALK x") O.(q,0%'p; p').0(8", X) 
— {arr dx’s (x’ — x’) O(q’, xD, Pol, x)} 0(4 4’). 


We can go over from this equation to the equa- 
tion of motion for the quantum distribution function 
f(p, q), which is related to p(q, q’) by the well 
known relation® 


4 : 
Is,s’ (Py Q) = ar 9 (4 — 0/2: q+ ht/2)e“? dz, (4) 


where s and s’ are spin indices. We can intro- 
duce a distribution function f(p,q) which is in- 
dependent of the spin indices: 


F(p, q) = S\fss (p,q). (5) 


If we assume that the magnetization of the sys- 
tém is equal to zero and neglect fluctuations of the 
spin density in phase space, we can obtain the fol- 
lowing quantum-kinetic equation for f(p,q) by 
using Eq. (8): 


0 0 j ‘ , " /, i 
- Hite : = ear dp’ dp" dx[G (|x — q + he/2)) 


— G(|x’—q—ht/2|)) fF (p’, x’) fF (p’, gq) exp {it (p” —- p)} 

— ORE 5 \ de dp’ dp" F (||) {F(p', q+ (he /2) — bx /2) 

x f(p’, q—hx / 2) —f (p’, q— (At /2) + hx / 2) (6) 
< f(p", q + hx /2)} exp {ix (p” — p’) + iz (p” — p)}. 


Making the limiting transition f—0 in (6), we 
obtain the quasi-classical kinetic equation in the 
following form: 


of a iy, § 
tr F, N+ FP N=0, a 
v=0s/oOp, P= —de/0q; 

2 Ping é r 
2 (Ds a= 2 +l Fdp—p pte ap (8) 
=the \6( q—-x’|)f (p’, x’) dx’ dp’. 


If we neglect the last term in (8), which de- 
scribes the energy of interaction of the particle 
with the Hartree field, we get a kinetic equation 
analogous to the corresponding equation in refer- 
ence 3. 

The function ¢€(p,q) is the energy of the par- 
ticle in the self-consistent Hartree field, including 
scattering processes at small distances which de- 
scribe force correlations of small range; v and P 
can be treated as the velocity and the self-consist- 
ent force, respectively. 

We note that Eq. (7), though it is a quasi-clas- 
sical approximation, contains exchange effects or, 
in other words, takes account of the symmetry of 
the wave function of the initial system. Actually 
the initial equations (1), from which (7) was ob- 
tained, go over into the Hartree-Fock equations 
if we set 


F (pl) =\G (reer ar, (8a) 


where G(|r]|) is the interaction potential between 
the particles in vacuum. 

2. To find the energy spectrum of low excited 
states of a system of interacting particles, it is 
preferable to use Eq. (1) rather than (7). The 
point is that (1) contains quantum effects which 
are essential for Bose systems near the ground 
state (at absolute zero), while the equations of 
(7) no longer contain them since they are obtained 
in the limit h— 0. 

A procedure for finding dispersion equations 
for the states of a system which are close to a 
homogeneous, isotropic distribution of particles 
in coordinate space and chaotic in the velocities 
was given briefly in reference 2. We shall follow 
this procedure. 

Let us represent the function Y; (x) as 


di (x, £) = 9)7(x, t)exp {(i/h) Sj (x, 2}. (9) 


Substituting (9) in (1), we get a system of equa- 
tions for the functions pj, Sj. Since the state of 
the system with constant density, pj =const, is 
an exact solution, the nonlinear system of equa- 
tions for the functions p; and S; can be linear- 
ized in the neighborhood of this exact solution with 
Pj = const. 


If we look for a solution of the linear equations © 
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for Pj and Sj in the form of a superposition of 
plane traveling waves with frequency w and wave 
vector k, we find the following dispersion equa- 
tion for Bose systems: 


cot = (f*/m") CNG" (R) + RY Amy; (10) 


Here G*(k) =G(k) +3[{F(hk) + F(0)], G(k) 
is the Fourier component of the interaction kernel 
F(x) is the kernel of the momentum interaction, 
and m* is the effective mass which is defined by 
the expression: 


(m*)-! = (1/m) <1 + (3m/ n2k*) [F (hk) — F (0))). 


The structure of the energy spectrum (10) of the 
weakly excited states of a Bose system coincides 
in form with the results which were first obtained 
by Bogoliubov,® but differs in that the mass of the 
original particles is replaced by their effective 
mass, and that the function $[F (hk) + F(0)], 
which takes account of correlations over small 


where 


distances, is added to the Fourier component of 
the kernel of the interaction between particles. 
If we define F(x) from (8a), Eq. (10) coincides 
with the corresponding result from the Hartree- 
Fock equation. 
In the case of perfectly elastic spheres of di- 
ameter a, the interaction kernel can be taken in 
the form : 


G(\q—x'|) = (48/mat)8(|q—x'Ja). a) 


Then Eq. (10) gives results which are analogous 
to those of Brueckner and Sawada" (cf. also refer- 
ence 8), and in the limit k—0 with those of Lee 
and Yang. 

In the case of systems of Fermi particles, to 
find the spectrum of collective oscillations we get 
the dispersion equation 


1 = i(k? / mj) Gj () lo — kvj]?— nk! /4mj>7, (12) 


J 


G3 (k) = G (k) + 4/a SEF (pe — py + |) — F (| pe— py — Wk |) +2F(Ipe—p)I)], 


(mj)? =(1/m)+- (1/0) SY LF (| pep) 4k |) + F (| pi—pj— hk |) — 2F (| pj—Pe |), 


kv} = (kpj/m)+(1/2h) \[F (\p:— pj + hk |) — F (|p: — pj — AI), 


and Pj is the momentum of the j-th particle in 
the state with constant density. 

In the case of Coulomb forces, as k—0 we 
get the following expression for the limiting fre- 
quency of plasma oscillations: 


> &F (|p; —P;I) 


oa as 4nN ec? , 
ij No op? 


: me * “m* m 


If we define F(|p|) by Eq. (8a), the dispersion 


equation (12) coincides with the corresponding 


equation obtained from the Hartree-Fock equations. 
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We investigate how the field energy of the particle-like solutions of a nonlinear complex 
scalar field equation is related to the parameters of the equation and the frequency of oscil- 


lations. 


For the case of the simplest cubic nonlinear term, the first three particle-like 


solutions are derived and the relevant mass spectrum is analyzed by numerical integration. 
Under some natural physical assumptions, the spectrum is found to be bounded. 


i It is of interest, in order to clarify the poten- 
tialities of a nonlinear field theory of elementary 
particles,'~® to investigate the particle-like solu- 
tions* of the simplest nonlinear complex scalar 
field equation. This equation can be used as an 
example to investigate qualitative questions such 
as the existence and nature of a mass spectrum. 
It is of course clear that an attempt to construct 
a quantitative theory giving the relation between 
mass, charge, spin, coupling constants, radii, 
and other structural elements of particles can be 
undertaken only after all possible fields and inter- 
actions have been investigated. 

2. Consider a complex scalar field whose La- 
grangian is 


L=—Vy'Vo + Se mt ACE Sate AOE) (a5 


where X)= ct, the function F(v) is nonlinear, 
and m is a parameter whose units are the recip- 
rocal of length (we are using units in which h = 
c=1, so that on going to ordinary units m must 
be replaced by mc/h). 

According to (1), the field equations are 


Vb — Ob / Ox? — m2 [1 + F’ (bd) b = 0, 


V2p* — 0p" / Oxo — m2 [1 + F’(b"d)] v" = 
where F’(v) =dF(v)/dv. 
If Tj, is the energy-momentum tensor and J, 
is a vector, which we shall provisionally call the 
current vector, then according to (1) the field en- 


(2) 


ergy E= ieenay and the quantity Q = if Jy dV, 


which we shall also provisionally call the charge, 
are given by 


*We call a solution particle-like if it decreases monotonic- 
ally as ro and has no singularity at the origin. 


gate & 4 vyvy emeyy + Fpita, (3) 
oH \rte atta (4) 


For the case of spherical symmetry, the par- 
ticle-like solution ~ decays exponentially as 
r— o.° 10 Using this fact and Eq. (2) in the inte- 
gration indicated in (3), we obtain 


ee il Oy* dy 
B= 2 ie OX 
V 


3. As did Rosen and Rosenstock,® let us re- 
struct our considerations to the simplest form of 
nonlinear function, namely F(v) = Ay / 2, and 
let us attempt to find a spherically symmetric 
particle-like solution of Eq. (2) in the form 


y= u(ret, (6) 


where ¢€ is a parameter proportional to the fre- 
quency. Then the equation for u(r) and the ex- 
pressions for E and Q become 


(5) 


b= ules, 


eae 3 3 
> ae (re) + (2? — m? + we] u = 0, (7) 
poe o( utdartar ai “av ulder2dr, (8) 
0 0 
Osis \ urArrtdr. (9) 
0 


If we assume that € <_m, we can introduce the 
dimensionless quantity p =rvm?-—e2 and the di- 
mensionless function »=VAmru to transform 


of Se + me LF 8) —VOF (| AV. 
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(7), (8), and (9) to the form* 


d? / de® = [1 — 7/0) 9, (10) 
sees ss =li+ rene Ia], (11) 
Q= epee h. (12) 
1 = (ata, hae do (13) 

: é 


(According to (10) it is obvious for particle-like 
ee) 
solutions that I, =I, + i) 7’ dp, so that the rela- 
0 
tion I, >I, holds in all cases.) 
Eliminating 2» from (11) and (12), we obtain 
the relation between E, Q, and e¢, namely 
E & {— (e / m)? I, 
om Q ie 38 I i 


pe 4e/m 


(14) 


4. It is easily seen that particle-like solutions 
(i.e., solutions which satisfy the condition (0) 
= 0 and which approach zero monotonically as 
r— ) exist only for Eq. (10); no such solutions 
can be found for Eqs. (10a) or (10b). This means 
that (7) has particle-like solutions only if ¢ < m. 
To see this, consider the equation 


n” = [B — 7° /p?) 2: (10c) 


which is a unified statement of (10), (10a), and (10b) 
with B=1 for «<m, B=-1 for e€>m, and 
B=0 for €=m. 

It is evident that in the two last cases (B =-1 
and B=0) the sign of 7” is the opposite of the 
sign of n. Therefore any integral curve is con- 
vex upward for n> 0 and convex downward for 
n <0 for all values of p. This means that all 
solutions of (10a) and (10b), except those with 
n =0, oscillate about the p axis aS p+. 

Let us now consider the following Cauchy prob- 
lem for Eq. (10): 


dn ~ 
dp? =( = Bet 


(15) 


where qa is a parameter: 
This problem is easily solved in the neighbor- 
hood of p=0, giving the power series 


*If © > m, we can set p = rf/e—m, in which case (10) is 
replaced by 
d?y / dp? = —[1 + %°/ 7] ». 
If, finally, e= m, we set 7 = Vxru, and (7) can be written 
dy | dr? = — (1?/r) 9. 


(10a) 


(10b) 


1— «a? 


q=a(pt 7 


set : (16) 

AS p—+, any solution of (15) which ap- 
proaches zero is a monotonic function of p, since 
in this case the sign of 7” is the same as that of 
n. 

We shall show that there exist values of a such 
that (15) has a solution which approaches zero as 
p—+o and has, for instance, a single node (at 
p=0). We shall call this solution the first eigen- 
solution, and the corresponding value of q@ the 
first eigenvalue. 

Figure 1 shows the regions in which the sign of 
yn” is constant. Consider the line 7 = p/V3. . Nu- 
merical integration shows that there exists an 
Qs a(°) >1, such that the corresponding integral 
curve n= n{( p) enters into the region 0<17< 
p/V3 for some value of p =p and has a single 
zero at p=0. There also exists an a = a(°) > o(°) 
whose integral curve 7 = np) has a second 
zero at some value p = plo >p. If a* and a** 
satisfy the condition 


(0) <a <a < w(0), 


then the corresponding n*(p) and n**(p) sat- 
isfy the condition 


1° (6) > 4° (pe) >n"*(0)> 1 (). 


We shall now prove that under these conditions 
there exists a first eigensolution. 
We note that in the region 0 << p/V3, any 
two solutions n,; and 7) have the property that 
ni t+ ayn, + 2 
°? )I 


(17) 


sign (4; — 7,) = sign [(m — "e) (1 = 
= sign (4 — 7%). 

Therefore segments of the integral curves corre- 
sponding to @ values from the interval al?) <a< 
af) starting from points whose abcissas are p 
=p do not intersect before leaving the region 
0<n<p/V3. 

Let 7(p) be a solution of the Cauchy problem 
7" =7, 7(p) =k [with k > n{°(p)], which ap- 
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proaches zero as p—+. There obviously ex- 
ists an interval p <p < pl) on which 0 < n(p) 
=7(p) (Fig. 1). 

Let us choose a = ( or(0) Hees (0))/2. To this a 
corresponds either n{! Ob) which crosses 7(p) 
at p= pi), ), or 5 )(p), which crosses the p 
axis at p} 1 ; Sinte the integral curves do not in- 
tersect in the region of interest, p§) > p} (0) and 

(1) > p(), In the first case we set a 

(o(0) + a0) )/2 and alt) = a0), os in the second 
ened we ae a() =a (0 ) and a(t) = = ov) + a0) y/2; 
which gives a new pair of clues . a renbiieLy) 

(1) and a(t) ) to which correspond the integral 
curves n)(p) and nf! )(p), which are located 
in the region 0<17<7(p) onthe segment p < 
p =min(p{"), pf"). 

Continuing this process ad infinitum, in the 


limit we obtain a =a =lim a(t) = lim ali), Since 
i+ i—-+00 


at least one of the two sequences fo} or { pf)} 
is unbounded, to the value of @ corresponds an 
integral curve which lies entirely within the region 
0<7<7(p) for p>p and is thus an eigensolu- 
tion. 

In a similar way we can prove the existence of 
successive eigensolutions whose indices are de- 
termined by the number of intersections with the 
p axis. 

5. The eigensolutions of (10) and their corre- 
sponding eigenvalues were found by numerical 
integration of (15) for different a. 

Since the equation is singular at p=0, the 
initial conditions were given for p=p)>0 using 
the series of (16). The integration was performed 
for py = 107 and p)=107°, and the results were 
found to agree within the required accuracy. 

The calculations were performed on the high- 
speed electronic computer “Strela” (Arrow) of 
the computing center at the Moscow State Uni- 
versity. 

The region in which the eigenvalues [a, a$] 
are Situated and the eigenvalues a, were found 
to a predetermined accuracy automatically, by 
programming the calculation described above. 

In the interval 3 < a <= 90, we obtained five 
first eigenvalues with a relative accuracy of 5 x 


a = 4.333 
a2 
Ot f=29.1328 
A=43375 
x 
—ai Of = 29, 13105 
=02, A =/4 1035 


FIG. 2 
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FIG. 3 


10°, These were a, = 4.33, @,= 14.10, a3 = 
29.13, a4, = 49.36, and a5 = 74.77 (all the fig- 
ures are significant). Figure 2 shows the be- 
havior of the first three integral curves for @ 
somewhat larger and smaller than the corre- 
sponding value of dp». 

The eigensolutions, the first three of which 
are shown in Fig. 3, were tabulated with a rela- 
tive error ¢ =107‘, and then checked with an 
accuracy for which ¢ = 107° in steps for inter- 
vals py =p = pi such that when p=pj the 
solutions approach their asymptotic curves with 
an accuracy of no less than 1%. With this accu- 
racy, the following asymptotic expressions. are 
obtained for p > pj: 


Ny = 2-70 e-° (p, = 3.45); yy = —17,0e-° (92 = 5.07); 
N3 = 83 e-° (03 = 6); my =—375e °(0, = 6.85); 
Ns = 161 1e7"(pp=8:1): 
The integrals 
IQ= \ wdp, IY =\ “aa 


0 0 


were obtained graphically with an accuracy of 1 


or 2%. Their values were Lee =i1°53;, (2) = =o 
18) = 27.7, 1) = 63.6) 10) = 212.8) 1(1) = 5.5, (2) 

2 
= 39.4, 1(3) = = 123, 1(4) = 255, and (5) = = 476. 


6. moeatione (11), (12), and (14) ead be used 
to obtain further results only if we make addi- 
tional assumptions on the relation between E, e, 
and @, and their physical meaning. 

If, as in de Broglie’s concept of the double so- 
lution, '? we consider a particle-like solution of a 
nonlinear equation to be a “singularity moving in 
the proper way,* we must require that 


s=E=M, (18) 


*According to the hypothesis of a double solution }° Eq. (6) 
is a solution of the nonlinear equation (2) such that there is at 
least some region in which the phase is the same as that of 
the usual quantum mechanical wave (cons eiMx), 
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where M is the true mass of the particle. Then 
according to (11), the quantity 


X=M/Vm— Me (19) 
should be given by 


9 Am? , I re 
xX sae Ts San cape (20) 
whose solution is of the form 


X = (Nn? / nly) [1 (1 — 16n2/y/y/22m4)""). (21) 


According to (21), for every eigensolution of 
(10) there exist two values of X, and therefore 
also two of M. These two values, however, also 
give different values of Q, so that according to 
(12) and (19) 


Q = (4n/ dm?) 1,X = Yo fl (1 — 16n2/,/, / mt) *}. (22) 


In order that there actually exist values of M and 
X, it is necessary that there exist I; and I, sat- 
isfying the inequality 16714], < \’m*. From the 
values of I; and I, obtained, as well as from the 
graphs of the 7 functions, it is seen that I,I, in- 
creases with the index N of the eigensolution. It 
is quite probable that this is true for all eigen- 
solutions, since their maxima move toward larger 
p as N increases, while the solutions themselves 
oscillate about the lines » =+x before they begin 
to approach their asymptotic forms. In any case, 
if it is true that I,], increases with N, it is pos- 
sible to find values of N such that the roots of 
(21) are complex, and are therefore physically 
meaningless. In this case the mass spectrum of 
M values is cut off, which means that it contains 
a finite number of terms. 

The mass spectrum may be even further re- 
stricted if Q, like an electric charge, can take 
on only integral values. Such an assumption does 


not follow, however, from a theory which includes 
only a scalar field with no electromagnetic field, 
so that it must be introduced artificially. 

Thus for certain definite values of Am? the 
simplest equation for a scalar complex field can 
have a bounded number of particle-like eigensolu- 
tions, which means that the mass spectrum of M 
values is bounded.*’ 

'N. Rosen, Phys. Rev. 55, 94 (1949). 

2A. C. Menius and N. Rosen, Phys. Rev. 62, 

436 (1942). 

3R. J. Finkelstein, Phys. Rev. 75, 1079 (1949). 

4S. Drell, Phys. Rev. 79, 220 (1950). 

2 Finkelstein, Le Levier, and Ruderman, Phys. 
Rev. 83, 326 (1951). 

8N. Rosen and H. B. Rosenstock, Phys. Rev. 85, 
257 (1952). 

"N. Mitskevich, J. Exptl. Theoret. Phys. (U.S.S.R.) 
29, 354 (1955), Soviet Phys. JETP 2, 197 (1956). 

8 Finkelstein, Fronsdal, and Kaus, Phys. Rev. 
108, 1571 (1956). 

iol i Shushurin, Hayuupie goxnaner Bricmet 
WIKOJIbI, Cepua cbu3.-maT. HayK (Scient. Reports 
of the Higher Inst. of Learning, Phys.-Math. Series), 
No, 3, (1959). 

Wisnde Broglie, J. phys. et radium 8, 225 (1927). 


Translated by E. J. Saletan 
ie 


*Thus, for instance, if we set Am? = 242 (4m/I,I, = 242 for 
the second eigensolution), then only the first and second 
eigensolutions are possible according to (21). For the first of 
these we obtain two masses, and for the second only one. 
These three masses are related as 1:10:14. As Am’ is increased, 
the mass of the second eigensolution splits into two terms, and 
as it is further increased, the mass of a third eigensolution 
appears, etc. For very large values of Am’ the number of pos- 
sible masses becomes very large; the five lowest masses will 
be relatedas 0.14:1:3.1:6.4:12:..., and the largest masses 
will concentrate about the value m, which forms their upper 
limit. 
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The probability for hyperon decay into nucleons (hyperons) and leptons is computed. The 
energy distribution, correlations, polarization, and asymmetry of emission of the particles 
are determined. Numerical calculations are given for the case of a universal V-A inter- 
action.! The probabilities for the leptonic decay modes of =~ and A° are found to exceed 
considerably the corresponding experimental upper limits. 


1. INTRODUCTION 


Recenty Feynman and Gell-Mann,! as well as 
Marshak and Sudershan,” proposed the V-A co- 
variants as a universal four-fermion interaction 
and listed a number of points in favor of this pro- 
posal. As was shown in reference 1 the general 
character of the interaction was such that the fol- 
lowing £ decays of hyperons, thus far not ob- 
served, should be possible 

Mopte ty Moptpo+ 

xX —-n+e +y, os an-we + 

Sere ie ei eee eae ey 


Y, 
~ 
Y, 


(1) 


cree We +e —y%, cree) a yd oe 


Ce) oe Y. 


Beep ee y, 

The probabilities of the electron decay modes 
of A° and =~ were computed in reference 1. In 
this work we compute, in addition to total probabil- 
ities, the energy distribution, correlation, polariza- 
tion, and asymmetry of emission of particles 
formed in the decay of a polarized hyperon. Since 
the coupling constant of the axial-vector interac- 
tion may be renormalized by strong interactions 
in a manner different from the vector constant, 
one must take in general Ca = —Cy. In the com- 
putation of polarization and asymmetry it was found 
convenient to calculate traces and integrate over 
unobserved variables in a coordinate system in 
which the momentum of the particle under study 
was equal to the momentum of the decaying hy- 
peron, and only afterwards to transform to the 
rest system of the hyperon.? The assumption of 
nonzero rest mass for all four fermions partici- 
pating in the decay process does not complicate 
the calculations and permits application to proc- 
esses involving neutral currents such as A? — 


nt+e+uy', if it should turn out that these exist. 
The total decay probability is given in terms of 
an integral which is given explicitly when the 
mass of one of the decay products equals zero. 
Numerical values for the probability of hyperon 
B decay and emission asymmetry are obtained for 
the V-A universal interaction without renormali- 
zation effects (Ca =—Cy). In Appendix B we 
discuss possible types of universal parity-noncon- | 
serving interactions, and outline simple methods 
for deriving the S+P —- T interaction results 
from the V-A (and vice versa) for processes 
involving free particles as well as for the usual 
B -decay process. 


2. ENERGY CORRELATIONS 


The various processes given by Eq. (1) can be 
written in a unified form as 
N Ca ~ 
Y= {| + {eniees (2) 
where Y stands for a hyperon and N for a nu- 
cleon. The universal four-fermion interaction 
responsible for these processes can be written as 
follows (we consider the V and A covariants 
only ): 


Hint= (Pun (Cv — Cays) by) (Peru (1 —y5)y)e (3) 


( From now on we shall write all formulas for the 
decay of a hyperon into a nucleon and electron only. 
The corresponding expressions for the hyperonic 
or 44-mesonic modes of decay are obtained by re- 
placing the index N by Y’ or e by li.) 

The transition probability [calculated using the 
Hamiltonian (3)] for the decay of a hyperon Y at 
rest with polarization €y accompanied by the 
emission of an electron of energy Eg into the 
solid angle element dQ. and a nucleon into the 
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solid angle element determined by its energy EN (Ej, mj, Pj, ¢j stand for the energy, mass, mo- 
and the azimuth angle yy about the axis Pe mentum, and polarization respectively of the i-th 
(measured from the fyP,e plane) is given by particle in its rest frame): 


, Bn 4 dQ, don 
dW (Gr; Evy Ew, Qe, on) = 35 GE ye MEME (7? [(my — Ey — Ez) — y(pw + Pe)] LEwEe — Swe] (4) 


+? [E.— (Sy pe)] [Ew (my — E.) — mk + sye] + Himy [Ee (my — En) — m2 + sne— (my — Ey) (Sy+p-) + E. (Gy -py))}. 


Bere 
q=Cy—Ca, §=Cy4+Ca; (5) 
Sve = (Py-P.) = */2 [m2 + mi, + m2 — m2? — Qmy (En + E.) + 2EnE.), (6) 
so that the direction of the vector py in fy-pn is free to vary only in the angle gy. Integration over 
this angle yields 
(b+ Py) > GP.) Sy / (E2 — m2), ) 


The electron-antineutrino correlation is given by a more symmetric expression (we continue to write 
simply v instead of 7): 
4 dQ, do, 
dW (Gri Be Ev, Qe) ) = ee Ge ag AERME, (x? [Ey + -p,)] [Ee (my — By) — mi + 80] 
+ 8 [E.— (G pe)] [Ey (my — £.) — ny + Sey) + non [Ee (Gy-py) — Ev (Gree) )}e 
where, as in Eq. (6) 


(8) 


Sev = (Pe Py) = */e [mp — my + mi + my — Qmy (Ee + Ey) + 2E.E\). (9) 
The nucleon-antineutrino correlation can be obtained from Eqs. (4) to (7) by interchanging the indices 


e and v and by using the substitution 


Vac (ies; Ca——Ca), ty > — or. (10) 


3. ENERGY DISTRIBUTION, POLARIZATION, AND EMISSION ASYMMETRY OF PARTICLES PRODUCED 
IN THE DECAY OF A POLARIZED HYPERON 


In order to obtain the probability for the emission of a nucleon in the direction ny = py/|Pn| and with 
the polarization €,, we must integrate the expression for the decay probability over the electron and neu- 
trino variables, subject to conservation laws. Some of the details of the calculation are given in Appendix 
A. The result is 


dW (by; Ev, ny, Sv) _ VEX — mi dB y dQy VIRy— lm, + mT TRy — (=) oN (11) 
a 2 (27)3 Gr Re ‘ 
where 
Ry = my + my —2myEy, (12) 
TN =T" 47% Gyn) + 73 (Gv-nw) + TH (6y-nw) Gott) + TS. (Grn) — (byt) (Gy + Aw))- (13) 


In (13) TN describes the nucleon-energy distribution, TN the emission asymmetry, TN and TN 


the longitudinal polarization, and TN the transverse polarization. The oy are given by 


TN = (2 + 7°) (my — Ew) (myEn — my) Py’ —3/g my (EX — md) Te’ } — SnmyRw (TY +09); 
TN = (2 — 4p) V Ex — mb ((myEw — my) Ty! — fa my (my — Es) Te"); 
TN = (2 — of) V EX — me {my (my — En) Py’ — 3/3 (myEw — my) 0’); (14) 
TN = (2 + 9?) (my (EX — mb) PY — 1/5 (my —- Ew) (myEy — my) To} + bamwRw (TY — 2); 
TN = —1/,(2 + 4°) myRnTs’ + én (En (m} + mh) — 2mymiy] (Ty —T2); 
PY == (Ry + m2 — m’] [Ry — me + my}; Ty = [Rw — (ite + my)?] [Rv — (ttle + my)". 
If we set Me = my, =0 in Egs. (11) to (14), we obtain the formulas of the V-A theory for the polari- 


zation and emission asymmetry of the electrons in the decay of a w meson (the index Y would refer 
to the » meson and N to the electron). Such formulas have been given before.?4 
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In analogy with Eq. (11), we have for the electron 


V B—m aa, V(R,— (in +m) [Rp (My — MP], 
dW (GrsBates &) = get GE (15) 
where 
R, = my +m; — 2myE,; (16) 
T? a Tl 4 TS (Cre) + TS (Sette) + TG (Grete) (Come) Ts ((SveGe) — (Gr te) (Gette)]; (17) 


Te = oP ((myE,— m2) (my — Ee) PS — 1/5 my (E2 — m®) TS} + PER. (Ti + V3] — Qiu (myE, — me) Re [Re — my + ms]; 
TS. = —V E2— m2 (4? [(myEe— me) P{ — 1/5 my (my — E.) Ts) + Re (ly + Ps] + LenmymyRe [Re — my + mi]}; 
5 = —V Et — mb (x? [my (my — Ee) T} — "/a (my Eo — me) TS) -+ PR. [T? +13] — 2éymymyRe [Re — min + M]}s (18) 
Ti = 12 {my (E2 — m2) T'{ — 3/5 (my — Ee) (myE. — me) 13} + &meRe [Ti + Ta); + 2eqmymn (my — Ee) Re [Re — my + m)}; 
TS = — "sy 72meRTS + PER: (VY + 3) + 2éymy (myE. — m2) Re [Re — min + mi); 


Ty =[Re+ my — ms] [Re— min + my]; T= [Re — (mw + my)?] [Re — (tty — tty)? ]. 


The formulas for polarization, emission asymmetry, and energy distribution of the antineutrino can 
be obtained from Eqs. (15) to (18) by interchanging the e and v indices and applying the substitution 


(10). 


4. DISCUSSION OF RESULTS 
The total decay probability and integrated emission asymmetry are obtained from Eq. (15) by sum- 
ming over the directions of ¢,. and integrating over Eg between the limits mg and [m% pets 
(my + m,)?]/2my. 
An analogous procedure should be applied to Eq. (11). The results may be written as 
dW (by, nz) = Wy (1 — ag (Cys n,)] dQ; /4n, i=N,e. (19) 


The energy integral entering into the expression for Wy) must be evaluated numerically if none of the 
masses vanish. For m, =0 the integral can be performed analytically and we find 
mo 
Wo= domes U(e* + 1°) Ar + SA), (20) 
where 


(aie) + Gre) Cae) + Ge) Cie) 
A, = 2 {f[1—(FE)] + (2) Jin wey [1 (52) Jinn — Ff (2) —2( Ze) + 10(z*) 


ee ) 5 (Fe) (ms yy (21) 


mage [l+e4() — (2) w= ee [i te) + 


The coefficients ah of Eq. (19) can also be only the order of magnitude of these quantities is 
given in analytic form, but the resultant expres- of interest, we make use of the simplifying as- 
sions are unwieldy. It is simpler to calculate sumptions =0, n= V2G=2x 10749 erg-cm 
them for each specific case by a numerical inte- (ie., Cy=- Ca = G/V¥ 2, where G is the con- 
gration of TN and Tf over the energy. We stant of Feynman and Gell-Mann'). This means 
give above a table of values of Wy and ay for that no renormalization is taken into account for 


the decays enumerated in (1). Since at this time either the vector or axial-vector coupling con- 


HYPERON BETA DECAY 319 


Probabilities for Leptonic Decays of Hyperons and Emission 
Asymmetries of the Produced Particles 


Decay mode 


AM pe+tv 7.4.10? 
AW ptu-+ty 4.2.10? 
Za npte+v 5.4-108 
Ps apurte 2.4.408 
Z-> At ety 2.1108 
Zt APF et v 1.4-108 
eA eb 1.6-108 
Bo mec wee 4.3.10? 


stants. The table also lists values of 7, the ex- 
perimental hyperon lifetime, and of WoT which 
is the ratio of hyperon 8 decays to total number 
of decays. 

It follows from the above that approximately 
% of the total number of decays of the =~ hy- 
peron and '/, of the decays of the A’ hyperon 
should proceed through the leptonic modes.* 
Therefore a contradiction with the universal 
V-A interaction would arise should the absence 
of these decay modes be confirmed. On the other 
hand, taking into account renormalization and the 
energy form factor of the interaction may decrease 
the value of Wp. 

As can also be seen from the table the inte- 
grated emission asymmetry of the electrons and 
. mesons is small. This smallness is a conse- 
quence of the assumption Ca = —Cy. It follows 
that a measurement of lepton-emission asymme- 


_aW (106 sec! Mev”) 


ae, 
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FIG. 1. Dependence of the hyperon decay probability 
on the energy of the produced nucleon. 


*The values for the decay probabilities for A° > p+e +0 
and & +n+e + quoted by Feynman and Gell-Mann are 
somewhat smaller than those given in the table. This discrep- 
ancy disappears if it is assumed that the quantity C(x) in- 
troduced in reference 1 has been set approximately equal to 
unity by the authors in their calculations. 


e 
% or of 


Prestl 0.6 ~ 0.05 
0,33 0.4 0.06 
9.6 0,55 0.175 
4.3 0.5 0.09 
0.037 0.65 
0.013 0.5 
1.6 0,6 
0.4 0.5 


try would provide a sensitive test of this assump- 
tion. 


dw dw a ae 
—— +s> (106 sec! Me 
at, dé, ‘ v) 
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FIG. 2. Dependence of the hyperon decay probability on 
the electron or on the p-meson energy. 


OS 


Oo 10 20 JO 
Ey in (Mev) 
FIG. 3. Energy dependence of the nucleon emission 
asymmetry. 


Figure 1 gives the dependence of the hyperon 
decay probability on the kinetic energy of the nu- 
cleon aie =Ey-my. Figure 2 gives the de- 
pendence on the energy of the electron, Een or 
of the » meson ies The energy dependences 
of the asymmetry coefficients of the nucleon 


if aN (Ey) =- TN/TN and of the electron and yp 


meson [a®(E,) =-T?/Tf and a#(E,)= 
— TH/Ti'] are shown in Figs. 3 and 4 respectively. 
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FIG. 4. Energy dependence of the electron or pz-meson 
emission asymmetry. 


In all figures the curves labelled 1 refers to the 
decay A.—p+e +0, those labelled 2 to 27 — 
nt+e +, and those labelled 3 to 2 —~n+p + 
Dv. The remaining decays in (1) are character- 
ized by analogous curves. 


APPENDIX A 
Calculation of Decay Probability 


If the interaction Hamiltonian is of the form 
(3), the decay probability of type (2) is given by 


: apy ap, 
dW = on os me 47,8 (Py — Py —P,—P,)IMI?, (A.D) 
where 
| MP = 4Sp (PRY ywRiv + PRo eRe VW 
4 af [Rey Rey + Rey RewSp (Rew. «©? 
Here 
 Nagdl hc eae ied ey ar (A.3) 
R; = apa, Ry= apa 
a=(1+y;5)/2, a=(1—ys)/2, (A.4) 


and p! is the usual density matrix for the i-th 
particle.° 
It is easy to show that (A= YpA 


i) 

Ri = — iat; 4E;, -=— iat; 4E,, 

i ara : _ se (A.9) 
Rs =a (m; aF CPi) /4E;, R; = 1a (m; a CzPi) i; 4E;, 

where 


te =p; — mibp, t= pp mie (A.6) 
where 
(A.7) 


= tt (Gepdpe/mi (Er +m), Gio= (ies) /m. 


a differs from ¢; by having the component along 


V: M -SHERETER 


the p; direction increased E;/mj times, and 
fi) is defined by the equation 


(Gi Pi) = CiuPipn = 0. 


When Eq. (A.5) is introduced into Eq. (A.2) the re- 


sult is 
| M2 = (1/4 EyEwE-E\) (7? (tyty) (tte) + & (tyte) (tty) 
+ 1 [mymy (tet) — my {(Cvte) (Paty) — (Gwty) (Prte)} 
+ my {(Cyte) (pyty) — (6yty) (prte)} 
4 Arn ALA 
— Sp (Sw pwn Sy Pry) 
x (= (te)u (ty)v — (te)v (Ev) + (te) (t5)g &« uv)]} 
(€ aBpv is the totally antisymmetric tensor with 
components 0, +1). 

The last trace in Eq. (A.9) is easy to calculate; 
subsequent substitution into Eq. (A.1) yields all 
possible distributions and correlations in the de- 
cay of a hyperon. However, for our purposes, it 
is not necessary to write out the general expres- 
sion since ¢y =0 and the last trace vanishes in 
all cases, except Eqs. (11) to (14). In the case 
when £y ~ 0 the calculation is carried out in the 
coordinate system in which py =Pyn, i.e., De= 
—p,. In that case the last term of Eq. (A.9) after : 
integration over the directions of p, reduces to 


7 0) Sp Cw DwrubyPy Yu) (Deu (Po) us (A.10) 
uw 


It is easy to see that (no summation over p) 
(Pe)u (Py)u = — Ts pe — dua (ELE, — 3/3 pe). (A.11) 


Introducing Eqs. (A.11) and (A.8) into Eq. (A.10) 
gives 


(E.Ey — "/s pe) [(GnSr) (pwpy) — (Gn pr) (pwty,)], (A.12) 


where * indicates that the purely imaginary fourth 
component of the given vector should be taken with 
the opposite sign. 

The averaging over the directions of p, in the 
remaining terms of Eq. (A.9), as well as the analo- 
gous integration over the directions of py in the 
case when electron polarization is studied, is ele- 


(A.8) 


(A.9) 


mentary; after this Eq. (A.9) is expressed in terms — 


of pj, Ej and the unchanged vectors £;. The re- 
sultant expression is substituted into Eq. (A.1) and 
the expressions (11) to (18) are obtained after a 
Lorentz transformation to the frame py =0 is 
performed. 

We note that rule (10) for the interchange of 
electron and neutrino follows directly from Eqs. 
(A.9) and (A.6). In the most general case, when 
Ex ~ 0, rule (10) should be amplified to include 
the condition tn > tN: 
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APPENDIX B 


Universal Four-Fermion Interactions with 
Parity Nonconservation 


As is well known, five types of parity con- 
serving interactions exist, universal in a nar- 
rower sense than that used in reference 1. The 
universality is defined by the condition that in 
going from the ordering 


Hint= Dei ($201) (30 jh.) (A.13) 
to the ordering 
Hine= Dif; ($204) ($30/d) (A.14) 


one should have f; = PS} for all j (with the same 
p=+1). The indices 1, 2, 3, 4 refer to the par- 
ticles participating in the reaction, which need not 
be the decay of the particle labeled 1. One has 
p=+1 for the covariants V-A, S+P-—T and 
2(S-—-P)—-—(A+V), whereas p=-—1 for 
2(S-—P)+(A+V) and 3(S+P)+T. Itis 
easy to show, by the method of reference 7, that 
these interactions are also universal for the co- 
variants with the primed constants, however then 
2(S—P)-(A+V) has p=-1 and 2(S-P) 
+(A+V) has p=+1. Consequently, when both 
Cj and Cj are nonzero, the last two combinations 
of covariants are no longer universal. Of the re- 
maining three, 3(S+P)+T corresponds to 

=-1 and, apparently, contradicts experimental 
data. For example, the Michel parameter deter- 
mining the energy spectrum in pu -decay comes 
out equal to 0.25 whereas the experiment gives 
0.68 + 0.02. 

The V-A and S§+P-—T covariants both have 
p=1. They give similar results in the calcula- 
tion of various processes and one may give a 
simple rule for going over from one to the other. 

It is shown in reference 1 that the interaction 
corresponding in the notation of Lee and Yang® to 


OR ENG ORONO P 
Sraies pst gi ie (A.15) 
Cs = Cy = Cp =Cp =Cr=C'r = 0, 


may be brought into the form 


Hine= 4 V 8 G [(2291) (934) — ($3991) (939%4)], (A.16) 


U; 
‘ie ; 
Wr 
In turn, the interaction 
Cae a Cp Op = On Ca G/V 2, 
Cy =Cy =Ca=Ca=0 


where 


©; = "/2(u: + w), (A.17) 


(A.18) 


(the relative sign of C and C’ is here different 
than in the V-A covariant to give electron polar- 
ization correctly in normal 6 decay) leads to 


Hine 4 V 8 G [( 9391) (P34) — (92091) (@39%4)], (A.19) 


where 


esa acatet (A.20) 


Consequently the transition from V —-A to 
S+P—-—T requires the replacement of o, and 
~, by yi and gj i.e. a change in sign of w, 
and wy. Since wj = o-pjvj/(E;j + mj) this im- 
plies changing of the sign of p; and py, in the 
matrix element. On the other hand, the sign of 
the momentum does not change in the conserva- 
tion laws for free particles or in the exp {i(Pg + 
p,):r} in forbidden transitions for the B decay. 
However, as can be seen from Eq. (A.9) for free 
particles, when €=0 and n= NOG) the square 
of the matrix element contains the variables of 
the first and fourth particle only in the combina- 
tion (t,t,), for which the sign change of p, and 
p, is equivalent to a sign change of ¢; and {4 
with unchanged p, and py. Consequently, for 
free particles, the transition from Eq. (A.15) to 
(A.18) is accomplished by 


ao—h, uo: (A.21) 


Precisely such a sign change for ¢, was noted 
in reference 4 in the discussion of uu -meson decay. 
In the case of 6 decay, particles 1 and 4 are 
the neutron (n) and antineutrino (v). The change 

in sign of p; is equivalent to the introduction of 
the additional matrix B = y, into the nuclear ma- 
trix element. For the neutrino we have wy, = 
o-nyvy (Ny=P,/|P,|), and strictly speaking it 
is n, andnot p, that changes sign. The quan- 
tity that enters into exp{i(Pe+Py):r} is py= 
|p,|n,. In order that p, remain unchanged we 
must require that |p,| change sign along with n,. 
Consequently the transition from Eq. (A.15) to 
(A.18) is accomplished, in the case of B decay, 


by 
| o--\ op, ys Sry ep ep, eee) 


This leads to a different sign in the B-v corre- 
lation in allowed transitions and to a change in the 
energy spectrum in forbidden transitions. Both 
these phenomena are well known (see, e.g., ref- 
erence 9). 
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A method is proposed for finding the degeneracy caused by magnetic symmetry. The method 
is used to examine the nature of the splitting of atomic terms in a magnetic crystal for all 
cases of magnetic symmetry, under the assumption that the total angular momentum of the 
atom is integral. The results are compared with the splitting of atomic terms in a nonmag- 
netic crystal. It is found that the magnetic interaction in the crystal does not always remove 
the degeneracy of the atomic energy levels completely. It is shown that the results obtained 
are applicable to finding the splitting of terms of an atom in a nonmagnetic crystal which is 


placed in a magnetic field. 


if The field due to the other atoms of the crystal 
acts on an atom located in a crystal. This field 
has a definite symmetry which depends on both 

the crystal symmetry and on the position of the 
atom under consideration. The symmetry of the 
crystal field is a subgroup of the symmetry class 
of the crystal. The crystalline field can be treated 
as a perturbation which splits the energy levels of 
the unperturbed atom. This splitting is completely 
dependent on the symmetry of the crystal field at 
the point where the atom is located. 

The question of splitting of atomic terms under 
the action of the crystalline field was treated by 
Bethe.’ If we assume that the perturbation due to 
the crystal field is so small that the spin-orbit 
coupling in the atom is not broken down, we can 
start from a state of the free atom which is given 
by its total angular momentum J and its parity. 
Under the influence of the crystal field, the sym- 
metry of the atom is reduced, which leads to par- 
tial or complete lifting of the degeneracy of the 


atomic state. To find this splitting we must ex- 
pand the irreducible representation of the sym- 
metry group of the free atom in irreducible rep- 
resentations of the symmetry group of the crystal 
field. The irreducible representation of the sym- 
metry group of the free atom (spherical symme- 
try) gives the term of the unperturbed atom, while 
the irreducible representations of the symmetry 
group of the crystal field which are found in the 
expansion give the components in the splitting of 
the term. 

We must however make one important reserva- 
tion. The free atom is symmetric under time in- 
version. If the crystal field is purely electric, it 
is also symmetric under the time inversion R. 
Then the perturbed atom must also possess this 
symmetry. One might think that the symmetry 
with respect to R could be taken into account in 
the usual scheme of expansion in irreducible rep- 
resentations by assuming that the symmetry group 
of the crystal field also includes the time inver- 
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sion. However this approach is incorrect. The 
point is that time inversion results in the replace- 
ment of the wave functions by their complex con- 
jugates (when the spin is omitted). Complex con- 
jugation is not a linear operation and, consequently, 
the symmetry group including the time inversion 
can have nonlinear representations in the basis 

of the wave functions. For this reason the effect 
of the time inversion on the splitting of atomic 
terms is treated outside the usual scheme:? one 
first treats the term splitting omitting the sym- 
metry under the time inversion R, and then 
counts the two nonequivalent complex conjugate 
irreducible representations not as two different 
states, but as a single state with a degeneracy 
twice as great as the dimensionality of the rep- 
resentations.* 

2. In the present paper the treatment of the 
splitting of atomic terms by a crystal field is 
extended to the case of magnetic crystals (fer- 
romagnetics and antiferromagnetics). In this ; 
case an atom in the crystal is acted on not only 
by an electric field but also by the magnetic field 
due to the other atoms in the crystal. Thus the 
symmetry group of the crystal field is not one 
of the 32 crystallographic classes, but is a mag- 
netic symmetry group (magnetic class).°*4 Since 
the symmetry of the free atom contains all the 
elements of the magnetic classes, the symmetry 
of the perturbed atom will coincide with the sym- 
metry of the field of the magnetic crystal. 

The magnetic classes are of two types.® The 
first consists of those magnetic classes which 
coincide with the 32 crystallographic classes. 
The term splitting in a field with such a symme- 
try can be found as in reference 1. The results 
will be different, however, in that the components 
in the split term, which correspond to nonequiva- 
lent complex conjugate irreducible representa- 
tions, should be counted as different, and not as 
coincident, as is the case when there is symme- 
try with respect.to R. 

The remaining 58 magnetic classes contain 
symmetry elements which are products of “rota- 
tions”f A with the time inversion R, but do not 
contain R itself. It is easily understood that, 
because of the time inversion, an operation like 
RA transforms the wave functions nonlinearly. 


*This is correct if the wave functions satisfy a Schrodinger 
equation, i.e., if the spin is not included. When the spin is in- 
cluded, the same result is found if the angular momentum of the 
atom is integral. ! 

t By “rotations” we always understand both true rotations 
and rotation-reflections which are a product of a true rotation 
and the space inversion. 
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The usual procedure for finding the splitting of 
atomic terms is therefore not applicabie in this 
case. 

The splitting of atomic terms when the crystal 
field has the symmetry of one of the 58 magnetic 
classes will differ essentially from the splitting 
in the case of the crystallographic classes. 

3. We now formulate the problem. A state of 
the free atom constitutes an irreducible represen- 
tation of the symmetry group of the sphere, with 
definite total angular momentum J and definite 
parity. The state is (2J + 1)-fold degenerate. 
Now we introduce the atom into a field having 
the symmetry of one of the 58 magnetic classes, 
and try to find the resulting term splitting.* 

The symmetry group G of a magnetic class 
can be divided into two parts (cf. reference 3). 
The first part consists of all the “rotations” in 
the group G and does not include transforma- 
tions involving the time inversion. These “rota- 
tions” form a subgroup H of index 2 in the group 
G, i.e., H contains half the elements of G. The 
symmetry elements of G which are not contained 
in H are products of “rotations” and the time 
inversion. 

To find the term splitting we proceed as fol- 
lows. First we consider the term splitting which 
would occur if H were the symmetry group of 
the perturbing field. This splitting is found in the 
usual fashion by expanding the irreducible repre- 
sentation corresponding to the free atom state in 
irreducible representations of H. In doing this, 
it is necessary to count nonequivalent complex- 
conjugate irreducible representations as belong- 
ing to different components in the split term. The 
resulting splitting will be more complete than the 
actual splitting since the symmetry of H is lower 
than the actual symmetry of the perturbed atom. 
Actually the presence in G of symmetry elements 
which are not contained in H can lead to indistin- 
guishability of components corresponding to dif- 
ferent irreducible representations of H. Conse- 
quently to find the actual splitting of atomic terms 
under the influence of a perturbation with the sym- 
metry G we must establish how the irreducible 
representations of H change under the action on 
the basis of the representation of those symmetry 
elements in G which are notin H. The initial 
and the resultant representations are to be counted 
as belonging to the same component. 

It is obviously sufficient to take only those ele- 


*We are interested only in the number and degeneracy of the 
components in the splitting of the term. Naturally, the magni- 
tude of the splitting, i.e., the distance between components, 
cannot be found on the basis of symmetry alone. 
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TABLE I. Tabulation of the 35 magnetic classes G 
whose “rotation” subgroup H has only real 
irreducible representations 


G ol G H G | 1o6 
xu 1 4 2 3m 3m 
2 1 42 222 62m 3m 
o 1 4/m 2/m 62 oy 

2/m 2 4mm 2mm 62m 32 

2/m m 4 jmmm 42 6mm 3m 
2m fe 4/mmm 4mm 6/mmm iG2nu 
222 2 4/mmm mmm 6/mmm 37 
2mm 2 4/mmm 42m 6 /mmm 62 

2mm m 4 2 6/ mmm 6mm 
mmm 222 42m 222 m3m Le 
mmr 2mm 42m 2mm m3m 43m 
mmm 2/m 3m 32 


ments which when adjoined to H generate the 
whole group G. 

Since the subgroup H_ has index 2, it is suffi- 
cient to adjoin to it any element of G-H in order 
to get G. We denote this element by RB, where 
R is the time inversion and B is some “rotation.” 

4. Let us consider any irreducible representa- 
tion of the group, with the basis %,(x), %(X),.. 
Yn (x), where x is the set of arguments of the 
wave functions. The action of RB on the basis 
functions can be divided into the action of the 
“rotation” B and the action of the time inver- 
sion. In the present paper we limit ourselves to 
the case of integral J. In this case the results of 
including symmetry under time inversion are the 
same as when the spin is omitted entirely.” Thus 
we may assume that the wave functions satisfy the 
Schrodinger equation and are consequently trans- 
formed into their complex conjugates by the time 
inversion. 

The 58 magnetic classes which do not reduce 
to the 32 crystallographic classes can be divided 
into two categories. Those magnetic classes 
whose groups have only real irreducible represen- 
tations, (where by a real representation we mean 
one whose characters are real numbers), belong 
to the first category, while the remaining magnetic 
classes belong to the second. 

Let us consider the change in the irreducible 
representations of the first category of groups 
when the element B acts on the basis. We choose 
a basis consisting of real functions.’ In this case 
the “rotation” B transforms the old basis into a 
new one which again consists of real functions. 


Then the subsequent action on the basis by the 
element R produces no change. Thus the action 
of RB on the basis reduces to that of the “rota- 
tion” B alone. The splitting of the term will be 
the same as it would be if the time inversion R 
were replaced by the unit element E in the sym- 
metry group of the perturbing field. Thus for 
those magnetic classes for which the representa- 
tions are real, we can obtain the splitting of the 
atomic term by the standard procedure, as in 
reference 1, by choosing as the symmetry group 
the crystallographic dlass G’ which is obtained 
from the magnetic class G by replacing R by 
E. 

By using the table of characters of irreducible 
representations of the groups of the crystallo- 
graphic classes (cf. for example reference 5), 
it is easy to find all the magnetic classes belong- 
ing to the first category. There are 35 such 
classes (Table I). 

We now go over to those magnetic classes for 
which the subgroup H has complex representa- 
tions. For these magnetic classes, the action of 
elements RB on the basis of the irreducible rep- 
resentations of H does not reduce to the action 
of a “rotation” alone. 

Under the action of B, the basis 7%; changes 
to %{ = By, d,, and the representation T(h), 
where h is an element of H, changes into 
BT(h)B~!. The additional action of R on the 
basis changes the basis functions and the repre- 
sentations to their complex conjugates. The net 
result is that RB changes the representation 
T(h) to (BT (h) B7)x, We must now demand 
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TABLE II. Characters of 
irreducible representations 
of the group 4 


° 

Tredecinis Group elements 
representations 
£ La L2 1G 


A 
B 
Ey 
Ey 


1 1 4 
1 —1 
i —1 —i 
—! —1 i 


EE Pe 
= 


that the representations T(h) and (BT(h)B"!)*: 
belong to the same component in the split term. 
We note that BT(h)B™!=T(BhB"). The rota- 
tions B and h form the group G’, which is 
obtained from G if the element RB is replaced 
by B. The group H will be a subgroup of index 
2 in G as well as in G. We know that every 
subgroup of index 2 is a normal divisor (invari- 
ant subgroup). Therefore the element BhB™ 
belongs to the subgroup H. Consequently the 
change of the representation under transforma- 
tions of the type RB is found by using the table 
of irreducible representations. Actually the 
matter is further simplified by the fact that the 
irreducible representations are given by their 
characters. 

We shall first apply these considerations to 
two examples. Suppose the atom is in a field of 
symmetry* 4/m: E, Ly, L2, Ly’, Roy, RSy, Ri, 
RS; 1 Here the subgroup H will be the group 
4(C,): E, Ly, Lz, Lg!. The group 4 has the ir- 
reducible representations A, B, Ej, E, (cf. 
Table II). It is most convenient to choose Ri as 
the element RB. The elements BhB™! are ihi~ 
=h, i.e., the matrix T(h) and consequently the 
character x(h) are not changed by the “rota- 
tion” i. The time inversion changes x(h) to 
x*(h). This means that the irreducible repre- 
sentations A and B are not changed, while the 
irreducible representations E, and E, are 
transformed into one another. Consequently the 
representations E, and E, are indistinguishable 
in our problem. Thus in this example the splitting 
occurs as for a perturbation with symmetry 4, 
but the complex conjugate irreducible representa- 
tions E, and E, belong to the same doubly de- 
generate subterm. 

Let us treat another example. Suppose that 
the atom is in a field with the symmetry 4mm: 

E, Ly, Lo, es 4Ro,. The subgroup H is again 


1 


*We use the “international” notation for designating the 
symmetry classes, where the dash below a symbol means that 
instead of the underlined element we should take its product 
with the time inversion. 


TABLE III. Summary of the 
12 magnetic classes for 
which inclusion of magnetic 
symmetry leads to no 
additional degeneracy 


G H 
42 4 
4mm 4 
4| mmm 4/m 
42m 4 
aD, 3 
3m 3 
im 3 
62m 6 
62 6 
6mm 6 
6/mmm 6/m 
43m 23 


the group 4. As the element RB it is convenient 
to choose Rox. The elements BhB™! will be Lj! 
for Ly, Ly for Lj’, and L, itself for L,. From 
this we see that the irreducible representations A 
and B are transformed into themselves by the 
“rotation” o,, while the complex conjugate rep- 
resentations E, and E, transform into one an- 
other. Application of R again does not change 

A and B, while the complex conjugate represen- 
tations E,; and E, once again change places. 
Thus as a result of applying Ro, each irreduc- 
ible representation of 4 goes over into itself. 
Consequently the splitting when the symmetry of 
the perturbation is 4mm _ will be the same as 
when the symmetry is 4, and the complex con- 
jugate irreducible representations must be counted 
as belonging to two different nondegenerate sub- 
terms. 

All 23 magnetic classes for which the “rotation” 
subgroup H has complex irreducible representa- 
tions are treated analogously to the examples pre- 
sented above. One finds the result that the splitting 
is the same as when one includes only the symme- 
tries in the subgroup H instead of the whole sym- 
metry of the magnetic class, with the one impor- 
tant proviso that in 12 cases the complex conjugate 
irreducible representations of the subgroup H 
correspond to different nondegenerate subterms 
(Table III), while in the other 11 cases the com- 
plex conjugate irreducible representations of the 
subgroup H must be counted as belonging to the 
same doubly-degenerate component in the splitting 
of the term of the unperturbed atom (Table IV). 
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TABLE IV. Summary of the 
11 magnetic classes for 
which inclusion of magnetic 
symmetry leads to addi- 
tional degeneracy 


G A 
4/m 4 
4/m 4 

3 3 

6 3 

6 3 
6/m 3/m 
6/m 6 
6/m 3 
m3 23 
43 23 
m3m m3 


From the group-theoretical point of view these 
cases differ in that in the first case the classes of 
conjugate elements of the group H do not coincide 
with the classes of conjugage elements of H when 
it is regarded as a subgroup of G, whereas in 
the second case the classes of conjugate elements 
are the same whether H is regarded as a sub- 
group of G or as a group by itself. 

5. Let us discuss the results and explain the 
effect of inclusion of magnetic symmetry on the 
splitting of terms compared to the splitting when 
only the crystallographic symmetry is taken into 
account. 

Disregard of the magnetic symmetry, i.e., 
omission of elements like RA, means that in- 
stead of the actual symmetry G of the perturbed 
atom we are taking the subgroup H of G which 
contains only “rotations.” However, when this is 
done it is not assumed that there is no magnetic 
interaction. 

In the case of magnetic symmetry, when the 
magnetic class coincides with one of the 32 crys- 
tallographic classes, elements like RA do not 
occur in the symmetry group, and the magnetic 
symmetry of the crystal field coincides with the 
crystallographic symmetry. Because of the pres- 
ence of the magnetic interaction, the crystal field 
is not invariant with respect to R, so that the 
nonequivalent complex conjugate irreducible rep- 
resentations correspond to different components 
in the splitting of the term. 

The other case of magnetic symmetry is that 
in which the magnetic class contains elements of 
the type RA, while the subgroup H containing 
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all the “rotations” has only real irreducible rep- 
resentations (Table I). In this case the consider- 
ation of the magnetic symmetry, i.e., the inclusion 
of elements of the type RA, is essential. The 
removal of the degeneracy will in general be less 
complete than when only the crystallographic sym- 
metry (i.e., the subgroup H) is considered. De- 
spite the presence of the magnetic interaction, 

the removal of the degeneracy may be incomplete. 

In the third case (Table III), taking account of 
the magnetic symmetry does not lead to new re- 
sults. The presence of magnetic interaction re- 
sults in the perturbed atom being nonsymmetric 
with respect to R. 

In the fourth case (Table IV), the magnetic 
symmetry elements make those components in 
the splitting indistinguishable which belong to 
complex conjugate irreducible representations 
of the crystallographic symmetry group. 

6. The treatment given above refers not only 
to the splitting of atomic terms in a magnetic 
crystal, but can also be applied without any re- 
striction to the splitting of atomic terms in a 
nonmagnetic crystal which is in an external mag- 
netic field. In this case the symmetry of the per- 
turbed atom will contain the symmetry elements 
which are common to the crystal symmetry and 
to the symmetry of the external magnetic field 
for the given orientation of the crystal in the 
field; by the symmetry of the crystal we here 
mean its crystallographic class multiplied by R. 
If the orientation of the crystal in the field is ar- 
bitrary, the removal of the degeneracy will be 
complete, since there is no symmetry. But for 
certain positions of the crystal relative to the 
field it may happen that the degeneracy is not 
completely removed, in which case the consider- 
ation of magnetic symmetry is essential. 

We also note that an atom in a uniform mag- 
netic field has the symmetry /mm, and be- 
longs to case 3 (Table III), for which considera- 
tion of the magnetic symmetry does not change 
the term splitting. This is in accord with the 
fact that the Zeeman effect is obtained correctly 
from symmetry considerations without taking 
magnetic symmetry into account. 

In conclusion I express my thanks to Acade- 
mician L. D. Landau and Prof. B. T. Geilikman 
for discussions. ; 


'H. A. Bethe, Ann. d. Phys. 3, 133 (1929). 

2. P. Wigner, Gott. Nachr. 546 (1932). 

3B. A. Tavger and V. M. Zaitsev, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 30, 564 (1956); Soviet 
Phys. JETP 3, 430 (1956). 
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The surface impedance of a metal is calculated with thermoelectric forces taken into account. 


if In the calculation of the surface resistance 
(impedance) of metals, one usually starts with 
Ohm’s law, 


ji = Cx Ex, 


where oj, is the conductivity tensor, and E and 
J are the vector electric field intensity and cur- 
rent density.* One thereby neglects the effect of 
heat waves that are produced in the metal by pas- 
sage of an electromagnetic wave through it. As 
will be evident later, this is correct only in iso- 
tropic metals in the absence of a magnetic field, 
and in anisotropic metals when the surface of the 
metal coincides with a principal plane of the re- 
Sistivity tensor. 

The complete system of equations describing 
the propagation of waves in a metal, with heat 
flow taken into account, has the form 

Lie 


4m.) ne 1 oH 
curlH = —j;curl E = — ae 


00 
co 


7 +divq =0; 


1 
E; = OrnJR + Xp 08 | OX; ji = ICS dr Cemeaitayi 00 71 Oxp. ( ) 


Here © is the high-frequency addition to the 
mean temperature T of the specimen; C is 
the heat capacity of unit volume of the metal; 

q is the heat current; pj, is the resistivity 
tensor; Kj, is the heat conductivity tensor; and 


*We are interested here in the range of frequencies and tem- 
peratures in which there is a normal skin effect. 


Qj is the tensor of thermoelectric coefficients. 

The tensor aj,, in general, is not symmetric. 
However, all metals possess lattice symmetry that 
excludes an antisymmetric part of the tensor aj. 
Therefore we shall hereafter suppose, in the ab- 
sence of a magnetic field, that aj, = a,j. 

Besides the usual boundary conditions of con- 
tinuity of the tangential components of the vectors 
E and H, we must add to the system of equa- 
tions (1) boundary conditions for the temperature. 
We shall consider two limiting cases: 

(a) Heat current equal to zero at the surface: 


q-n = 0 (2a) 


(n =unit vector normal to the surface). 
(b) Surface temperature maintained constant 
and equal to T: 


Q=0. (2b) 


2. We consider normal incidence of a plane 
monochromatic electromagnetic wave, of fre- 
quency w, on the surface of a uniaxial metal, 
whose principal axis (1 in the figure) makes 
an angle gy with the normal to the surface of the 
metal; we choose for the z axis the direction 
of the normal. Then all quantities (E, H, ©) 
depend on the coordinate z alone. With the x 
and y axes chosen as shown in the figure, itis 
easy to show that pxy = Pyx = Pxz =9 and Qxy 
= dyx = @zx = 0. It follows furthermore from 
Maxwell’s equations, in this case, that j, = 0 
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and H,=0. Therefore the complete system 
of equations takes the form 


OH qn. OE tw F 
ie Mea RR 
oH, 4m ; OE, fo 
je ae re en ce 
. 36 bas 
Ey = Pyyly + %yz Ge» —iwCO8 + ie ae e 


: 00 
Jz = TA yzjy — %zz eon 


As is evident from (3) and (4), the complete sys- 
tem of equations separates into two independent 
systems. If the incident electromagnetic wave is 
so polarized that the vector E is parallel to the 
x axis, the field in the metal is described by the 
system (3). In this case no heat flow occurs, and 
the surface impedance is determined by the usual 
formula* 


ee => Cox a V ox, / Ani = V op, / 403, (5) 


where p, is one of the principal values of the ten- 
sor pj, (the principal values of the tensor pj, 
are equal to p22 = p33 =p, and pz = jj). 

Now let the electric field of the incident wave 
be directed along the y axis. On eliminating the 
magnetic field from the system (4) and represent- 
ing — Ay7z,90/8z by Ey, we get 


(@ + Sr) Ev + Er = 0, 

2 a d2 2 b —a 
— k= SE, +(e + BASS) Er =0, (6) 

a= A ei) Oy phe, O= CC, 74 4t%z2, 
Here k, = (Atiw/c*pyy )'? is the complex wave 
vector of the electromagnetic wave in the metal 
without allowance for thermoelectric forces (with 
ayz =0 ) ° 

From the system (6) we get for the half-space 
(z >0) occupied by the metal 


By — A ék,2 B tRez 
y Cease (7) 


Bra —(— kik) Ae — (1 ye) Be 


*We define the impedance as follows: 


by =E,()/HyO), Sy=—E, (O/H, 0). 
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where “ 


1+b64+V0—62—“4ab |" 
baa = fel Ae le (8) 


and where A and B are constants, a relation be- 
tween which is determined by the boundary condi- 
tions for the temperature. The sign of the root in 
formula (8) must be so chosen that the imaginary 
parts of the wave vectors k,; and k, are positive. 

According to the definition of the impendance 
we have 


Cy = (w/c) (A+ B)/ (RiA + eB). (9) 


In the case in which the heat current vanishes on | 
the surface (2a), | 


(a + 1) (41 /&)? — 1 


Be 7 Gana eae A, (10) 


(11a) 


(1 +a+V (4 — bp? — 4ab)!? +(1+a—V A — bp — 4ab)* 
144+-V(a+1)6 

Under the condition (2b) (isothermal surface), 
we obtain similarly 


Gas a Coy V2 


? 


(11b) 
Vo+Vita 
G+ o+V Gb? — aah)" + +b—-V 0 tab) 


For a<1, formulas (11a) and (11b) simplify 
considerably: 


Padaaby a 142V6 \. 

Sy ~ oy [T+ 2 (“4+Vb)2 | (12a) 
igvey fh rncgnt in Yan 
ci Cov (1+ 3 ap yepy (12b) 


We remark that the dependence of the impedance 
ty on the angle between the normal to the metal 
surface and the crystal axis, in contrast to Loy» 
is determined not solely by the quantity 


Pyy =p, COs’ + py Sin? 9, (13) 


but also by the parameters a and b, which vary 
with the angle as follows: 
T (% ; —@,)? sin® 9 cos? 9 


eC (ep, cos? +e \ sin? ) = 


4 (x, sin? + %) cost) * 


From the first formula (14) itis clear that a van- 
ishes when gy=0 or 7/2. Then heat current is 
absent, and the expression for the surface imped- 
ance ty coincides with the ordinary Loy: We 
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write an expression for the impedance near these 
values of the angle. For 9 «1, 


ad _ a P| 
Sy oar a oak 


T (%y — a)? PVC me, 
+ 0% (14+VcCo, 4mm, | (15a) 
uy 9), 2 re) 
wa / Bhs [on 
: (15b) 
phadtinc etd 4+ V 8p Jam || 
0%, ee d 
For ~K1 (~=7/2- 9), 
rad _ eo, | 1 awn 
oy ~\/ 4ni +4 eH ee 
Taye 14+VeCe, [rH , |} 
Wh epies OSV ECE arte A ae 
is OP, 4 ale 
ee dni f hes iy So (16b) 


Ta, —a%,)? 


Prius 


3. The effect under consideration can be ob- 
served even in anisotropic metal (polycrystal ) 
if the latter is placed in a constant magnetic field. 
In this case the most general possible linear re- 
lation between the electric field and heat current, 
on the one hand, and the electric current and tem- 
perature gradient, on the other, has the form 


E = oj + R[Hyx jj + BH, (Ho: j) 


+ aVT + N[H,VT] + YH, (HVT), 
q — Taj —xVI =F NT (H,xJ] 


+ L[H,VT]-+ TH, (Ro: j§) — Hy (HVT). 


The phenomenological constants introduced (p, R, 
a, 6, etc.) may, in general, depend on the magni- 
tude of the magnetic field. 

The greatest change of surface resistance re- 
sulting from the effect of the heat wave will occu1 
in a magnetic field parallel to the metal surface. 
After a calculation similar to that carried out 
above, we get 


c9 _ lea y/ eat 


(17a) 
soit +V(i— ob’)? + 4a’b’) 2? + (1 + 6’ — V (1 — 6")? + 4a'b’) 2 
ey ai: 


cis — Veo: 
oie Ee 
“G4 ULV Cao Raabe} (1 + 6’ —V (1 —b’)? + 40'b’) 
Cad— cS =, = VW wo/4ni. 


(17b) 


Here 


a’ =(NH,)°T/ox; b’ = 02Co/4nx. 


It is interesting to note that for a’ =1, cad = 
i.e., the metal behaves in this case like an ideal 
conductor. The vanishing of the impedance ( gad ) 
is essentially connected with the rigorous vanishing 
of the heat current on the surface. Actually, when 
account is taken of heat radiation, q, always dif- 
fers from zero. Therefore even for a’ =0, by = 0; 
but it has a minimum there. 

4. As is clear from the formulas presented, the 
magnitude of the expected effect (the dependence 
of the surface resistance on the heat emission con- 
ditions) is determined by the value of the constant 


2 
A= Tey, | Gyy X22. 


The parameter a can be estimated only in 
order of magnitude, since there are no direct 
measurements of the components of the tensor 
Qik. If we suppose that the quantities aj, have 
the same order of magnitude as the Thomson co- 
efficient and that px/T has the order of magni- 
tude of the constant in the Wiedemann-Franz law, 
then a has a value of order 10~ for ordinary 
metals (Pt, Pd, W). For metals such as Bi, 
the Thomson coefficient is anomalously large 
(~10°),? and a may be of order unity (or even 
greater ). 

In the case of small a, observation of the de- 
scribed effect by reflection is difficult. However, 
if the length of the heat wave in the metal is much 
larger than the skin depth (for a <1, this cor- 
responds to a small value of the parameter b), 
then there can be a peculiar “pulling” of the elec- 
tromagnetic wave by the heat wave. For films 
whose thickness d satisfies the condition 


(ore da< K Op 
(Og. =V Cpyy /2mw is the thickness of the skin 
layer, O~ =V2kz7/wC is the depth of penetra- 


tion of the heat wave), the amplitude of the trans- 
mitted wave is expressed in terms of the ampli- 
tude of the incident wave by the equation 


Ew [Eine = —(@CayeT | 2 7x22) Cov. (18) 
The last formula was obtained on the assumption 


that the heat current vanishes on both sides of 
the film. We have neglected terms of order 
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exp (-—d/6g;)- 

5. We further consider oblique incidence of an 
electromagnetic wave on an isotropic conductor. 
In metals the surface impedance is independent of 
the angle of incidence g and of the polarization 
of the wave because of the fact that 4m70/w > 1. 
Therefore the following consideration relates to 
semiconductors, for which the dependence on angle 
of incidence is appreciable. On representing by 
€ =e’ +ie” the complex dielectric constant 
(e” =4no/w), we get the known value for the im- 
pedance in the case in which the electric field E 
of the incident wave is perpendicular to the plane 
of incidence: 


C=1/Ve—sin? o. 
In the case in which E lies in the plane of in- 


cidence, consideration of thermoelectric forces 
naturally changes the value of the impedance: 


= + {Versintg 


Toa? ie” sin? 9 ic?C i Gaevle 
1 x e+ Toate’ / x Ox 1+ Tote’ /xe sin 9| \. 
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This expression corresponds to absence of heat 
current at the surface. Under isothermal condi- 
tions at the surface, no heat wave is produced, 
and therefore 


cis — Ve — sin? 9/e. 


In closing, the authors express their gratitude 
to L. D. Landau for helpful discussions. 


17,. D. Landau and E. M. Lifshitz, 
JuekTpoRMHaMUKAa CHIOMHEIX cpex (Electrody- 
namics of Continuous Media), Gostekhizdat, M. 
1957, Sect. 25. 

2 COopHuK dbusuueckux Konctant (Collection 


of Physical Constants), ONTI, L.-M. 1937. 


Translated by W. F. Brown, Jr. 
82 


SOVIET PHYSICS JETP 


VOLUME 35(8), NUMBER 2 


FEBRUARY, 169 


KINETICS OF DIFFUSIVE DECOMPOSITION OF SUPERSATURATED SOLID SOLUTIONS 


I. M. LIFSHITZ and V. V. SLEZOV 


Physico-Technical Institute, Academy of Sciences, Ukrainian S.S.R. and Khar’kov State University 


Submitted to JETP editor March 24, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 479-492 (August, 1958) 


The kinetics of the diffusive process of formation of grains of a new phase in a supersaturated 
solid solution is studied at a late stage of the process (coalescence of the grains). The exact 
asymptotic solution of the problem is obtained and investigated. The asymptotic distribution 
function is derived, the asymptotic number and average size of the grains are determined and 
the process of establishment of the asymptotic laws is analyzed. As an example of application 
of the theory, the mechanism of sintering is considered. 


1. INTRODUCTION. STATEMENT OF THE 
PROBLEM 


Durwe the decomposition of a supersaturated 
solid solution, two stages must be distinguished in 
the diffusive process of formation of grains of a 
new phase. In the first stage there occur the fluc- 
tuating formation of nucleation centers of the new 
phase and their growth directly out of the super- 
saturated solution. In the second stage, when the 
grains are fairly large and the degree of super- 
saturation becomes extremely small, the principal 
process is coalescence: large grains “devour” 
small grains (the larger grains grow by the dis- 
solution of smaller grains). In this second stage 
new nuclei would have to be of macroscopic size; 
thus their formation is practically excluded. 

In the present paper we consider the kinetics 
of grain growth (coalescence) in the later stage. 
Other writers! have considered a problem of 
this type without arriving at a correct solution. 
Todes‘ has made the most thorough study of the 
question and has stated correctly that the asym- 
ptotic process for long times is independent of 
the initial conditions (the initial grain size dis- 
tribution). He also correctly determined the order 
of magnitude of the rate of decrease of the number 
of grains with time. However, his quantitative 
solutions contain logarithmic divergences without 
physical meaning, which show that his reasoning 
is incorrect and also throw doubt on those of his 
qualitative results which are actually correct. 

The extremely peculiar behavior of the exact 
solution and the entire analysis which will be 
given below permit us to understand the origin 


of Todes’ erroneous solution. 
In stating the problem we shall, for simplicity, 


neglect anisotropy and assume the grains to be 
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spherical. Allowance for nonspherical shapes 
would only change some numerical constants in 
the equations which follow. The equilibrium con- 
centration Cpr at the surface of a grain has the 
following usual relation to its radius R: 


where C,, is the concentration of a saturated 
solution and qa is associated with the interphase 
surface tension, with a = (0/kT) VC,, (V is the 
volume of an atom of the solute). 

Assuming the degree of supersaturation A= 
C-—C,. tobe small, i.e, A«<1, and neglecting 
the “interaction” between grains (which is permis- 
sible because the grain diameter is small com- 
pared with the intergranular separation), we ob- 
tain for the diffusion flux of the dissolved substance 
per unit of grain surface the expression* 


eg CHa) = Z(A—F) 


Nery ae R 


and thus for the change of grain radius with timef 


=F (A-<). (2) 


Thus for each value of the supersaturation A there 
exists a critical radius Rey = @A at which the 


*The expression given for the flux corresponds to a sta- 
tionary value of the gradient 9C/dr on the grain boundary. 
It is easily seen that this is permissible when the initial 
supersaturation is amall, A, < 1. 

+We note that if the grains are nonspherical but preserve 
similarity of their shapes while growing during the later stage 
(a similarity associated with the anisotropy a), Eq. (2) and 
all subsequent quantitative results remain valid. Then R 
signifies (3V/4n)4, V being the grain volume, and « and D 
differ from their previous values by only a numerical factor 
which takes the grain shape into account. 
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grain is in equilibrium with the solution; when 

R > Rey the grain grows while when R< Rey it 
dissolves. This is the evident cause of the “devour- 
ing” of small grains by large grains. A and Rer 
vary with time. 

We shall hereafter use the dimensionless quan- 
titles p= h/Rer, t —t/ Ty (Rery = 0/40; b= 
Rerg/ad, Ay is the initial supersaturation, Rerg 
is the initial critical radius). Omitting the prime 
in t’, we obtain 


dp? | dt = 3(p/x—1), (3) 


where x(t) is the dimensionless critical radius 
and x(0)=1. 

Introducing a grain-size distribution function 
f(p,t) and regarding ye dp/dt as the rate of 
grain travel in the space of grain sizes, we can 
write down the equations for the unknown func- 
tions f{(p,t) and x(t). The first of these is 
the continuity equation in grain-size space: 


of 


+ J (ie) =, (4) 


while the second equation is the law of conserva- 
tion of matter: 


co 
q = F Rexo\ fo dp 


0 


Qo =A tH =AtT4 
or, with x =A)/A, 


(5) 


as | foedo, x = 4nR%q/3Qy. 
0 

In this equation Q) is the total initial supersatu- 

ration, including the initial volume of matter qy in 

the grains. In (5) f is normalized to unit volume: 


Fa Qox 


i°,@) 
n= As fdp is the number of grains per unit volume. 


0 

Our problem thus becomes the asymptotic solu- 
tion of (4) and (5) for a given initial condition 
£(p, 0) =fy(p). 


2. ASYMPTOTIC VARIATION OF CRITICAL SIZES 


To solve our problem we must first determine 
the asymptotic variation of critical sizes x(t) 
[or of the supersaturation A(t) = A)/x(t), which 
amounts to the same thing]. The motion of the 
point p which represents a grain radius on the 
axis of sizes, as determined by the equation of 
motion (3), presents the following picture: The 
points located to the left of x(t) are accelerated 
toward the left and disappear upon reaching the 
coordinate origin (complete dissolution of the 
grain). The points which are originally to the 
right of x(t) move to the right (the grains grow), 
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but as the supersaturation diminishes the critical 
size x(t) increases and successively “overtakes” 
points moving to the right, after which these points 
begin to move in the opposite direction and also 
“disappear” at the origin. This movement is 
always orderly; the original order of position of 
the points is preserved. 

Both the form of Eq. (3) and the physical mean- 
ing of x(t) suggest that for the independent vari- 
able in Eqs. (3), (4), and (5) we take instead of 
the grain radius p the relative radius (with re- 
spect to the critical radius ) 


u=0/x(t). (6) 


Since for t— o the supersaturation A—0, we 
have x(t)—o. Thus x(t) can be used to com- 
pute time.* The “equation of motion” (3) acquires 
a canonical form when “time” is represented by 
the quantity 


<= Inx?. 


(7) 
Insertion of (6) and (7) into (3) gives 


du? / dt = y(u— 1) — u3, (8) 


vy == y(t) = dat Ga. 


If u(v, 7) denotes the solution of (8) for the 
initial condition u|;=) =v and we consider that 
p(v,T)=xu(v, 7), x(0)=1, and T|tx9 =0, the 
total quantity q of matter in the grains can be ex- 
pressed through the initial distribution function 
fo(p) as follows: 

G=%Q. | fo(v) x9) u8@, +) do. 
Uo(T) 
Here vo(T), the solution of the equation u(vq(T), 
T) = 0,* is the lower limit of the original sizes of 
grains which had not dissolved up to the time T. 
Noting that x’ =e7, we can write (5) as 
] — e—7/8 = xet \ fo (v) u3 (vu, z) dv. 


Uo(T) 


(10) 


(11) 


Equations (8) and (11) form a complete system. 
These equations can be used to determine the un- 
known function y(7) = 3dt/dx* and thus ultimately 
e((15 

Three possibilities exist for the asymptotic be- 
havior of y(T) as T—~: (1) y(T)—~ 2; 
(2) y(t) — const; (3) y(T)— 0. We shall begin 


*A formal exception is the case in which the initial dis- 
tribution is a 5 function [f) = AS(p—p,)] or a sum of 8 func- 
tions. In this case x(t) > const and the common size p as- 
sumes an equilibrium value. But the case is also unstable 
Since even an extremely small spread of the initial distribution 
leads to x(t) > ©. 


4 


(9) 
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our analysis with the case y = const. Depending 
on the value of y, the curve of the velocity du?/dr 
as a function of u can be tangent to the horizontal 
axis (for y = 79 = 27/4), lie below this axis (for 
Y< Yo), or have a positive section (for y > yo) 
(Figs: 1, 2,°3). 

(a) When y> vp all points that lie to the left of 
u,; move toward the left and disappear when they 
reach the coordinate origin. All points that lie to 
the right of u,; move to the point u,, approaching 
it asymptotically from either the left or right. 
Therefore for t— © the integral in the right 
member of (11) approaches the constant value 

I= us| fy (0) do, 

and the combined volume q of the grains, which 
is also in the right member, increases as e7, 


(12) 


G=— «l(c — oo 


so that Eq. (11) is not satisfied. When we take into 
account the fact that a constant value y>vyp is 
reached only asymptotically, the foregoing descrip- 
tion remains unchanged: we need only shift the time 
origin and let f)(v) refer to the time when y(T) 
is close to its asymptotic value. 

(b) When y < yp all points move to the left and 
reach the origin in a finite time. It follows from 
(8) that at the time 7 all grains have been dis- 
solved whose original sizes were smaller than 
Vo(T). These sizes are determined from the 
equation 


U7) 


du? du ae 
ue—y{u—1) 


When 1>>1 we have vy(t)=e/%. Therefore the 

combined volume of the grains will be determined 

from the “tail” of the original distribution f)(v): 
G(x) == «ec? \ fo (v) u3 (v, t) du~x \ f. (v) v3 du > 0 


et /3 et/3 


(13). 


We 4K at 


FIG. 2 
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du! 


FIG. 3 


[since u(v, T) ~ ve?/3].* Thus in this case q(T) 
approaches zero and Eq. (11) again lacks a solution. 
When y—o and y—0 the reasoning for 
y>%Y and y< vy is even more fully justified. 
Thus we need only investigate the case y(T)— Yo 
= 27/4. We note first that for the exact equality 
Y=Yo all points that lie to the right of the point 
of tangency uy =% move to the left but cannot 
pass through uy and “stick” at this point. There- 
fore, just as for y>vYo, Eq. (11) cannot be satis- 
fied [q(T)~e’—o for T— ©]. This means 
that y(T) must approach y) from below; thus 


X(t) = Yo 0" (=). 
The points that arrive at uy, from the right “filter” 
more and more slowly through the “blocking”. point 
uy = % at arate that depends on the value of €(T), 
which like y(t) must be obtained from (11) and 
the equation of motion (8): 


(14) 


du? 
dt 


(15) 


2 1 
= —(u— 5) @+3) — zw), 


where €(T)—0 for T—~, Near w= % this 
equation becomes 


du 2 3 \tinbiee, 
zoe a ee oh 


With the introduction of the new function z= 
(u — %)/e it can be written as 


(16) 


8 dz pea aE) 
Sei ee ee 


*The exact value of u(v, Tt) is the solution of 


Riu =R@e, Ru) =exp \-ator |: 
0 


R(0) = 1, R(v) =v for v > 1; therefore for v > 1 we have 
v=R(u)e7/3 and the correct asymptotic expression for q is 


foo) 
a(ay~net | fe (xR) u8(R)dR; x= e7!3, 
al 
For u> 1, R=u and we obtain (13). 
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A similar study shows that asymptotically 


dt ee V3” < Gq? * (17) 
At the same time we have 


3 dz (iy nay 
2 dint Ne Te) 


5) 


which means that the velocity dz/d Int vanishes 
asymptotically at the “blocking” point Z) = V¥, ; 

Thus for sufficiently large 7 the improved 
value of y(T) will be 


y(t) = yo (1 — 3/47’), 


and the more precise location of the “blocking” 
point on the axis will be 


(18) 


u = 3/, -- Ze (t) 


= §/,+ 3/4. 


Continuing the same line of reasoning, we obtain 


(19) 


an asymptotic expansion for y(T):* 
3g =O =v all + aa lt]. 0) 
and accordingly 
4 3 


This expansion can be terminated at any term that 
is followed by a relatively small term. Thus the 
basic approximation y(T)=yY 9, and accordingly 

= /t. is valid if 7 =(In-t)’> 1. 

An interesting property of the expansions (20) 
and (21) is the fact that although the corrections 
to Yo) decrease rapidly in magnitude as 7 in- 
creases and the first approximation (21) becomes 
increasingly accurate the behavior of the solution 
near the blocking point is determined by these cor- 
rections. 

In the entire region outside the vicinity of up = 
¥%, the velocity du/dt is given by 


du 


mere (u); aC (u = 5) + 3) /3u?. (22) 


3. ASYMPTOTIC DISTRIBUTION FUNCTION 


In accordance with the preceding section, the 
distribution function will also be obtained in terms 
of the new variables u and 7T. When expressed 
in terms of the relative size u =p/x the distri- 
bution function @(u, 7) has the following obvious 


*y(t) can be written formally as y(t) = y,(1—%w (*)), 
where w(t) satisfies the functional equation w(z) = z? + 
(1+w(nz)) when z>1l. 
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relation to f(p, t): { 
(u, t)du =f (0, t)do = xf (0, t) du, 
whence 
f =9(u, t)/m. 


Except in the vicinity of up, when 7 > 1 the con- 
tinuity equation for y(u, T) is given by 


do deglu) _ ¢, 


‘OT iC (23) 


The solution of this equation to the left of uy is 


o=y(e+9)/E (4), | 
| 


where 
eirade i) 
=| foutot inh a 
4 38e 
SF 4 — 2u / 3 In 9's , 


and x is an arbitrary function still to be deter- 
mined. 


It follows from the analysis (given in the pre- 
vious section) of the equation of motion (8) or 
(15) and thus of the characteristics of Eq. (23) 
that the vicinity of the point ug is to be regarded © 
as a Sink for all points u> ug and a source for 
the region u< uy; for u< ug the sink is the co- 
ordinate origin u=0. Moving from right to left 
all points pass through the vicinity of uy and re- 
main there longer the later they arrive. 

The distribution function to the right of ug for 
T—o is given by an infinitely distant portion of 
the “tail” of the original distribution, and its inte- 
gral contribution to both the absolute and relative 
expressions rapidly approaches zero (Appendix, 
Sec. 1). It will be shown below that the relative 
contribution from the vicinity of uy also approaches 
zero aS T—o (Appendix, Sec. 2). Thus the pre- 
dominant contribution to matter conservation comes 
from grains with u< up. It follows that this con- 
servation law can be used as an integral equation 
to determine the asymptotic behavior of the dis- 
tribution function in zero approximation for u < 
Up. (For u> up the distribution function vanishes 
in this approximation.) From the foregoing con- 
siderations, by inserting the solution of (23) into 
the law of mass conservation we obtain an asym- 
ptotic equation for x: 


Sle 


ee x (+ ») ay du (24) 
From this equation it is easy to determine x(T +2) 
and thus ¢(u, T): 


KINETICS OF DIFFUSIVE DECOMPOSITION 335 


Ley) ves e, (25) 
a tek == at exp lay (eS 
@(u, t) = Ae-*—¥ — : i Nesce By A u/)| 
i Bw) Fe wha 
where 
Sle 
A= Py rr ee Q 

ye 7%] = © 4eR® tt ee 28) 


We thus see that the asymptotic behavior of the 
distribution function for u< uy is independent of 
the form of the original distribution function.* 
According to (25) the number of particles per 
unit volume is given by 
ls 


n(t) =\el, "OU = Aes == 


Toes (27) 


Let P(u)du be the probability that the size of a 
particle is between u and u+du. Then 


@(u, %) = n(r)P (u), (28) 
where 
Dog Ca UN SEE 
"2 yea ae OS Ee */23 “H 
: U > Uy = */2. 


This probability can be expressed conveniently 
with a different relative variable obtained by in- 
troducing the maximum size: 


0, = 3x/2, V=p/p, =u/u, = 2u/3. 


Then 


Plu) dy=P,(0) de, Plu) = 2P, (0) / 3; 


P\(v) = 


Thus these formulas completely determine the 
asymptotic size and time distributions of the par- 
ticles.f P(u) is plotted in Fig. 4. 

We now note that 


u(p)—1)dp = ev u? (y)| 
(30) 


*It should be noted that the distribution given by Todes 
corresponds in form to the case y < y, of the present scheme. 
Our discussion makes it clear that such a distribution can 
never arise and that the case y <y, is meaningless. This 
accounts for the divergence of the integrals in Todes’ equa- 
tions. 

tFor measurements performed by means of a grain-size 
classifier it is easily shown that the distribution ® (r, t) over 
the sizes r of the openings is given by 


Fl, 7) di = (r, t)dr, a (Apes) as So AEE) a) 
SIo 

Fil Ea @ (u, T) du on iio ade! LIS 

F (l, 7) ON Get Toe mrs) r ae 


2""ev? exp [—1/(1 —9)] /(0 + 2)*(1—9)"*, <1; 
0 Cee 


P(u) 
2 


as 


Q75 


i) 


FIG. 5 
We have used here the relation 
du? / dp = u8 — 4(u — 1)/ 27. (31) 
This indicates that u=1; it thus follows that 
6 = ins £(G). (32) 


In order to obtain the distribution over absolute 
values of the radius p we need only replace u 
by p/x in (25) and divide by x, for which 


x3 = 4t/9. (33) 


Considering that, according to (32), u= R/R and 
returning to the original dimensional quantities, 
we obtain 
f(R, t)=n(t)P(R/R)/R 
a(t) = GO, Ro a Bie. Be 0.22, bth) 2a, 
R® = 4Dat ne (34) 


where P(u) is given by (28). The supersaturation 


at a given ‘time is given by 
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9 \%7, my} 


/ a \ 13 1] hike *ls 2 \'Is 
A(t) = at = (+) A,(+) an = (5) (S) 


(35) 
Finally, we shall discuss the limits of applica- 
bility of the formulas which have been derived. 
The preceding analysis shows that the asymptotic 
expressions are valid subject to the condition 
R 


z oe Als ip) 
Ra) hi RS Rew. 


<== (oun) 29 (in 


Here Reyp = a/Ay is the initial critical radius 
for the coalescence process (Ay is the initial 
degree of supersaturation). We must also take 
it into account that if the initial average grain 
size is of the order of the critical size (Ry ~ Rero), 
this size will enter into the calculation performed 
above. Butif Ry > Reyo the grains will grow 
directly from the solution in the first stage. This 
process will continue until the degree of satura- 
tion drops to the point where the average size is 
of the order of the critical size R, ~ Rey), after 
which coalescence will generally begin. This size 
must then be used as the initial size, with its mag- 
nitude determined essentially by both the initial 
degree of supersaturation and the initial number 
of nuclei (if the latter can be regarded as fixed). 
Thus with initial supersaturation Aj and initial 
number ng of grains, and with Ry > Rery = a/Ay, 
growth from the solution will continue up to the 
size 


a ; 
“/s ™R1 = Ag/ 1, 


and in the initial stage 


a = 2D(A,— = a) a 2DA, (1 ae (R/ Rer1)?). 
(36) 


t; ~ R? /DAy is the duration of the first stage. 
The characteristic time of the first portion of 
the second stage (coalescence) is 


ty~ Ri/Da~tRy/ Reo; 


in our case Ry > Rerp, that is, ty > t,. The de- 
pendence of the average size on time in this case 
is plotted in Fig. 6. 


4, PRESENCE OF A BOUNDARY. THEORY OF 
SINTERING 


In the preceding sections we have investigated 
coalescence in infinite space. Thus the problem 
did not involve macroscopic diffusive flow of the 
solute. The situation changes when spatial uni- 
formity is absent, the most important case being 
the presence of a boundary between the solution 
and a different phase. When this second phase is 
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FIG. 6 
the pure solute (or, more generally, the phase 
for which we are investigating the grain growth), 
we get on this boundary Az=) = 0, which pro- 
duces macroscopic diffusive flow to the boundary. 

An important special case occurs when the part 
of solute atoms is played by vacancies and the part 
of the grains is played by pores which result from 
the coagulation of vacancies in a crystal that is 
“supersaturated with vacancies.” When a free 
surface exists in such a crystal, two competing 
processes will occur: far from the boundary — 
the growth of pores (vacuum crystals) and their 
coalescence according to the scheme developed 
previously; near the boundary — the dissolution 
of pores and the diffusion of vacancies to the boun- 
dary (which can be regarded as a pore of infinitely 
large radius). Sintering is associated with this 
process of pore expulsion. 

We shall discuss henceforth this specific proc- 
ess although all results will, of course, also apply 
to the more general case of a supersaturated 
solution. 

For a half-space, Eq. (3) for grain growth and 
Eq. (4) for the distribution function [or the equiv- 
alent Eqs. (8) and (10)] will be retained. But in- 
stead of the conservation law Q)=A+q, which 
corresponds to (5) [or (11) respectively ], we 
must write a diffusion equation. Then each point 
z is a source (or sink) of strength dq/dt, q = 


’ q(z,t) resulting from dissolution of the pores. 


Thus the exact system of equations will be 


a(A+ aA 
OE cae eit regi (37) 
gq = x3 \ fo(v) u2(v,t)dv, x=A,/A(z,t), (38) 


Ut) 
where u(v,T) satisfies (8) and is itself deter- 
mined by the function A(z, t). 
The analysis in Sec. 2 has shown the peculiar 
“stability” of the asymptotic law found for the 
variation of supersaturation (35), 


A ets, 
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which means that the slightest retardation of the 
asymptotic reduction of supersaturation results 
in the infinite growth of grains (q— ) andis 
thus impossible. On the other hand, even a slight 
acceleration of the asymptotic reduction of super- 
saturation leads relatively rapidly to complete 
dissolution of the grains (q—0). Therefore the 
asymptotic process of sintering must be the fol- 
lowing. Three sharply separated regions are 
present: 

(a) The region most distant from the boundary 
(Z2 <2Z< ©), which is not affected by the boundary 
and where, as in the case of infinite space, super- 
saturation is given by Eq. (35). 

(b) The region z; < z < Zz), where dissolution 
of pores (grains) occurs. 

(c) The region 0 < z < z;, where pores are 
already completely absent and purely diffusive 
expulsion of vacancies occurs. The boundaries 
of these regions z,(t) and z)(t) move deeper 
into the specimen so that the “crust,” which is 
free of pores, is continuously thickening. Strictly 
speaking, Eqs. (37) and (38) may be solved only 
for the intermediate region z, <z< Zz). But, as 
will be shown below, (2, — 2;)/Z, K 1. There- 
fore in first approximation we set (z; + Z,)/2 = 
¢, and replacing this region by the correspond- 
ing boundary condition, we determine the position 
of the boundary ¢(t) and the variation of the 
concentration in the surface layer 0<z<¢ (in 
the crust). Thus 


Slay eee peo: (39) 
= QF. (40) 


The last condition replaces the transition region 
and expresses the fact that the boundary ¢(t) is 

a source of strength Q,dg/dt (since to the right 
practically all excess vacancies are within pores). 
The solution of (38) together with the boundary con- 
dition (A|z=) =0) will be obtained in the form 


foe} 
A=)) Gy(t)z"; we then obtain from (39) 


Ary eee, Paar 

Before Piles the other two boundary condi- 
tions, we note that a,(t) is an asymptotically 
decreasing function of time (since it represents 
flow on the boundary z=0, a,(t) = DdA/dz|z=). 

We shali therefore obtain a, asymptotically 
in the form a, =B/tS, s>0. Then we have from 
(39) 


se waa af 2 \s(s+ 4)... (4A) 
eae ws dik I Gs (Qn +0)! (3) 


As will be shown below, ¢7(t) varies asymptotic- 
ally more slowly than t (¢°(t)/t—+0 for t—»)., 
Thus the main term of the asymptotic expression 
is that with n= 0: 


A = Bz/ ts =%,2. (42) 
Inserting (41) into (39), we have 


a6 = NEAs, ay => 


0 & 
a 


oe 


As a result we obtain 
C= V3 (8/2) R/Qo* = m (Dat) /Qo*; m = (8/s)' V3 = 2; 


ap 
a ae Gee 
A= iM "2/C= =z Qo Ne 
The relative width of the intermediate region 
now remains to be determined. According to (43) 


i a or a oe (44) 


where Tg is the time of dissolution of the largest 
grains present at the boundary at time t, Rmax = 
3Rey/ 2 In region I the critical radius as a func- 
tion of time is 


(43) 


3 2 
ec 


A simple calculation shows that in the equation of 
motion (8) y = 3dt/dx? < *4% <-+y,. From this equa- 
tion we obtain the time of dissolution of the largest 
grains (uy =%), Tq(t) © t/3. This gives for the 
relative width 


O/C =o. 
We note that 
86 /R = 1/3 Qo? > 1. (45) 
Moreover, 
86 / b= Qo / 3Qd?= 1/3 Qo’ > (46) 


where / is the average distance between grains. 
The inequalities (45) and (46) denote that dg > 
1>> R, which means that the width of the interme- 
diate region is considerably larger than the aver- 
age separation of the Pores and the average size 
of the pores (grains), while at the same time it 
is considerably smaller than the first region (the 
crust). This also justifies all assumptions which 
we made in order to obtain the asymptotic expres- 
sions. 

The periods of time for which the asymptotic 
formula (43) can be used are the same as for the 
asymptotic expression for coalescence in infinite 
space. 
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A special situation occurs when we take into 
account the finite size of a specimen instead of 
only a single boundary. For example, for a plate 
of thickness a there exist three characteristic 
times: the time for diffusive escape of vacancies 
at the surface of the plate (Ty ~ a’/D), the time 
for growth of pores from the solution (T, ~ 
R? /DAo, see page 336), and the characteristic’- 
time for coalescence (Tog ~ R?/Da) 

In order to make the foregoing “crust-forming” 
sintering mechanism possible, the diffusive es- 
cape time Ty) must be considerably longer than 
Teo, that is, a* > R?/a, and the average size 
of the pores which enter into this inequality must 
be in accord with the development of the coales- 
cence process, R> R,. In the other limiting 
case Ty « T; the vacancies escape without form- 
ing pores. In the intermediate case a? ~ Re /a 
the kinetics of the process is determined by fac- 
tors associated with the initial distribution and 
is not of a general character. 

The method which has been proposed here can 
be applied to a number of similar problems, which 
will be investigated separately. 


APPENDIX 


Determination of the Distribution Function for 
u>up in the Vicinity of the Point uy 


1. We shall determine the distribution function 
for u>up. Introducing » = 5 du/g(u) we note 
that g(u) ~u/3, u—e¥*® for u—~, that is, 


ux'ls—> exp [(t + 9) /3]. 


In addition, the solution on the right for u— 
must be determined by the initial distribution 
function: 


(A.1) 


1 (tp) > fo (ux) x’hg (u), 


where fy is the initial distribution over p. From 
this condition we determine the distribution for 
WS Ug: 


(A.2) 


(t+ ) = fo(2)2/3, z= eGtHs (A.3) 


or 


p(u,t) =f) (z)2/3g(u). (A.4) 


f)(z) varies at least more rapidly than z* (which 
i.e) 

is necessary for the existence of tf f)(z) z° dz), 
0 


and usually is an exponential function of z. Hence 
the probability density for u > ug in zero approxi- 
mation vanishes: 


and V. Vi SLEZGOYV 


P (u, 7) = @(u, *)/n(*) 


4 
= 34 fo (2) 2 30 for zoo. (A.5) 
The probability density for u< ug is known to be 
finite. 

2. We shall show that the integral contribution 
from the vicinity of the point is negligibly small 


for T—. The amount of matter in this vicinity 
is given by 
Up td 
qs = x ourdu => use Ns (t), (A.6) 
U,—S 
U5 
ns(t)= \ edu, 1S>d>e(). — (A.7) 
Uy—s 
From the equation of continuity we obtain 
dns 
-— = og (ud) is = Ae-* e—V(4s—8) = Ae—* exp (— 3/2 8) 
(A.8) 


(the flow to the right is determined for T— © 

by the infinitely distant tail of the distribution 
and can thus be neglected ), 

= Ae-* exp (— 3/28) + B; 

gs = Aexp(—3/2 8) + Bet. 

It is evident that B=0, since rmhatter must be 


conserved. We finally obtain the quantity of 
matter in the vicinity of uy for Tt — : 


(A.9) 


gs = Aexp(— 3/26) 0, 0: (A.10) 


3. We shall show how a more accurate expres- 
sion for the distribution function is obtained in the 
vicinity of the point ug = es The continuity equa- 
tion in the vicinity of this point is 

Oe ) 
ar + ay Pe (4) =9, glu) 


(A.11) 
2 


Sfe-4) +e} cose 


Introducing the notation 


q(u— 3) Fle)dz = o(u,2)du, (A-12) 


we obtain 
of rs) 4 \2 
Jnnz ~ ar lg@=9 g@= (z— =) * ©(ARRS) 
The solution of this equation is 
pes dz 
bie (in [<exp Vac a): (A.14) 


We now note that 
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: du dz 1 ane gt dz “i Be ; 
+\ ipsa OP so gil seen eace , Hence we obtain immediately 
3 1g fie ”ah2 dz 
1 -> ¢(t). ; = ——_ —t — 
>|u-F|Se@ ed f=Aze en \ga ten \aq] Ate) 


In actuality 
a hee 1] $i )4) 20-2) 


(A.16) 


d 
= cexp | ete 


Also, for such values of u we must obtain the 
previous distribution function in zero approxima- 
tion: 


dz A f 1 = 
te > pp exp —(t— apg aay)} 21. 
( 
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Minimal polynomials in the matrices occurring in relativistic wave equations and the spin 
matrices are used to construct projection matrices, which are dyads describing arbitrary 
possible states of a free particle of arbitrary spin. The fundamental physical quantities 
(energy and momentum, charge and current, transition probabilities ) are expressed directly 
in terms of these projection operators in an invariant way (independent of the choice of basis 
for the representation). Thus the calculation of various effects for particles of any spin is 
reduced to the computation of the traces of certain combinations of matrices. As examples 
of the application of the method we obtain the general conditions for definiteness of the energy 
and charge for particles with a single mass and give a simple derivation of the general com- 
mutation relations for particles of arbitrary spin. 


In various calculations relating to particles with 
spin one needs to find the free-field wave functions, 
which are solutions of the first order equations 


ra Va te) b= 0, 


where x,=it, c=h=1, andthe y, are square 
matrices. For plane waves ~~ e!P*, correspond- 
ing to the four-momentum p =(p,), these equa- 
tions take the form 


(ipryr +*) p= 0. (1) 


We use the notation p = ip,y,. As has been shown 
in reference 1, the minimal equation for the matrix 
p in the general case has the form 


P (p) =p” (po? + Xp”) (p? + Np’)... (p> + gp) = 9, (2) 


where Aj (l=1, 2,...q) are distinct nonvanish- 
ing eigenvalues of the matrix y,. To each value 
+), there corresponds a set of states of the par- 
ticle: 

Since p?=—m?’* and A;=«/mj,, where m} = 
— p22, we can write instead of Eq. (2) 


2 
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Let us introduce the operator 


GU) Cre Dea, (4) 


t I 
— Oe ee: 
2/p| abe Pa 


where JP© are the infinitesimal matrix operators 
of the representation of the Lorentz group in the 
space of the functions ~ which correspond to 
space rotations, and p is the three-dimensional 
momentum vector. Using the condition for invari- 
ance of Eq. (1) 


[ynd"] = Sam — Sam Yr» (5) 


it is not hard to verify that the operators p and 

o commute with each other. Therefore when pl) 
and A; are prescribed the states of the particle 
can be characterized also by the different eigen- 
values of the operator o, which is the operator 
for the component of the spin along the momentum 
of the particle. Here in the general case we have 
corresponding to each “mass” state +A] its own 
maximum value s() of the component of the spin 
along the momentum, i.e., its own value of the 
spin. Thus for prescribed p() and A the par- 
ticle can still be in 2s) +1 different spin states. 
As is well known, the spins for the states of a par- 
ticle described by the nonseparable equation (1) 
must be either all integral or all half-integral. 
Let s be the maximum value of the spin compo- 
nent for all possible states of the particle. Then 
in the case of half-integral spin the minimal equa- 
tion for the operator o must have the form [s = 
(2n+1)/2, n an integer] 


and in the case of integral spin (s=n) itis 


Q (c) = 6 (o? — 1) (o? — 2?) .. 


In the solution of various problems about spin- 
ning particles and their interactions it is necessary 
to know the wave functions characterizing a particle 
that has given energy and momentum and is in a 
prescribed mass and spin state. Usually these 
wave functions are found in explicit form by the 
solution of Eq. (1) with a definite choice of the 
basis for the representation in the space of the 
functions 7?. For the classification into the vari- 
ous spin states one has further to solve the equa- 
tions for the characteristic values of the operator 
o. Not only are these calculations very cumber- 
some, especially in the case of higher spins, but 
also this method is in principle an unsatisfactory 


at Sy 7) 
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one. The point is that for a single type of particle 
with prescribed physical properties the equations 
(1) can be written in an indefinite number of forms 
that differ from each other in the choice of basis. 
This is due to the fact that every representation 
of the Lorentz group (or of any group) is defined 
only to within the choice of an arbitrary nonsingu- 
lar basis. It is obvious that all results having 
physical significance cannot depend on the specific 
choice of the basis of the representation, i.e., they 
must be invariant with respect to changes in this 
choice. Therefore in principle there must exist 
the possibility of solving problems relating to 
particles with various spins altogether without 
reference to any choice of the basis of the repre- 
sentation, i.e., in a consistently invariant way. 

On the other hand the usual methods of calculation, 
based on the use of a concrete basis, introduce 
into the treatment accidental features that have 

no relation to the essential problem. 

As is shown below, the use of the minimal poly- 
nomials (3), (6), and (7), which are usually known, 
make it possible in the general case to reduce the 
calculation of the main physical quantities to the 
computation of the traces of certain combinations 
of matrices, which in many cases can be done in 
an invariant way. 

Let us define the diminished minimal polyno- 
mial P,, (p™)) of the matrix p), correspond- 
ing to the mass state +A,;=+xk/mj, by the follow- 
ing relation [cf. Eq. (3) for m=my]]: 


(pO =F x) Pat (p) = P(p) = 0. (8) 


As has been shown in reference 1, the columns of 
the matrix Pj, 7 contain all the linearly independ- 
ent eigenvectors of the matrix pl) that correspond 
to the eigenvalue +Aym7 = +k. Let us further in- 
troduce a matrix a4, differing from Piz bya 
numerical factor 


a1= Psi (p)/Pai(-E». (9) 


Since by the results of reference 1 all nonvanishing 
eigenvalues of the matrix p must be single, 
Piz(+k) #0, and the matrix a4, always exists. 
Since, by Eq. (8), p() Psi7=+KkP, multiplication 

of the matrix Py 7 (pl) ) by an arbitrary polyno- 
mial R(p) is equivalent to multiplying it by 
R(+k). From this it follows that — 


[oss (pO)? = a1 (9). 


Thus the operator a4] is a projection operator. 
This means that by multiplying any state vector 
~ by Q4]7 we extract from it the part that cor- 
responds to states with the mass mj. 


(10) 
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In just the same way, by using the minimal 
polynomial Q(o) of the spin operator [cf. Eqs. 
(6) and (7)], we can construct a projection oper- 
ator 


Bn = Qn (o)/Qn (Sa), (¢ —-Sr) Qa (s) = Q(s)=9, (11) 


which extracts from any state the part it contains 
corresponding to the value s, for the spin com- 
ponent along the momentum. 

Let us consider an arbitrary polynomial f(x) 
of degree n which has all its roots x, distinct. 
Defining f{,(x) =f£(x)/(x — x,), we construct a 
new polynomial of degree n — 1: 


D(x) = 1 — Dy fa) / fr (rr). 
k=1 


Since f, (xz) #0 for k#1, wehave 4/x,) =0 
for k=1, 2,...n. Therefore the polynomial (x) 
of degree n—1 has n distinct roots, which is 
possible only when it is identically equal to zero. 
Consequently, & f,, (x)/f,(x,) = 1. Since the min- 
imal polynomial of the operator o has no multiple 
roots, the identity that has been obtained can be 
applied to it and we get 


=], 
2h (12) 
where I denotes the unit matrix, and the sum is 
taken over all values of the spin component. There- 


fore for an arbitrary state ~ we can write 


b= Dide, da =Brd, ohn = sata. (13) 
Rk 
This relation gives the resolution of an arbitrary 
state into states corresponding to all the possible 
values s;, of the spin component. If the state y 
contains no component corresponding to some val- 
ues S;, of the spin component, then for these k’s 
we have Bf, = 0. 

In the general case an analogous resolution into 
the mass states cannot be carried out, because for 
this one would have to take into account all the 
eigenvalues of p. The zero eigenvalues of p op- 
erators, however, do not correspond to real states, 
and furthermore these zero eigenvalues can be 
multiple (cf. reference 1). 

Knowing the minimal polynomials P(f) and 
Q(a), we can obtain without any calculations any 
eigenstate vector oy, (pl) ), corresponding to 
prescribed energy and momentum p I) mass 
my], and spin component s,. For this purpose 
we have only to multiply together the correspond- 
ing projection operators (9) and (11): 


(14) 


Tk = a 1BR- 


Since all the az and Bx commute with each other, 


the product (14) is also a projection operator. The 
matrix Ty, has the property that each of its col- 
umns is an eigenvector of the operators pl) and 
o for the eigenvalues Aymj;=k and s;, respec- 
tively. Since such a state is unique, all the col- 
umns of the matrix Ty, are proportional to each 
other. Therefore the matrix Tz, is a simple 
dyad. By a dyad we mean a matrix in which each 
element is the product of the corresponding com- 
ponents of two vectors. Thusif A is a dyad 
formed from the vectors ~ and 9g 


An = Dip. 


We shall write the expression for a dyad as a 
whole in terms of the components of its vectors 
in the form 


(15) 


pane (16) 


Obviously 


A=o4, At=o'g, (17) 


where ~ is the sign of transposition, + is that of 
the Hermitian adjoint, and * that of the complex 
conjugate. 

Thus we can write 


lk (p) = a8, = bin: 9. (18) 


Here the antecedent vector of the dyad 77, is the 
vector for the state in question. We as yet do not 
know the consequent g, but it is not hard to de- 
termine it. For this it is enough to note that the 
matrix p and the matrix of the invariant bilinear 
form 7 satisfy the relation? 


pn = 7p". (19) 


At the same time the Hermitian spin-component 
operator o of Eq. (4) commutes with n: 


(20) 


"oe = OF. 


Therefore the matrix Ty, satisfies the same re- 
lation (19) as B: 77,.n = 7T},- Substituting in this 
the right member of Eq. (18) we get 


boy = 79*-$*. (21) 


Multiplying this relation on the left by an arbitrary 
vector xX andon the right by 7, and using the 
properties 


ete ea ean (22) 
we get 
= py = Cos (23) 
From this we find for Ty, 
Tn = CoPin Ethie nye Ue (24) 
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Since the matrix Ty, is a projection operator 
(The = Te) 
Cr Pdr ce 


Here (T7,)c¢ denotes the trace of the matrix Tj,. 
Since 7 is a Hermitian matrix, ~~ = y*ny isa 
real number, and therefore Cz, is also always 
real. Replacing ¢7, by C’%7,, we can normal- 
ize Cy, to +1 for ~~, >0 andto —1 for 
VkYIk < 9. Consequently 


(cy)e= 1. (25) 


Tin =%1PR= Yin Vip? 


and the normalization conditions are, respectively, 


Pidin = Vint = |. (27) 
Instead of the invariant normalization (27) the 
charge normalization by 


bya =. (28) 


is frequently used. The change from one normali- 
zation to the other is accomplished very simply, 
if we use the fact that, by Eq. (1), 


gp Mg Peed wy, cg? = b(p\”)). (29) 


On the other hand, pMpMy(2) = ip() POy pO, 
Since the last expression is an invariant, we must 
have 


Tach l 
o' QO = Cp\ » 


Multiplying Eq. (30) by ip) and comparing with 
Eq. (29), we get 


(30) 


iCp"™ = —iCmji = — xh 9 = — ym po 
Consequently, C = (A;/im7) py and, by Eq. 
(30), 
Hig — MEE Gry) — ee 88°, (a= iP). (3) 
Thus with the normalization (27) 
Qo yap = (Ar/m) py? = -EMpy?/*. (32) 


If, on the other hand, we take the normalization 
(28), then 


pg? = +x / rp. (33) 


Corresponding to this normalization we get instead 
of Eq. (26) 


Yin Pn SS % [Mi pt ’) a. “8 R* (34) 


Thus a knowledge of the minimal polynomials 
of the operators p and o is enough to enable us 
to get in invariant form the solution of Eq. (1) for 
any state of the free field, normalized by the con- 
dition (27) or (28). The signs in the relations (27) 
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and (28) relate to the definiteness of the energy 
and the charge, respectively. As is well known 
(cf., e.g., reference 3), the energy is definite if 
By D >0 for all p(2) that correspond to a par- 
ticle at rest. Annlogouale for definiteness of the 
charge we must have Wy, y(t )>0 for all those 
yD. According to Eq. (26). (T77)o = +¥IVIk> 
with the sign here cConreeponaing to that in the re- 
lation (26) or (27). Since VY Tk > 0, the sign of 
the expression (77,1) Will be the sign of the 
energy. Since for the state at rest all the values 
of the spin component are on an equal footing 

(cf. reference 1) and the sign of the energy can 
change only when there is a change of the mass 
state, instead of Ty, = a78, we can take 


ay = yy TIk- Consequently, for positive definite- 
k @ 
ness of the energy it is necessary and sufficient 


thatetonrallaes 
(a9 7), > 9, (35) 


where a. denotes the operator a4] (p() for 
p l= (0, imz). Similarly, the requirement of 
definiteness of the charge reduces to the condition 


(y4%9, ,1), > 0. (36) © 


Let us examine the application of these general 
criteria to the case of a particle with a single rest 
mass. For such a particle the minimal polynomial 
of the matrix y, can always be written in the form 


vn (y2—1) = 0. (37) 
From this we get for a’, according to Eq. (9), 


il 
ee SED Oh ty). (68) 


go = 


SLT (of AYP E2) 


According to Eq. (35) a necessary and sufficient 
condition for definiteness of the energy is that the 
expressions 


2 (a8 = (GTM). + OT)» 
PA (oo cl ett 5 Mast e984) eal 2) 


have the same sign, i.e., that their product be 
positive: 


rept Deere Chae) ail (a) HIPS AOR (39) 


Since yaa = = +o , the analogous condition for 
the definiteness re charge (36) becomes 


a) ee (40) 


Taking n to be even or odd, we can conclude from 
this that in both cases a necessary and sufficient 
condition for definiteness of the energy (charge ) 

is that the larger of the two expressions |(y?*!n)o|: 
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and |(yi'n)o| be the one in which the exponent of 
Y,4 is even (or odd). 

It is not hard to verify that for spin 4 and spin 
¥% (reference 3) that one of the traces (yen Je 
and (yi'n)¢ in which y, has an even exponent 
vanishes, and that for the spins 0,1, and 2 (ref- 
erences 4 and 5) the trace with the odd power of 
yq vanishes. This is in full agreement with the 
facts of the definiteness of the energy (charge) 
of particles with integral (half-integral) spin. 

We see that although the projection matrix 
Tyx gives not the wave function y~7, itself, but 
the dyad (26), nevertheless such fundamental quan- 
tities as the charge and energy of the field are 
expressed directly in terms of Ty: This fact 
is of general significance, and all the basic bi- 
linear expressions in y that have direct physi- 
cal meaning, and the calculation of which is the 
main problem of the theory, can be expressed 
directly in terms of Tp,. 

In particular, let us consider the transition 
probability for a certain particle to go from the 
state 7%, to the state 7% as the result of an in- 
teraction. As is well known, the general expres- 
sion for this probability w is proportional to the 
square of the absolute value of the corresponding 
matrix element for the transition: 


w=C|Ry  =C (PR) Rh, (41) 


where R is an operator of a form determined by 
the nature of the interaction. Since 


(bRb,) = RO = VR nbs = bm abe, 
Eq. (41) can be written in the form 


w = Ch,4R'7 (bo: be) Rr = C[R (2: b2)R (Yr dryer (42) 


where R=7R'n. According to Eqs. (18) and (26) 
the dyads %,°%, and %-%, can be represented 
in the form 


Yi-i= & (P:) B (ox) = m8, 
bo Pe =X (p2) 8 (92) = %Bo, 


where 4, fp), 0j, 02 are the operators for the 
states 7, and 7, respectively. Thus in the gen- 
eral case the calculation of transition probabilities 
or effective cross-sections for various processes 
reduces to the computation of traces of products 
of operators: 


(43) 


w = C [Rx8,RxBele. (44) 


Since computations of traces can be carried out 
in an invariant way, the expression (44) can be ob- 
tained without the use of the explicit form of the 
matrices y, in any particular basis. 

In many calculations of various interaction ef- 


fects it is required to find the corresponding prob- 
abilities summed over the spins in the final states 
and averaged over the spins in the initial states. 
In the expression (44) the summation over the 
spins is obtained remarkably simply. Since ac- 


cording to Eq. (12) De By, = 1, for a particle with 
k 


the spin s_ the expression (44), averaged over the 
spin of the initial state and summed over the spin 
of the final state, will have the form 


C 


ayaa (Ray Re2)c. (45) 


4 
25,+1 a aoe 
Here it is assumed that the operator R does not 
depend on the spin of the particle. 

Expressions of the type (45) are used for the 
calculation of various effects in quantum electro- 
dynamics.® It follows from the above developments, 
however, that such expressions have an extremely 
general significance and are valid for the calcula- 
tion of all sorts of interaction effects for particles 
of arbitrary spin. It must be noted that in all its 
generality the method used here to derive these 
basic relations is considerably simpler than those 
used in the standard literature®' to obtain results 
that relate to just the special case of the interac- 
tion of electrons with the electromagnetic field. 

By means of these same relations, (26) and (34), 
we can work out in a very simple way the general 
commutation relations for particles with arbitrary 
spin. As is well known (cf., e.g., reference 8): 


[P.(%'), Bo(%”)]., 
1 


iN uU ip) x 
os > (273 \4p {p, (ae MieSi) be (p' A hyde) P as 
Lk 


—ipll) 
$, (DO, Dry 84) B (0 eas 


+ 


is his S,) e 


Heron yee the expressions dade form 
the dyad (¥°%)qp [cf. Eq. (15)]. We use the nor- 
malization (28). Then in the case of integral spin, 
on account of the definiteness of the energy, by 

Eq. (27) we must take the positive sign for both 
the states %,7, in Eq. (34), that is, 


Vern Pate = Thy, = /P) & 8, (47) 


For half-integral spin (indefinite energy), on the 
other hand, we get 


Viens Pai ne CUR) Mair os eae) 


According to Eq. (12) the summation over the spins 
k in Eq. (46) reduces simply to striking out f,, 
and we obtain for the two cases of integral and 
half-integral spins 
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p(x’) (x), = Sdn ALB (ay 
1 bys 


A (1) ip!) x 
ni?) Pp ) e 
Po 


By means of Eqs. (3), (8), (9), setting m =+mj] 

=+Kk/Aj, we get 
PVE Der f COP Rumi 
ak 2x (+ x)" I 
#l 


tet (DY) = (50) 


ee apm? 


Therefore a_7 (pl) ) = 247 ( -p(4)), since change 
of the sign of x in Eq. (50) gives the same result 
as change of the sign of p(4) Consequently, 
a4j(V) =a@_j7(-V), and it follows from Eq. (49) 
that 


S 


] 


[b(x')- 9a = 2x YY a, (V) Dix), 
I=1 “! 


(51) 
DH x)= (n)e \ a e’?x sin pl) x,. 
2 Po 
It has here taken only a few lines to derive this 
result, which was obtained in the paper of Karp- 
man? by rather lengthy arguments. The example 
that has been given can serve as an illustration 


of the effectiveness of the method expounded above. 


Obviously the relations (26) and (34) can find ap- 
plication in all sorts of other calculations relating 
to spinning particles. 
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A phase shift analysis is carried out for the diffraction scattering of 6.15-Bev protons by pro- 
tons. The spatial distribution of the absorbing field is deduced from results of an analysis 
using the semiclassical approximation. The value 0.79 x 107!3 cm is obtained for the mean- 
square proton-proton nuclear interaction radius. 


1. SCATTERING OF IDENTICAL PARTICLES AT 
HIGH ENERGIES 


We consider the interaction of identical particles, 
which is taken to be independent of their spins (s). 
The differential cross section for elastic scattering 
is described by the well-known formula* (see, for 
example, reference 1): 


= { FO) P+IF@—9)P 


1 (1) 
+S HF) F(R 97 + £8) Fe—9))} 
Here, f{() is the scattering amplitude and ¥ is 
the scattering angle. The upper sign refers to in- 
tegral s, the lower, to half-integral s. The ex- 
perimental data* indicate that elastic p-p scatter- 
ing at high energies goes mainly through small 
angles. In this case, if f(%) has significant val- 
ues only for small #, then in this region of angles 
it can be seen from Eq. (1) that 


ds | deo =| f () |. (2) 
Here 
F(9) =~ (24 1)(1—fr) Pi (cos). (8) 
1=0 


In Eq. (8) the notation is as usual; in particular, 
6, =exp{2injz}, where nj =a +i; and fj is 
the scattering phase. 

We assume that all of the elastic scattering at 
high energies is diffraction (by “diffraction” we 
mean here that approximation in which all a7 =0). 
Then the scattering amplitude will be imaginary, 
which substantially simplifies the phase shift 
analysis. In fact, because of the orthogonality of 
the Legendre polynomials in Eq. (3) it is easy to 
obtain 


*All considerations in this article are in the center-of-mass 
system of the colliding particles. 
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in (eter es \ P1 (x) f (x) de. 
ea (4) 
(x=cos 3). From Eq. (2) we find 


f (x) =e" Vde/do. (5) 
Substituting Eq. (5) into Eq. (4) we obtain 


tak —e 
ik(1— 8) = \ P(x) e’* yee dx. (6) 


Since the scattering amplitude is imaginary in the 
case considered, y can take on only the values 
m/2 and 37/2. From Eq. (8) it can be seen that 
y=7/2 at zero angle. The differential scattering 
cross section changes monotonically with ¥ at 
high energies and is never zero in the measured 
range of angles. Taking this latter fact into ac- 
count, and also the fact that f{(#%) is a continuous 
function of ~, we make the simplest assumption, 
that y= 7/2 at all angles. Then Eq. (6) has the 
form 


eS { Pi(x) Vw ax. (7) 


Some theoretical basis for the assumptions 
made has been given by Belenkii.? The phenom- 
enological analysis of elastic m-p and p-p 
scattering showed that for E, 2,1 Bev and 
E,, 2,5 Bev all of the elastic scattering can be 
considered diffractional.47> We give below a 
phase-shift analysis of elastic p-p scattering 
at 6.15 Bev within the framework of these as- 
sumptions. 


2. ANALYSIS OF p-p SCATTERING AT 6.15 Bev 


The experimental data are described by em- 
pirical formulae of the form 


do /dw = a? /(b —cos 9)’, (I) 
ds /dw = cexp (— R89). (II) 


346 


ao, mbn/sterad 


dw 


50 
40 
50 
20 
10 


0 70 20 30 40 


FIG. 1. Differential cross section for the elastic p—p in- 
teraction at Ep = 6.15 Bev. The experimental values are taken 
from Ref. 2, with account of a systematic error of + 15%. The 
solid curves give the approximating functions do, dw = 0.0244/ 
(1.02-cos 3° mbn/sterad (I) and do/dw = 48.0 exp {~19.2 37} 
mbn/sterad (II). 


Curves of type (I), with suitable choice of a and 
b, go up sharply at small angles and give values 
for the cross section in excess of the experimen- 
tal ones at large angles. Curves of type (II) go up 
more slowly towards zero angle, within the limits 
of experimental error, and drop sharply at larger 
angles (see Fig. 1). 

Calculations were carried out for various 
choices of the constants a, b, c, and k, satisfy- 
ing the experimental data. In the future, only the 
results of a phase shift analysis for the empirical 
curves in Fig. 1 will be given. Various other pos- 
sible choices of the constants give analogous re- 
sults. 

For curve (I), $87 was caiculated from Eq. (7) 
using the Legendre function of the second type.* 
For the Gaussian curve (II) it was assumed that® 


] — By = & Exp {— 0.026 Ne 


The value of a@) was determined from fy, cal- 
culated from Eq. (7). 

Ambiguity in the choice of approximation at 
large angles leads to a large indeterminacy in 
values of B) and f£; for curve (I); we therefore 
omit them from our consideration. 


6 /. 56, % 
20 


FIG. 2. Values of the par- 
tial contributions to the total 
I cross section for elastic scat- 
I tering in percentages for 
curves (I) and (II). 
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FIG. 3. Values of the partial 4 
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lastic cross section in percent- 
ages for curves (I) and (II). g 
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According to general scattering theory, the 
partial contributions to the cross section for 
elastic and inelastic scattering are respectively 
equal to 


oy = mk (21 + 1)(1 — Bi)’, (8) 
oy = wk? (21 + 1) (1 —8)). (9) 


Using the values of 87 obtained earlier, OF and 
of were calculated. In Figs. 2 and 3 the values 
of partial contributions of and of are given in . 
percentages of the corresponding (elastic or in- 
elastic) cross sections as a function of l. 

It can be seen from Fig. 2 that the main contri- 
butions to the elastic scattering come from the 
partial waves with 1=0 to 8. The main contri- 
butions to the inelastic scattering come from 
waves with 1=1to 12 (Fig. 3). 

In order to check the possibility of neglecting 
contributions from waves with J >15 for the ap- 
proximations chosen, the total interaction cross 
section o, was calculated from the well-known 
formula 


4nk Im f (0°) = o,. (10) 


Substituting £(0°) from our empirical formulae 
(I) and (II) we find o; equal to 36.0 mbn and 32.2 
mbn HET NINE On the other hand, 


Gp = 2 (04 +07) is equal to 32.3 mbn and 31.7 
=0 


mbn, respectively, which agree well with values 
of Ge, Raloulated from Eq. (10). The values 


ot 24 0, = 17.6 to 7.8 mbn agree well with the 
experimental value? of 8 mbn for the cross section 
for elastic scattering. 

We consider the results obtained using the 
quasiclassical approximation. The assumption 
that all elastic scattering is diffractional means 
that the scattering system is purely absorptive. 
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FIG. 4. Absorption coefficient for the nucleon-nucleon 


system of a function of distance between the centers of the 
nucleons. 


In order to find the absorption coefficient K(r), 
results of the phase shift analysis for the curve 
(II) were used; these describe the experimental 
data well even if the systematic error of +15% 
is not taken into account. K(r) was calculated 
by the method considered in reference 7. In our 
case r can be considered as the distance between 
“centers” of the nucleons. The results of calcula- 
tion are given in Fig. 4. 

From the formula 


R R 
Me \ r*K (r) dr r°K (r) dr (11) 


the value of the mean square radius of nuclear 


proton-proton interaction was found to be equal 
to 0.79 x 1073 cm. This value agrees well with 
the electromagnetic radius of the proton, equal 
to 0.78 x 1078 om.® 

The author is grateful to R. A. Asanov, V. S. 
Barashenkov, D. I. Blokhintsev, P. V. Vavilov, 
and V. I. Ogievetskii for helpful discussion, and 
also to L. A. Shustrova for carrying out numeri- 
cal calculations for the present work. 
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One process that can occur in a semiconduc- 
tor is nonradiative recombination, the inverse of 
the ionization of trap electrons by conduction elec- 
trons (or holes). Using the wave functions and 
ideas proposed by Bess! for the character of this 
interaction, we performed the calculations (ina 
manner somewhat different than in reference 1 ) 
for the collision between a thermal hole and a 
slow conduction electron near a filled trap with 
subsequent recombination of the trap electron 
with a hole (the trap electron is considered as 

a free level for the hole) and transfer of the lib- 
erated energy to the conduction electron. We used 
the following wave functions, 


Uy (rif2) = Un (ry) Un (re) (initial state), 


Uyr (if2) = Uy (71) Uon (ro) (final state ). 


Here Upp(r2) is the wave function of the hole 
localized on the impurity, and the remaining sym- 
bols are those used in reference 1. In this case 
the electron and the hole are different particles 
and the wave functions need not be symmetric. 
Considering that p > po, we obtain: 


op) = Ant Gee )( E ) (aN) F4 es 


p?a,;Mey 


Son (Po) = Sye (Po) = Sze (Po) Nn / Ne,  S1n (Po) = F2e (Po), 


where 


a= / = Gaim ree =i 
Gy is the Rydberg energy, A the depth of the 
level from the bottom of the conduction band (for 
holes — the height from the valence band); m and 
m* are the ordinary and effective masses of the 
electrons (or holes), ay the radius of the Bohr 
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orbit, €9 the dielectric constant, Ne and Nh 

the concentrations of the conduction electrons 

and holes in the valence band respectively, 

the cross section for the collision of two conduc- 
tion electrons with subsequent transition of one 
electron to the free impurity level, agp the cross 
section for the collision of two holes with transi- 
tion of one hole to the impurity level occupied by 
the electrons, dj¢ the cross section for the colli- 
sion between a conduction electron and a hole with 
transition of the electron to the free impurity level, 
and ‘oj, the cross section for the collision between 
a hole and a conduction electron with transition of 
the hole to impurity level occupied by the electron. 

If the carrier concentration Ne or Nh is 
~3x10'% cm’, then oye and oy¢ are of the 
same order (3 x 1072! cm?), and are even one 
order of magnitude less than the cross sections 
obtained by Bess for radiative recombination 
(Cre and odypp). The above mechanism of non- 
radiative recombination cannot therefore explain 
the experimentally-observed short lifetime of the 
carriers in germanium (at a carrier concentra- 
tion ~3 x 1048 cm’), and will come into play 
only when this concentration is substantially in- 
creased. 

It must be said that Bess’ cross sections 04h 
and oye include recombinations between a conduc- 
tion electron and a thermal hole, which is consid- 
ered a free level for the electron. But in this 
case he merely assumed, for the electron in the 
valence band, the wave function of the free hole 
without the Bloch factor. Since the wave functions 
Un (r;) and up(r;,), taken for this case in refer- 
ence 1, describe an electron with the same mo- 
mentum py in the conduction and the valence 
bands respectively, they should be orthogonal to 
each other, a fact not taken into account by Bess. 
It is therefore natural that in this very case the 
matrix element (3) of reference 1 (and conse- 
quently the cross sections oj, and dje), calcu- 
lated without orthogonal functions, is many orders 
of magnitude greater than that calculated by us. 


‘TL. Bess, Phys. Rev. 105, 1469 (1957). 


Translated by J. G. Adashko 
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hears now, the spin-spin paramagnetic relaxa- 
tion time Tgg in magnetically anisotropic mono- 
crystals has been calculated theoretically only 

for some substances which contain magnetically 
equivalent ions.' In single crystals with magnetic 
ions situated in diverse intracrystalline electric 
fields E, the relaxation process has a more com- 
plex character. The time Tgg, generally speak- 
ing, does not have extrema along the principal 

axes K,;, K, and K3 (reference 2) of the static 
magnetic susceptibility tensor X 9, and in case of 
strong anisotropy of the g factors, the value of 
Tgg Can vary within wide limits. Calculations 
were carried out by us under the following assump- 
tions: (1) The spin-system consists of an equal 
number of ions of two sorts. (2) In the absence 

of the static magnetic field Hy, the ground state 

of all the ions has twofold Kramers degeneracy. 

(3) The spin temperature T is so low that only 

the principal doublet is occupied, i.e., the effec- 
tive spinis S= 4% for all the ions. (4) The inter- 
actions in the paramagnets can be described by 
means of the two-particle Pie ol of and one- 
particle ZAK s0KI5 tensor operators, where ol 
is a Pauli matrix, Ig is a matrix spin-vector, 
and k and 6 are indices which label the par- 
ticles and the coordinate axes respectively. In 
the calculations it was supposed that the principal 
axes of the tensors P and A do not coincide 
with one another, and that the g tensors pertain- 
ing to different type ions have different forms. 

(5) The aperiodic curve f(v) (where v is the 
frequency of the applied magnetic field H;)? of 
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paramagnetic absorption has a gaussian shape at 
Ho =0. 

Taking into account conditions 1 to 4, we ob- 
tained a formula for the tabulated second moment? 
<v*> of the curve f (v) for arbitrary direction 
of the field H, relative to the principal axes of 
the tensor Xo. The theoretical value for <p> 
can be directly compared with the experimental 
data. If condition 5 is satisfied, <v*> canbe 
used for the calculation of Tg, according to 
Broer’s formula:? tg, = [1/2<v*>]¥”*. The com- 
ponents of the tensors P and A, which determine 
the quantity <v*>, also enter into the formulas 
for Xo, the magnetic specific heat Cy) (reference 2), 
and the paramagnetic resonance line breadth 
AH, he Our formulae thus establish a connection 
between <v®>, Tgg, Xo, Co and AHy/. 

Specific calculations have been carried out for 
Co(NHy4)9(SO4).°*6H,O at helium temperatures. In 
this case, P characterizes the dipole-dipole 
(3Cq ) and exchange (ax ) interactions; A char- 
acterizes the hyperfine spin interaction Kpfg be- 
tween the nucleus and the unpaired electrons within 
one and the same paramagnetic ion. The numerical 
values of the components of the tensor A along 
the principal axes were taken by us from refer- 
ence 4 and pertain to Co*’. In the calculation of 
the components Pi we used the values of the 
g factors and the ae eigenfunctions of the funda- 
mental Kramers doublet given in references 4 and 
5 respectively. The lattice sums, which enter in 
<v?>, were evaluated by means of the tables 
compiled in references 2 and 6. We evaluated the 
exchange integrals J, and Jy, between the near- 
est and next nearest neighbors of a paramagnetic 
ion respectively, by means of formulae from ref- 
erence 6. Upon correction of one arithmetical 
error in the derivation of these formulae, we ob- 
tained J,/k=0.017° and J,/k = —0.0104°, where 
k is Boltzman’s constant. 

The table lists the results of calculations of 
<v?>x107!8 sec and of tgg sec for the direc- 
tions K;, K,, K3, and ¢€, where e is the axis of 
symmetry of the field E for one of the non- 
equivalent ions and <v*>g, <v?>ex, <v?>nfs 
and <v*>g-_ex are additive contributions due to 


Danes | ex "d-ex CO hes "ss 
A, | Ka 334 33 —=140 30 7,4-10-10 
Jay || Ke 616 247 70 283 3,75-10-19 
A, || Kg 527 —99 Pail 12 4.84 -.10-10 
Hy lle 256 33 93 25 8.43. 10-20 
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Hg, Hex, Kpfg and the dipole-exchange interac- 
tions, respectively. 

In conclusion, the author expresses his thanks 
to Prof. S. A. Al’tshuler for suggesting the topic 
and for his interest in the work. 


1U. Kh. Kopvillem, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 34, 1040 (1958), Soviet Phys. JETP 7, 
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5A, Abragam and M. H. L. Pryce, Proc. Roy. 
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6T, Nakamura and N. Uryu, J. Phys. Soc. 
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Ir is generally acknowledged today that the .7 
mesons spend part of their time in the form of 
a baryon-antibaryon pair, i.e., the 7 mesons are 
represented at least part of the time (and in the 
model of Fermi and Yang,! all the time) asa 
tightly bound nucleon-antinucleon pair. If we re- 
quire the a mesons to form an isotopic triplet, 
we obtain 
nt = pn, ™° = (pp + na)/V2 = (m+) /V2, 
ai (1) 
Recently, the possibility also of the existence 
of an isotopic singlet was noted.?*? In the theory 
of composite particles this is represented as 


0° = (pp — an). /V 2 = (m— m2) / V2. (2) 


Obviously, the Couiomb interaction in the 7, = 
pp compound will result in different properties 
for the m and am) mesons. 

Following Zel’ dovich,‘ it is easy to show that 


LETTERS TO THE EDITOR 


the masses of the 7, and 7m, compounds are 


different: 
AM = Mg, — Mn, = C? (Wet-mag Dav 
(3) 
= (e/c)? (— aoa, = Vr Me, 


where mg is the electron mass. The averaging 


is over the wave function found by Fermi and Yang. 


It is clear that the life times of these compounds 
will also be different. Thus, according to the cal- 
culations of Romankevich, which use lowest-order 
perturbation theory,” 


2 (my) /* (2) = (3/*) (g? / he)? 


(g’/fic is the dimensionless coupling constant for 
the coupling of the 7 meson field with the nu- 
cleons). Therefore, if initially the beam contains 
only 7’ mesons and if the corresponding wave 
function has the form (0) = (m+ 7)/V2, then 
the amplitudes for the states m, and 7) at time t 
will not be equal, and 


W (t) = {m, exp [— f/2 (2) + ie@,e). 
+ nryexp[—t/2¢(m_) + iwgt]} /V 2, 
where fw; = cv p* + mic? ‘ 


Thus it is possible that the relative phase of 
the states m, and 7, changes, i.e., we have the 
possibility of the transition of the 7’ meson into 
a p’ meson in real or, at least, virtual (when 
the mass of p’ is greater than the mass of n°) 
processes. 

In the calculation of the probability for finding 
the 7’ or the p? mesons we can neglect the 


| 
| 
| 


(4) 


strongly oscillating term containing cos (c2AMt/h),, 


since, according to (3), c2AM/fi ~ 1072! sec™}, 
Normalized for one particle, the probability for 
finding either meson has the form: 


P (not) = P (o%t) = "/4 {exp [— t/t (m)] + exp [—t/+(m)]}, 


i.e., our calculations lead to a decay scheme for 
the 2’ meson which is characterized by the sum 
of two exponentials. 

Thus, according to the proposed scheme, 1° 
and p° mesons participate in strong interactions, 
where the total isotopic spin is conserved, and 7 
and m, mesons participate in electromagnetic and 
weak interactions. 

We do not exclude the possibility that the differ- 
ence in the life times of the mesons emitted in dif- 
ferent processes is connected with precisely this 
circumstance. For 7? mesons produced in nu- 
cleon-nucleon collisions (strong interaction) T ~ 
5x 107! sec (reference 6), andfor 2 mesons 
arising in the K-meson decay (weak interaction ), 
T£5x107'§ sec (reference 7). According to our 
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scheme, 7° or p> mesons are emitted in the first 


case, and m or m) mesons in the second case. 
Obviously, this situation is entirely similar to 
that arising for neutral K mesons.® 
In conclusion the author expresses his deep 
gratitude to V. V. Chavchanidze for his guidance. 


Note added in proof (June 15, 1958): If we take, for 
example, m,+ ~ (1*)*Qn*, where Q is some 
“mass” operator, one can roughly estimate the 
mass of p’ as ~139 Mev, using formulas (1) to 
(3). Hence, the investigation of 7° production 
processes appears to be the most convenient way 
to discover the p° meson (cf. Fliagin, Dzhelepov, 
Kiselev, and Oganesian, Preprint R-188 Joint Inst. 
for Nucl. Prob.). 
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In ordinary hydrodynamics, it is shown! that 
points of high density in a simple wave move 

more rapidly than points with low density, if 

the inequality 


2 
(ap =) > 0 (1) 
is satisfied. 

In magnetic hydrodynamics, three types of 
simple waves are present:” fast and slow magneto- 
acoustic, and Alfven (magnetohydrodynamic ) 
waves. The latter wave type is characterized by 
a constant density and constant velocity. As re- 
gards the first two types of waves, it can be shown 
that points of high density in them are displaced 
with higher velocity if condition (1) is satisfied. 

It follows from this, in particular, that self- 
similar waves are always waves of discontinuity. 
The dependence of the phase velocity on the den- 
sity leads, just as in ordinary hydrodynamics, to 
the result that in regions of compression the liquid 
continues to be compressed as long as a shock 
wave is not formed. 

The authors thank A. I. Akhiezer and A. S. 
Kompaneits for valuable advice. 
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As is known,! according to Zemplen’s theorem 
in hydrodynamics, rarefaction shock waves are 
impossible if 


oz 4 \ 
Ge (1) 


Landau and Lifshitz? have shown that in magneto- 
hydrodynamic low-amplitude shock waves are com- 
pression waves if conditions (1) are satisfied. 
Hoffmann and Teller® have shown that in an ideal 
gas the compressed shock wave is thermodynamic- 
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ally unstable if the magnetic field is parallel to the 
plane of explosion. They left open the problem of 
thermodynamic instability of rarefaction shock 
waves. 

It turns out, however, that Zemplen’s theorem 
is correct also in magnetohydrodynamics for an 
arbitrary explosion intensity and for an arbitrary 
magnetic-field direction, provided condition (1) is 
augmented by the condition 


(0p / OT), > 0. (2) 


The increase in shock-wave pressure leads to 
an increase in density. 

To explain how the tangential magnetic field H, 
changes upon passage of a shock wave, it is enough 
to use the formula 


Ay = Hoi (Uo. ag Vox) / (PoVox art eVox)» (3) 


which follows from the conditions on the surface 

of the explosion (the subscript 0 refers to the re- 
gion ahead of the shock wave, and Vy is the normal 
projection of the Alfven velocity). Small magnetic 
fields [H2< 2mvix (Po/P)(p + py)] become rein- 
forced by passage of a shock wave, while large 
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INTERACTION IN THE TAMM-DANCOFF 
METHOD 
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In the field theory of nucleon interactions, the 
effective potential is usually calculated with the 
help of the so-called “adiabatic” approximation 
(i.e., neglecting the motion of the nucleons during 
the meson exchange).!~®> Here the potential ob- 
tained in the adiabatic approximation is attractive 
already in the second order term in the coupling 
constant (g*), and contains a singularity of type 
rin higher approximations with respect to the 
coupling constant, the singularity of the potential 
increases, 

In the investigation of a system of two nucleons 
with the help of such mesonic potentials one usually 
introduces into the theory a second arbitrary con- 
stant,®" the cut-off constant for the interaction Lo: 
This is a great deficiency of the theory. However, 
the author has shown? that this arbitrariness of the 
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magnetic fields [H% > 2mvix (pp/p)(p + po)] are | 
attenuated. This indicates that shock waves play 
a certain equalizing role. 

The reinforcement of weak magnetic field by 
passage of shock waves was noted by Helfer.* In 
his opinion this is one of the mechanisms of for- 
mation of strong interstellar magnetic fields. 

The authors are grateful to A. I. Akhiezer and 
A. S. Kompaneets for valuable advice. 
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theory can be excluded in the non-adiabatic treat- 
ment of the nucleons, and that a theory can be con- 
structed with a single arbitrary constant, the coup- 
ling constant. In the paper? it was shown that the 
Tamm -Dancoff method! for the two-nucleon sys- 
tem may be applied in its two-meson approximation 
only. It appeared that the terms of order gf in the 
nucleon interaction are significant only in the non- 
relativistic energy region of the interacting par- 
ticles, while the interaction in the relativistic 
energy region is completely determined by the 
terms of order g’. This result permits one to 
replace the exact equations for the state amplitude 
of the two-nucleon system by approximate equa- 
tions in which the terms of order g* are treated 
only adiabatically (with p, p’ <= P <M), while the 
terms of order g* are treated exactly. This 
greatly simplifies the solution of the equations. 
Recently these equations were integrated nu- 
merically on the “Strela” electronic computer of 
the U.S.S.R. Academy of Sciences. For the state 
3S, + 2D, of the two-nucleon system, we found 
the lowest eigenvalue of the coupling constant for 
which the system is in the bound state with bind- 
ing energy 6 = 2.227 Mev. The scattering prob- 
lem was solved for the 485 state with a given 
value for g’. 
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From the solutions for the amplitudes u(p) of 50 Mev. It is seen that the contribution of the 


and w(p) of the two-nucleon system in the $3; 
and "Dj states, obtained by numerical integration, 
we can find the wave functions for the °S, and ay 
states of the deuteron in coordinate space: 


co 


2 2M ‘ 
u(r) = Taat \ pp V aes (0) sin pr, 
0 


2 2M 
w(r) = ae \ pap V iver) (1) 
0 
erg ee 3cospr _ 3sinpr 
Se (ake pr+ fF (ery? f? 


where M is the mass of the nucleon, and Ep = 
vp? + M2 is the energy of the nucleon with momen- 
tum p. With the help of known formulas® we can 
use the functions u(r) and w(r) to determine 
the interaction parameters of the nucleons in the 
state 3S, + 3D, for low energies, viz.: °r;, Pg, 

and Q. 

From the numerical results of the scattering 
problem for two nucleons in the ‘Sp state, we can 
determine the scattering phase for this state. In 
agreement with Dalitz and Dyson!” we have 


tan 8 (!S,) = — 7 (Po); (2) 


where py is the relative momentum of the nucleons 
in the center-of-mass system; it is connected with 
the kinetic energy T of the incident nucleon in the 
laboratory system by the relation py = ¥MT/2. 
Table I shows the results of the numerical cal- 
culations for the deuteron and gives a comparison 
of theoretical and experimental values. In Table II 
the results of the calculation of the phase 64 ( *So) 
are compared with the results obtained with the 
use of various phenomenological potentials,®»!! 
which agree well with experiment up to energies 


terms of order g‘ to the interaction in the bound 
state problem of the deuteron is small. But in the 
scattering problem of nucleons in the 1S, state the 
terms of order g* give a significant contribution. 
The comparison of experimental and theoretical 
values shows that the theory is qualitatively right 
in the description of the interaction of the nucleons 
at low energies (T< 20 Mev). For T=50 Mev 
the calculated phase 6 Cs5 ). is significantly smal- 
ler than the experimental phase, which indicates 
the breakdown of the two-meson approximation 
used here for relatively high energies. 

In conclusion I express my deep gratitude to 
Academician I. E. Tamm for suggesting the topic 
and for numerous discussions and advice. I also 
express my gratitude to N. N. Strelkova, who did 
nearly all the calculational part of this work on 
the “Strela” electronic computer. I am very 
grateful to N. E. Nikulkina, who performed much 
of the numerical work. 
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Tue change in electron polarization (from initial 
longitudinal polarization) under rotation in a mag- 
netic field may be utilized for the purpose of meas- 
uring the electron anomalous magnetic moment.! 

It is useful here to obtain the magnitude of depolar- 
ization due to the side effects of radiation in a mag- 
netic field. 

It is convenient, for the purpose of calculating 
the probability of radiation with spin flip in a uni- 
form magnetic field H, to express the wave func- 
tions in the coordinates z, y and y = eHr?/2:? 


Pp) = Dz (Qes! n! Qro'ls)—"le LE yl? exp (— y /2 + ile + ip, z); 
Rasl a. ote 
=l4%y+(—1)t/2; Dy =AVne +m); 
D, = iB Ve + m, 
Ds = Vn(V 2eHn B + P-A)/Ve+ m; 
D, =a (V 2ebn A= P-B)) Verte mn: 
e = V m? + P2 + 26cHn. 

Here ¢€ stands for the total electron energy 
(h=c=1), s=n- 1-1; V is the normalization 
volume and LP (y) is the associated Laguerre 
polynomial as defined in reference 3. The con- 
stants A and B specify the spin state, | A|? + 
Blea, 

For the intensity of the transition from n, s = 0, 
A=1,0 to n’=n-p, s’=0, A’ =0,1 we find 
(P, =0 in the initial state): 


, 1 (B%%e2H \? {/e8 sin 8 2 ae 

dl, = 5 ( 4ne ) {( etm Jy Jo-1) a cosh (1) 

‘(s2v?e?H \* {/ eB sin 6 
rae 


dly = =| 


\ 4ne 


J, Jae cos be 
v v-+1 t cos gd (2) 
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where Jy =Jn(nfsin@) is a Bessel function, 
B=v/c, and @ is the angle between the z axis 
and the direction of the wave vector of the emitted 
photon. Transitions in which the quantum number 
s changes do not contribute significantly to the 
total transition probability for the process n, A= 
1,0—-n’ =n= yp, Ao =0, 1, Short /n <r en 
up to energies ~100 Mev since ¥?/n ~ R77? (f/mc) 
x (<¢/me?)> where R is the radius of curvature ], 
Eqs. (1) and (2) describe the intensity of emission 
of photons with frequency wv = eHv/e in the di- 
rection @ when the electron spin is flipped. Com- 
parison of these expressions with the classical 
Schott formula 


3 4 2H \2 , 
dl’ = ms ) (cot? 6/2 + B22) do, 

which describes the intensity of radiation without 
spin flip, gives 


dI{y | do ~ (By /n)? dl” /do< dl” / do, 


and dl}; ~ p dit. Consequently, radiation accom- 
panied by spin flip is of order (Bv/ny? relative to 
the total radiation. The quantum corrections of 
order v/n, calculated by Sokolov and Ternov,’” 
refer to radiation without spin flip. 

We conclude that electron depolarization due to 
radiation is exceptionally small. For an electron 
of energy ¢ the radiation maximum occurs in the 
region ) ~ (¢/m)’. Making use of the relations 
eHR = Be, 2echHn = ¢2g? we find that the emission 
probability with spin flip during one rotation in the 
magnetic field is of the order of magnitude 


dw, /dN ~ 8? (e?/kc) R-2(% / me)? (e / mce*)>, (3) 


where R = radius of curvature, N = number of 
rotations. N must equal 10‘to 10° for the mag- 
netic moment of the electron to be measured with 
an accuracy sufficient to include the second cor- 
rection’ Apl2)/u, ¥ —0.3(e*/fic)*. Clearly, in 
such an experiment depolarization due to emission 
of photons is unimportant. 
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W: consider an ionized gas in which the ionic 
temperature is assumed given. The energy radi- 
ated by the electrons per unit time by virtue of 
cyclotron radiation is: 


iB 
(dE, / dt), = ——4 = — (4e*H? / 305m) Ee. 


Soler (1) 
Here e is the charge of the electron, H is the 
magnetic field, mg is the mass of the electron 
and Eel is the electron energy due to motion in 
the transverse magnetic field. In order-of-mag- 
nitude terms, the energy radiated ina time te is 
equal to the energy of the electrons. The frequency 
of the cyclotron motion is v ~ eH/mg; in what fol- 
lows it will be assumed that the gas is transparent 
in this frequency region. This condition is rather 
stringent; given characteristic dimensions, we 
assume either a highly rarified gas or high values 
of the magnetic field and ionic temperature. 

If the electrons radiate a significant part of 
their energy in a time short compared to the relax- 
ation time teg of the electronic and ionic compo- 
nents of the gas, i.e., if teq >tc, it can be shown 
that the electronic temperature will differ consid- 
erably from the ionic temperature. 

The relaxation time for the electronic compo- 
nent is! 


(2) 


Here Tg is the kinetic temperature of the elec- 
trons, Ng the number of electrons per unit volume 
and In A is the Coulomb logarithm. It will be as- 
sumed that te > ty so that the electron gas is 
characterized by a Maxwellian distribution. Thus, 
the Spitzer formula! can be used in analyzing the 
exchange of energy between the electron gas and 


the ion gas: 
[7] E,—E, 
=| =—7 


‘ Ol og 


2 Sam, m, pile he 4 T; jel 
= (E:— Fe) (serena (mg * 


Here mj; is the ton mass, Z is the charge of the 
ion and nj; is the number of ions per unit volume. 


tp =m) (3kT-)'? /8-0.714 nne* In A. 


(3) 
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-2 = 0 } 2 3 q b 


The factor qa takes account of the retardation of 
the relaxation process because of the magnetic 
field, a~ 3. 

In the quasi-stationary state we can equate (1) 
and (3). Whence the following expression is ob- 
tained for the ratio Te/Tj = @: 


aks m,; Tis fe 
3 (2n)!2 c5m;!* Z2In A I; 


oe (GO) 
~ 68 (1+ m,/m,; 8) ’ 


h2 


(4) 


The condition te > ty is equivalent to the in- 
equality ’ «< 10° in which case me/@mj K 1, so 
that Eq. (4) can be simplified: » = 67/2(1-0). 
The function @ = 4@(A) is given inthe figure. At 
large values of A it is apparent that 9 =a?/*. 
Thus, the difference in temperatures for the ionic 
component and the electronic component can be- 
come very large. 


‘Spitzer. Physics of Fully Ionized Gases, Inter- 
science, New York (1955). 
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‘Tae spectra of m mesons and electrons produced 
in Ke3 decay have been investigated by a number 
of authors.'!~* An important contribution to these 
spectra is due to the Ke3 decay with the emission 
of a hard y photon. Hence we investigate this 
process in this paper: 


. 
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Koni + et+y+y¥. (1) 


If it is assumed that the 7 meson, electron, 
and neutrino are created at one point on the Feyn- 
man diagram for the process and that the spin of 
K°® meson is zero, the most general form of the 
interaction Lagrangian for the Ke3 decay in the 
x representation is: 


heres ee (de (1 + a'sy5) dy) On x 


dg, d9 
(Pe (1 + 255) 9) ae ce 


= , * ® 
Leis uatendett Nera vee 7 (2) 


gr ot de, 99%) 4 
+ ge Gel + 2098) tuo) See Bey f ME? 


Yue ao (2 Vom told ie ee ae aL 


Here de, %p, Pr, and YK are the wave functions 
for the electron, neutrino, meson and K meson 
respectively while M is the mass of the K me- 
son. The mass of the electron is neglected in com- 
parison with the momenta which are of importance 
in this decay. 


uw YX 
au % 


4 


8 


0 a2 04 UG 08 / 
Yonas 


In considering the process in (1), it is necessary 
to 1: O97 /dXy in (2) by OuPr = = (0/8xy — 
ieAy ) gm. In this case we already have de ( 8/ Oxy + 
ieAy) Yu = 0. 

The complete matrix element for the decay (1) 
in the rest system of the K’ meson is of the form 
(in Heaviside units): 


mtg 
* 2M)" (Ea) (3) 


gi (1 + ays) Bip, 8 (P — p —pe—k—R,). 


inf = 


t=S,V,T 


We use the notation: 


ek Ne 
eo Fie Pe Oy 


o=4 (8, + °0) va? + Ya (¢— is rk) 
» __ (Pe) 
ori = “(kp,) ania 


a, =a + Yada; 
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P is the four-momentum of the K meson and ¢€ 
is the polarization vector of the photon. p, E 
Pe, €) * |Pel; k, w; ky, ky are respectively the 
momenta and energies of the 7 meson, the elec- 
tron, the y photon and the neutrino. 

In the limiting case (emission of soft protons ) 
we have: 


M;-; = (e/ V 20) do MM, (4) 


where mM”) _,¢ is the matrix element for the Ke3 
decay. This means that in the present case the 
ratio Aw/w the probability of the decay in (1) to 
the probability for Keg3 decay is a quantity which 
is independent of the particular interaction. 

If the emission of the 7 meson is neglected, 
we have for a scalar interaction: 


Aw /w = (€2/ 2 (2n)?) As, (5) 


where 
As =( zt + _2)(in= +4) 
+2(In-—2)(In?{EE9 — 5 ind ) (6) 


1 
ai i 


meZ=F + 5 (in 5 zin 3) +75 iS 
< 


Here z=(M-—E)/p 
mum frequency of the photon. In the integration 
over electron emission angles we take account of 
the electron mass, writing 1/ve=1+6; if this 

is not done, an expression which diverges logarith- 
mically is obtained. Assuming that on the average 
the energy going to the electron, photon, and neu- 
trino is distributed uniformly between these, we 
find 6 =%(m/pz)*. It is easy to show that an 
error in the estimate of 6 cannot change these 
results by more than 10%. Equation (6) applies 
when z—1> 6. Assuming wmjin =m *¥ 0.5 Mev, 
we obtain the dependence of Aw/w on m-meson 
energy shown in the figure. 

Because of the relations in (4) and (6), the value 
of Aw/w in vector or tensor interactions does not 
differ greatly from this value in the scalar case. 

The nonconservation of parity in Ke; decay 
appears in the polarization of the electrons and 
protons. Using the electron spin-projection op- 
erator,’ it is easy to show that the electrons will 
be longitudinally polarized and that the degree of 
polarization for each of the “ pure” interactions is 
given by the expression 


P;,=(% +@;)/(l+ /a|?) G@=S, V, T). (7) 


If the two-component neutrino theory is valid, 
ag=ay=1 and ay=-—1, that is to say, the 
polarization can be incomplete only if there is 
a mixture of vector interaction with scalar or 
tensor. In this case the direction of polarization 


1 while Wmin is the mini~ | 
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can yield information as to the predominance of 
one or the other of the interactions. 

In the case of nonconservation of parity, the 
photons are circularly polarized. The dependence 
of the circular polarization on the frequency of the 
photon for a given m-meson energy and emission 
angle for the m7 meson and photon is given by: 


ee ee Oey 2x (1 — x) a; + 0; 
Y Adp+Aw, 1+ (—x? 1+]2,—? 


K=O) | Oya, Om = p(zz— 1) /2(z+ cos 6). 


(8) 


Here AwR and Awy, are the differential proba- 
bilities for decay with the emission of right-polar- 
ized or left-polarized radiation respectively; Wm 
is the maximum photon frequency for a given 7- 
meson energy and angle of emission. The maxi- 
mum value of the polarization Pain = 0.41, for 
@=1, is achieved with x = 0.6. 

There is no circular polarization for charge 
invariance (q@ = —a*) or if parity is conserved 
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Tae magnetization of ferromagnets in the low- 
temperature region! is determined, roughly speak- 
ing, by an inversion process (the spontaneous- 
magnetization vector switches from one direction 
of easy magnetization to another) and a rotation 
process (the spontaneous-magnetization vector of 
the domain shifts away from the direction of easy 
magnetization). Sufficiently far above the Curie 
point @ the magnetization is caused by the change 
in the number of parallel and antiparallel spins 
when short-range order is absent. We shall call 
such a process true magnetization, in contradis- 
tinction to paraprocesses when short-range order 
is present and microdomains are formed. A para- 
process causes magnetization by the rotation of 
microdomains. 

Measurements performed by us show that for 
each of these four processes of magnetization 
there is a corresponding Hall parameter. As far 
as the inversion and rotation is concerned, we have 

-obtained the following results. When investigating 
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(wa=0). It is easy to show that in these cases the 
radiation will consist of a superposition of unpo- 
larized light and linearly polarized light. 

In conclusion we wish to express our gratitude 
to Professor I. Ia. Pomeranchuk for suggesting 
this problem and for guiding its execution and to 
A. F. Grashin for a discussion of the results. 
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the Hall effect in iron-aluminum alloys we have 
observed that the Hall voltage depends in a non- 
linear fashion on the magnetization I in the re- 
gion of technical saturation. However, for an 
alloy with a zero value of the anisotropy constant 
(12% Al),? we obtained a strictly linear dependence, 
while the slopes of the straight lines are the same 
in the regions of inversion and rotation. For alloys 
with a non-vanishing anisotropy constant we have 
observed a bending of the curve in the transition 
region from inversion to rotation. Since this bend- 
ing is not substantial or very pronounced, it is de- 
sirable to perform a direct measurement of the 
Hall effect on single crystals to bring out the role 
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played by anisotropy. 

We further observed a sharp difference in the 
Hall parameters for the paraprocess and the true 
magnetization. It was established that the ferro- 
magnetic Hall constant is practically equal to zero 
for true magnetization. This follows from the 
curves giving the dependence of the Hall emf E 
on the magnetization I above the Curie point 
(Fe-Ni, 46% Ni). As can be seen from Fig. 1, 
the tangent of the angle of inclination sharply 
decreases above the Curie point to zero (within 
the limits of experimental accuracy). This indi- 
cates that the spin distribution does not lead to a 
Hall effect, when there is no short-range order, 
even if I#0 (for H#0). When the Curie point 
is approached, short-range order sets in, as char- 
acterized by the formation of microdomains (com- 
plexes of electrons with a parallel spin alignment). 
The larger the number of such microdomains, the 
higher will be the value of the ferromagnetic Hall 
constant R. If we neglect the dependence of the 
Hall effect on the magnitude of the microdomains, 
we can thus consider such a curve R(T) above 
the Curie point (Fig. 2) as the characteristic 
probability for the formation of microdomains at 
different temperatures. 
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FIG. 2 


Below the Curie point the microdomains agglom- 
erate in the well-known way, forming larger com- 
plexes — the domains. The dependence of the Hall 
constant on the temperature becomes of the kind 
depicted in Fig. 2. 

This dependence below the Curie point was 
shown by us**4 to be characterized by the relation 


e = [a(o —~) + b(p —p,)*] /, (1) 


where e is the Hall emf per unit current density 
and unit distance between the Hall electrodes, p 
the specific electrical resistivity, p) the residual 
resistivity, while a and b are temperature- 
independent constants. From (1) it follows that 
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there are two effects, one proportional to p, and 
the other to p’. 

A number of authors® have found a relation dif- 
ferent from Goldhammer’s (i.e., a linear depend- 
ence of e on I), namely, 


e=(c— fIIs, (2) 


where c and f are constants. 

An analysis performed by us showed that (2) is 
a consequence of the general relation (1). To see 
this, one must take into account (for instance, 
using Gerlach’s equation’ ) that the ohmic resistiv- 
ity is itself a function of the spontaneous magneti- 
ZAGLON al Ce 


0 = 09 —aT +8 (15 —I5), (3) 


where Ig and Ip are the values of the spontaneous 
magnetization at the given temperature and at ab- 
solute zero, and @ and £8 are constants. After 
substituting (3) into (1) we get a relation of the kind 
(2), because the term bs is relatively small and 
the term aT can for relatively small changes in 
T be considered to be a constant quantity. Com- 
bining (1) to (3) we have thus 


dR/dl;=ado/dl; or f =as. (4) 


This condition agrees well with experiments in 
the region of the Curie temperature. The relation 
(2), found by Komar and Volkenshtein, is thus a 
consequence of the general law (1) which is shown 
to be correct in a number of cases where (2) does 
not agree with experiments (e.g., for the alloy 
FesAl). 


IN. S. Akulov, @®eppomarnerusm ( Ferromagne- 
tism), ONTI, 1939. 

oid Snoek, New Developments in Ferromagnetic 
Materials, New York, 1947. 

3N.S. Akulov and A. V. Cheremushkina, Dokl. 
Akad. Nauk SSSR 98, 35 (1954). 


4N. S. Akulov and A. V. Cheremushkina, J. Exptl. 


Theoret. Phys. (U.S.S.R.) 31, 152 (1956), Soviet 
Phys. JETP 4, 150 (1957). 

°A. P, Komar and N. V. Volkenshtein, Dokl. 
Akad. Nauk SSSR 60, 785 (1948). 

®W. Gerlach, Ann. Physik. 12, 849 (1932). 
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SHOCK WAVES IN A CONDUCTING ULTRA- 
RELATIVISTIC GAS 


K. P. STANIUKOVICH 
Bauman Higher Technical School 
Submitted to JETP editor April 19, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 520-521 
(August, 1958) 


Waen a stream of conducting gas passes through 
the front of a normal shock wave the following quan- 
tities are conserved:'!*? 


Srere(sgjan a 


1 LP oo 
7 [pV + ever + = = wr; (2) 


a/Vié=m. (3) 


At the same time the following condition is also 
satisfied. 


HV =) = const. (4) 


Here p is the pressure, p the density, V the 
specific volume, a the velocity, 6 = V1—a*/c*, 
and H the intensity of the magnetic field (Hla). 

On eliminating the quantity H from Eqs. (1) 
and (2) with the aid of (4), we arrive at the follow- 
ing equations: 


(5) 


where 
by = wb? / 4xc?. 
For an ultrarelativistic gas we have 
(7) 


p=(k—1)pc?;, pVF = oF, 


where o is the entropy function. 
On eliminating.from Eq. (6) the pressure and 
the specific volume we shall find that 


20 / 
Eis 
(6). , UGG) 
[a AG ao: 
Denoting the parameters of the gas ahead of the 
front by the subscript 1 and behind the front of the 


shock wave by the subscript 2, we obtain, on the 
basis of (8), the following equations: 


1+ 3) +4] =0; 
(8) 
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ir vessel a bom® __ 5 pe a) bom? 


1 1 2 Gy = 


Roya, | 87 + byt? / a, = Roydz / 63 +- by? / dp. 


If we eliminate p) from the system (9) we obtain 
a cubic equation for a). This equation has, first, 
the trivial solution a; = a,=c which has a mean- 
ing in the case of a photon gas whose equation of 
state is the same as for the case of the ultrarela- 
tivistic gas. As is well known, no shock wave 
arises in this case. 

The resulting equations lead to the solution 


+ 8B? [«* — (k — 1)])'}, 
where 
ae. aq, a ag 
eee, Ee. > B. ria, Co ? 
pe ea tesa Ta 
2 2 SA yee 


(Evidently the only meaningful solution is one 
with a plus sign in front of the square root). 
Analysis of this solution shows that if B,;=a, 
then also By =a. 

Further, it is evident that the condition B, < p, 
yields the result: B, >a; B,<a@. For B,<a, 
no shock wave is formed. 

If the gas pressure is negligibly small in com- 
parison with the field pressure (there is no gas), 
then a@ =1, and since the condition 1=>fp,;=a 
must be satisfied, 8, = 6, =1 and, consequently, 
the shock wave can not be formed. 

If there is no field (H=0; b=0), a =(k-1)¥” 
and (10) leads to 


8; Bp =k—1. 


If B,=(k-1)!7, then B, =(k-1)'/” and there 
is no shock wave. As #,; increases, the amplitude 
of the shock wave also increases. 

In the system of reference in which the gas 
ahead of the wave front is at rest, and the speed 
of the wave front is D=a,, the velocity of the 
gas behind the front of the shock wave will be 
given by 


(11) 


Bie) 
Bb: (2—&) 


a, — a2 a” 
1,— aja / oe a 


an => 


(12) 


When £;=1, then B,=k-—1, but ay/c=1. 

It is evident that a shock wave is impossible 
when the speed of gas flow behind its front is equal 
to the velocity of light for particles with a rest 
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mass different from zero, because such a speed is 
not attainable. 

It may turn out that fora given ay = aj the 
amplitude of the shock wave will be a maximum. 
In the case of a further increase in the speed ay, 
a part of the energy of the particles will be con- 
verted into energy of radiation, pairs will begin 
to be created in the photon gas, and the amplitude 
of the shock wave will be reduced. 


1, Hoffman and E. Teller, Phys. Rev. 80, 692 
(1950). 

2k. P. Staniukovich, Heycranosusumeca wBuaKkennA 
cimomHonu cpegpr (Unsteady Motion of Continuous 
Media), Gostekhizdat, 1955, Ch. 15, § 87. 


Translated by G. Volkoff 
96 


THE ENERGY OF EXCITONS FOR VERY 
SMALL QUASI-MOMENTA 


S. I. PEKAR 


Institute of Physics, Academy of Sciences, 
Ukrainian S.S.R. 


Submitted to JETP editor April 30, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 522-523 
(August, 1958) 


Ler us divide the crystal into cubic regions, let 
the edge of the cube L contain a large number of 
lattice constants, and let the exciton quasi-momen- 
tum k have an absolute magnitude much less than 
1/L. We construct the wave function of the crystal 
in the form of a linear combination of antisymme- 
trized products of wave functions of the separate 
regions: 


N 
yA Des a 1) To) Pq @)- (1) 
Pas 
Here n (or m) is a vector determining the posi- 
tion of the center of the cube and at the same time 
an index, numbering the cube. wp is the (antisym- 
metrized) ground state of the separate cube, 9m] 
an excited state of the cube, 7 numbers the degen- 
erate excited states of the cube, and A is the num- 
ber giving the distribution of the electrons over the 
cube. The distribution is numbered arbitrarily but 
in such a way that each subsequent distribution is 
obtained from the previous one by the interchange 
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of two electrons belonging to different cubes. ‘ 
The exciton energy is evaluated from the wave 
function (1) in the same way as in the Heitler- | 
London-Heisenberg method (see reference 1, § 2, | 
case b). The only difference is that the Heitler- 
London-Heisenberg method involves the wave func- _ 
tions of the elementary cells of the crystal, while 
here we have instead the wave functions of the 
above-mentioned cubes. We can neglect the ex- 
change interaction energy for electrons belonging 
to different cubes. The energy is then equal to 
E(k) =Gotu(k), ulk)= Lem, (2) 
where Gy, is a constant that does not depend on | 
the quasi-momentum k, and | 


ioe — Me Cy \ oy (To) p. im) Vivo (fmfo) Oml Ga) Yo (fo) dr odrm- 
te 
(3) 


Vmp is the potential energy of the Coulomb inter- 
action between charged particles belonging to cubes 
at the points m and 0; rp and ry indicate the 
totality of the coordinates of these particles (for 

an arbitrary distribution 2). Since the cubes are 
electrically neutral, Vy can be reduced to their. — 
dipole-dipole interaction. Let P(m) and P(0) 

be the dipole moments of the cube. We introduce 

the notation 


Pr = | oh1(ro)P (0) 40 (ro) dro, P= dye; Pi. (4) 
is 


One can then easily show by expressing Vmy ex- 
vlicitly in terms of P(m) and P(0), substitut- 
ing the result into (3) and using the notation (4) 
that the quantity u(k) can be interpreted in the 
following way: u is equal to the electrostatic en- 
ergy of the interaction of the dipole P at the ori- 
gin with all dipoles Pxel(K-M) at the centers of 
all the cubes. Since kL «<1 one can replace the 
collection of dipoles placed at the centers of the 
cubes by a polarized continuum with a specific 
dipole moment L~’P*e!(K'T) The latter produces, 
as is well-known, a fictitious dielectric polariza- 
tion field which is equal to 


E’ (r) = —4nL“s (P*,s) e** | s = k/k. (5) 


In this way u can be evaluated as the energy of 
the interaction between the dipole P and the field 
E’(0): 


u = — PE’ (0) = 4x13 | Pos |? = 4x13 | P|? cosa, (6) 


where a is the angle between P and s. We 


can show that the quantity (6) does not depend on 
L, since P is proportional to LY*. We can thus,- 
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for the sake of convenience, put L=1 or put L? 
equal to the volume of the elementary crystal cell. 
The meaning of Pj is then that it is the matrix 
element of the dipole moment per unit volume, or, 
respectively, of the elementary cell. Below we 
shall consider only excited states for which P = 0. 

The coefficients of the linear combination of 
the degenerate functions cz are determined from 
the condition that ©(k) or the quantity |(P+s) | 
is extremum under the supplementary condition 
| Cy \ =1. 

If the excited state of the cube (cell) is non- 
degenerate, the single coefficient c is equal to 1. 
This occurs for all excited states of a rhombic 
crystal and also, for instance, for those states of 
a tetragonal crystal for which P, is directed along 
the tetragonal axis. Then a is the angle between 
the uniquely determined direction in the crystal 
P =p) and the direction s. Depending on the direc- 
tion of 8, cos* a takes on all values from 0 to 1. 

Apart from the just mentioned states there are 
in a tetragonal crystal still two-fold degenerate 
excitations of the cube for which P lies in the 
plane perpendicular to the tetragonal axis, z. 
There are thus two sets of extremal values c 
and c, and correspondingly two exciton states 
for a given direction of s: 

(1) Pis, u=0; (2) P coplanar with s and z, 


vis ands? |)PulPsin®(s,2). (7) 


In both cases |P| is unique and is independent of 
the direction of 8. 

In cubic crystals there are two kinds of exciton 
for any given direction of s: 

(1) Pls and otherwise arbitrary in direction; 
u=0, 


(2) Pls and u=4nL°|PP. (8) 


In both cases |P]| is unique and is independent of 
the direction of s. 

The dependence of u(k) on the direction of k 
as |k|—0, just proven, means that the function 
6(k) has a discontinuity at k= 0. One must thus 
introduce the corresponding corrections in many 
earlier papers in which 6 (kK) was expanded in a 
power series in kx, ky, ky, in particular in ref- 
erence 2. However, for each given direction 6 (k) 
can be considered to be an analytical function of 
the absolute magnitude k and can be expanded in 
a power series init. In this way one.obtains all 
basic results of reference 2, including Eqs. (39) 
to (44). One must only consider the parameter 
6(0) to be a constant for a given direction of 8, 
and generally speaking, a quantity depending on 
the angle between the direction of s and P (0). 
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The discontinuous dependence of the exciton 
energy on k of the above discussed type was 
earlier obtained for particular models for the 
exciton: for a Frenkel exciton in molecular crys- 
tals (naphthalene and anthracene ‘ and for a plas- 
mon in an anisotropic medium.’ 


1S. I. Pekar, J. Exptl. Theoret. Phys. (U.S.S.R.) 


18, 525 (1948). 
2S. I. Pekar, J. Exptl. Theoret. Phys. (U.S.S.R.) 
33, 1022 (1957), Soviet Phys. JETP 6, 785 (1958). 
3D. Fox and S. Yatsiv, Phys. Rev. 108, 938 (1957). 
‘Vv. L. Bonch-Bruevich, ®u3uxa Metaq10B u 
MeTamuo0BemeHue (Physics of Metals and Metal Re- 
search) 4, 546 (1957), The Physics of Metals and 
Metallography, 4, No. 3, p. 133 (1957). 
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ON THE STABILITY OF A FERMI LIQUID 


I. Ia. POMERANCHUK 
Submitted to JETP editor May 7, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 524-525 
(August, 1958) 


ly the theory of the Fermi liquid proposed by 
Landau!** the energy of the system is a functional 
of the distribution of the excitations among the 
quantum states (in particular, among values of 
the momentum). When the distribution function 
of the excitations has only small deviations 6n 
from the equilibrium distribution corresponding 
to the filling up of all states with p< py (all the 
notations are the same as in reference 1), the 


energy functional E has the form 
a 
B= x) © (p) 52 (P) oaeys Ee 


+E D(( Flown) am (wy 9 


(o is the excitation spin). 

Stability will exist for small 6n if E>0O for 
arbitrary 6n. The values of p actually involved 
in the integrals of Eq. (1) are those close to po 
(the temperature is zero). Therefore €(p) = 
(de/dp )py(P —Po) = Vo(P —Po)- The variations 
6n appearing in Eq. (1) are due to deformations 
of the Fermi surface, and we shall find the crite- 
rion for stability with respect to such deformations 
(see diagram). 
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a b 
(a) unperturbed distribution (all states inside occupied). 
(b) perturbed distribution; in regions 1, 5n = — 1, in regions 
2, 5n = 1; inside the solid line all states are occupied. 


Let us expand the momentum p corresponding 
to the solid line of diagram b ina series of spher- 
ical surface harmonics: 


P=Pot+ >») Dim Y tm (9,9), oY 10 (0) ale (2) 
Im 
The first term in Eq. (1) takes the following 
form: 


2 D—Po 
20 9P5 


aay \ 4° \ (p’ — py)dp’ = 
0 


D500 
(27ch)8 


») 5 4x (1+ m)! 
lm 21-41 ([— m)! 
(3) 


The potential energy reduces to the expression 


2pel(2nn)-*\\ [p (O11) — Pol [P (B2» 2) — Po] dordoaF (012), 
(4) 
cos 6,5 = cos 6; cos 6, + sin 6, sin 4, cos (py — 2). 
We now expand f(6,.) ina series of surface 
harmonics: 


f (O12) = Dd} frP1(cos S42) 
L 


ti 
= » SD, Y ume (9, 1) Y im (3, Do ) 


TE m! 
f= 


Substituting Eq. (5) into (4) and combining with 
Eq. (3), we get the total energy functional 


—m’ 
temrte 6) 


sae 


{ f (0) Px (cos 8) do. 


pa Po So, 4 _ (i +m) 
Siena ( 270) 2 Im 214-1 (L— m)! 


= ae ao (Ser) 


The conditions for stability are written separ- 
ately for each 7, m: 


(6) 


om 


8x Ds fi 
2i+190 5, (oats =O, I+ 5 a a fP1 (cos stale 


1+ 


For /=0 and /=1 these conditions agree 
with the conditions (11) and (18) of reference 1, 
where they characterized the positiveness of the 
square of the speed of sound and of the effective 
mass. 

So far we have supposed that f(p, p’) does not 
depend on the mutual orientation of the spins: of the 
excitations. If we take into account this dependence, 
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then instead of f we have the function { 


f (pp’) + (192) & (PaP2)- (8) 


The perturbation of the Fermi surface is now 
expressed by the formula 

Pp = po + D)oPinY im (519): od | 

lm 


instead of Eq. (2). Since E involves the trace with 
respect to o and o’, we get instead of Eq. (6): 


Peo SVeees 4x (l-+m)! 
Siac: im 57-4 ([—m)! 
Po cide bree 


where gy are the Speen coefficients of the 
function g(p,P)) = g(cos 642) (all taken from the 
Fermi surface) in a series of Legendre polynomi- 
als: 


g (COS 842) = DygP (cos 94»). (11) 
L 
The stability conditions following from Eq. (10) 
have the form 


1+ 2 @ (cos 0) Py (cos 8) do > 0. 


ee (12) 
For l=0 this condition means the absence of 
ferromagnetism and is contained in the condition 
x >0 (Eq. (26) of reference 1). 
In conclusion I express my gratitude to L. D. 
Landau for a discussion of this note. 


‘T,. D. Landau, J. Exptl. Theoret. Phys. 

30, 1058 (1956), Soviet Phys. JETP 3, 920 (1956). 
21. D. Landau, J. Exptl. Theoret. Phys. 

32, 59 (1957), Soviet Phys. JETP 5, 101 (1957). 


Translated by W. H. Furry 
98 


ON THE MECHANISM OF THE DAMPING 
OF FREE OSCILLATIONS IN A CYCLIC 
ACCELERATOR 

Ju. F. ORLOV 


Physics Institute, Academy of Sciences, 
U.S.S.R. 


Submitted to JETP editor May 8, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 525-527 
(August, 1958) 


Reraaeuens 1 and 2 contained a statement 
about the absence of damping of betatron oscilla- 
tions, which is connected with the emission of 
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radiation in an electron accelerator. We show 
here that, in actual fact, both the normal adiabatic 
damping and the damping connected with emission 
of radiation occur when the beam is straightened 
when passing through the accelerating gaps. 

Let an arbitrary number of accelerating gaps 
be distributed along the length of the accelerator 
ring. When a particle passes through a section 
with a uniform electric field directed along the 
ideal unperturbed equilibrium trajectory, the com- 
ponents of its momentum on the transverse axes 
Pz = Ec? dz/dt and py = Ecdr/dt remain con- 
stant, where E is the total energy of the particle. 
Therefore z and rf experience a jump Az = 
—ezU/E, Ar =—erU/E, where U is the potential 
difference passed through by the particle, eU/E 
<1. Assuming the accelerating sections to be 
sufficiently short, one may assume Az = Ar = 0. 
This consideration is not essential, but it corre- 
sponds to the usual condition of acceleration in a 
synchroton. The action of the gap is thus described 
by the matrix 


1 0 


Weg y_ eU/E), 


= MW, 2=(4eii) (2) 
with the determinant |Ilj,| =1—eU/E. Outside 
the accelerating gaps the transition from the point 
xX; = vt, to the point x,=vt, is described for free 
oscillations by a matrix M with determinant 

| Myx | =1. Ifinatime At the particle passes n 
times through an accelerating gap, then 


Z (t -- At) = Mnrlln oe .MoI1,M,M,z (t). 


The determinant of the product of matrices is 
| Mnlln...M,0| =(1- 2) (1 — =) ei - 5) 
edU /dt elee (2) 
mee a At, "<1, 

where dU/dt is the potential difference passed 
through by the particle in unit time. It is well 
known that the determinant of the matrix of the 
transition from t to t+ At is equal to the ratio 
of the phase volumes. From expression (2) it is 
clear that the phase volume for the variables 2z, z 
or r,r is decreased for each passage through an 
accelerating gap. From (2) it follows that the free 
transverse oscillations aré damped according to 


the relation 
t 


nea (3) 


0 


z~exp {— 


_ In an electron < accelerator we have edU/dt = 
E+ Py, where E is the average energy increment 


of the particle, Py 
pensating for the radiation losses. In a proton ac- 


the average power spent in com- 
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celerator P.=0 and Eq. (3) gives (taking the 
change of frequency into account) for the oscilla- 
tion amplitude A(t)/A(0) =(p(0)/p(t))¥. 

The clearcut considerations given here confirm 
the correctness of the equations for the vertical 
and radial oscillations for an electron accelerator 
obtained by Kolomenskii.? 

The damping mechanism just described does 
not pertain to forced radial-phase oscillations. 

The mechanism of damping of synchrotron oscil- 
lations is essentially different. In particular, 
radiation leads directly to the damping of phase 
oscillations, thanks to the fact that the radiation 
intensity is proportional to E?. If the particle 
energy is increased by an amount 6E, the aver- 
age radiation power is also increased by an amount 
2P.,5E/ E so that the phase oscillations are damped 
according to the rule 


- P 
o~exp |— \—=at| ’ 
0 


in agreement with the equations obtained in refer- 
ences 3 and 4. 

The presence of a connection between radial and 
phase oscillations which shows up on the one hand 
in the fact that Py is proportional to H, H=H(r), 
and on the other hand in the appearance of a term 
é6p/p ~ dg/dt in the equation for the radial oscilla- 
tions, leads to a redistribution of the damping de- | 
crements while their sum remains equal to its 
original value.*~* In the usual accelerator with 
fixed focusing, the radial-phase connection leads 
to unstable radial oscillations.* The most conve- 
nient method to damp the radial oscillations is, 
apparently, the variation of the magnetic field 
along the orbit.° 

The fact that the energy loss by radiation does 
not directly influence the velocity of damping of 
the free transverse oscillations (as follows, in 
particular, from reference 6) is connected with 
the fact that the radiation is directed on the aver- 
age along the motion of the particle so that the 
particle receives at the moment of emission a 
transverse recoil momentum proportional to 
dz/dx: cAp, = —«dz/dx, where ¢ is the energy 
of the quantum. Hence A(Edz/dx) = —«¢dz/dx, 

x = ct, which gives (Adz/dx)raq = 0, while at 
the same time we have for the passage through 
an accelerating gap Adz/dx = —(eU/E) dz/dx. 


14. A. Sokolov and I. M. Ternov, Dokl. Akad. 
Nauk SSR.117, 967 (1957), Soviet Phys. “Doklady” 
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(U.S.S.R.) 30, 207 (1956), Soviet Phys. JETP 3, 
132 (1956); Thesis, Phys. Inst. Acad. Sc. (U.S.S.R.) 
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4. Sands, Phys. Rev. 97, 470 (1955). 

5Iu. F. Orlov and E. K. Tarasov, J. Exptl. 
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A closed system of differential equations, which 
describe statistically the turbulent flow of a liquid, 
can be obtained only by limiting the number of vari- 
ables that characterize the motion of the liquid. 
The appropriate variables to take here are the 
mean velocity Uj =u; ata given point, and the 
mean pressure P =p, and also the (one-sided) 
second moments of the fluctuating velocity Rjj = 
vjvj, and the turbulent viscosity N. 

The equations for Uj; are obtained from the 
usual averaging of the equations of hydrodynamics: 


AER = 0, —=0. (1) 


In the averaging of the equation for ViVj; ob- 
tained from the Navier-Stokes equation, there ap- 
pear third moments of the fluctuating velocity 
Vivjvk, and also moments that contain derivatives 
with respect to the coordinates. All these moments 
can be expressed phenomenologically, in first ap- 
proximation, in terms of the variables enumerated 
above and their derivatives. The requirements of 
dimensionality, tensor invariance, and parity must 
be satisfied here. If tensor combinations are 
chosen and known experimental data! are followed, 
then a quasi-diffusion equation is obtained for Rij: 
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Here R=R,,. The physical meaning of the sepa- 
rate terms is as follows: the second term is con- 
nected with the transfer of turbulence energy 
(ViVjVk is contained in the square brackets); this 
transfer is directed, as is well known, from the 
walls to the middle of the flow. The maximum of 
R on the boundary between the turbulent boundary 
layer and the laminar underlayer serves as the 
source. The third and fourth terms take into ac- 
count the transfer of energy by the fluctuating 
pressure; it proceeds in the opposite direction 
and partially cancels the second term. In summa- 
tion, all these terms give: 
35 , 5 
= (HE) + a(R 
~ 318 (#8) +3, ( 85) 

Further, the increase of the turbulent energy de- 
rives from the gradient of the mean velocity; it is 
obtained directly from the Navier-Stokes equation. 
The next-to-last term of the equation describes 
the shift of the anisotropy of the turbulence due to 
the scattering of the fluctuating velocity on the 
fluctuating pressure; finally, the last term repre- 
sents the viscous dissipation of energy in fine- 
grained turbulence. The dimensional universal 
constants a, 6, and y must be determined by 
experiment. 

With regard to the turbulent viscosity, in first 
approximation, for each given flow, we must set 
N=const everywhere, with the exception of the 
boundary layer. In the turbulent boundary layer, 

N falls off with approach to the wall. In this case, 
however, there is an added condition: the diverg- 
ence of the total flow of turbulent energy is prac- 
tically equal to zero: 


a5; (35) = 0 


This also gives the lacking equation for the deter- 
mination of the value of N in the boundary layer. 
As a condition for joining the solution of the 

equation for the two regions [the middle part of 
the flow (N = const) and the boundary layer — 
condition (3)] we use the requirement of continuity 
of all functions and their first derivatives. On the 


(3) 
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walls, then, Uj=0 and N=0, and also NRij = 0. 

Equations (1) to (3) are found to be in satisfac- 
tory quantitative agreement with experiment.! In 
this case the following approximate values are ob- 
tained for the constants: 

The approximate solution for the boundary layer 
can be obtained in the form of an expansion in pow- 
ers of /R (x is directed along the current and 
y along the normal to the wall). The first approxi- 
mation gives the following dependencies: 


du, 1 ieee feexd yt 
Raa ge Bleep N~ aloes), oy 
Rry~a—y, Po, Ril, Rea aR. 


For flow in the tube, 22=a, where a is the radius 
of the tube. 


These dependencies are confirmed by experiment. 


In particular, the logarithmic dependence for R® is 
confirmed. 


‘J, Laufer, NACA Report 1174, 1954. A. A. 
Townsend, The Structure of Turbulent Shear Flow 
(Cambridge, 1956). 


Translated by R. T. Beyer 
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ON THE DEVIATION OF THE EQUILIBRIUM 
SHAPE OF ATOMIC NUCLEI FROM AXIAL 
SYMMETRY 


D. A. ZAIKIN 


P. N. Lebedev Physics Institute, Academy of 
Sciences, U.S.S.R. 


Submitted to JETP editor May 9, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 529-530 
(August, 1958) 


Ayn analysis of the experimental data on the levels 
of atomic nuclei indicates that a number of nuclei 
do not have an axis of symmetry.! Therefore it 
appears advisable to investigate the behavior of 
nucleons in a potential field without axial symme- 
try. As an example of such a field we consider an 
infinitely deep potential well with vertical walls 
which has the shape of an ellipsoid with semi-axes 
axRy, ayRo, and azRo, where Ry is the radius of 
a sphere of equal volume. The problem of deter- 
mining the nucleon states in such a potential well 
is reduced to the solution of the equation 


(2M) (p% + pet pa) be (r) = Eve: (1) (1) 


a=5; B=0.16; y=0.022. 
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inside the ellipsoid with zero boundary conditions. 
By considering the deviations from spherical shape 
as being small we set 


agt=1+), at=1+y%, at=1+x, 


where «x is related to A and v by the condition 
that the volume remains the same. By going over 
in (1) to the variables 


, acd / ek , — 
x= xayZ1, y = ya;", 2 = 2zaz} 


and by restricting ourselves to quantities of the 
second order of smallness, we obtain 


[(2M)*p? + V (r’)] b(t’) = Ex (r’), 
Uri) == Omi for c= Re: 
V(r’) = (2M) [(a2 + 2/582) p? 


+ (% — 3/yo® — 1/4982) (p2— 3pz) + 8(1 + Yum) (pe — pe, 


a=A-+y, 6=A—y. 


We regard V(r’) as aperturbation. The wave 
functions of the unperturbed problem (up to the 
normalization factor) and the corresponding eigen- 
values are equal to 


i (0’) = Daim (0) = Pfr (Yargy lf /Ro)¥ tm (8'9'), 


Ey = 2, = Re 1), /2MR5, 


where fyj+i is the n-th root of the Bessel function 
jz43 (2), and Yj, is a spherical harmonic. 
Already in the first order of perturbation theory 
the degeneracy with respect to m is completely 
removed. Calculations carried out up to second- 
order perturbation theory inclusive lead to quite 
awkward expressions for the energies, which in 
the case 6=0 (axial symmetry) reduce to the 
corresponding expressions given by Moszkowski? 
(when 6 = 0, his parameter d is related to the 
parameter a by the expression d=a + a?/4), 
Qualitatively the behavior of the nucleon levels can 
be studied as with the s and p shells as examples. 
In the case of s nucleons we obtain 
(2) 


9) 


Eny = Evo{1 + [1 — 3" salts) |(o? + 52). 


and the p level splits up into three: 
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The wave-functions corresponding to these states 
are given in zeroth approximation (up to the nor- 
malization factor) by 


(Yry )a = Ynro ) (Yni )e = Onn aia Onis (Yn )s == Vnta = Var—1- 


From (2) and (3) it may be easily seen that for 
a filled shell the spherical shape is energetically 
the most favorable one. As the p Shell is gradu- 
ally filled the equilibrium shape, starting with the 
third nucleon, will deviate not only from the spher- 
ical one but also from the axially-symmetric one. 
For example, for the (1s)?(1p)‘ configuration, 
in which the levels Ej9, (E4,;); and (Ey;)2 are 
filled, the minimum total energy is at a * 0.015 
and 6 © 0.3. 

A detailed analysis of the deviations of the 
equilibrium shape of actual nuclei from axial 


SECOND RELAXATION IN A SPIN SYSTEM 
IN CERTAIN COMPOUNDS OF ELEMENTS 
OF THE IRON GROUP 


N. S. GARIF’ IANOV 


Physico-Technical Institute, Kazan’ Branch, 
Academy of Sciences, U.S.S.R. 


Submitted to JETP editor May 10, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 530-532 
(August, 1958) 


Spas absorption in parallel fields, x”(Hj), 
decreases monotonically with increase of the con- 
stant magnetic field H).'~*> The experimental 
curves of x”(Hj,) that have been obtained are 
described by the theory of Shaposhnikov.® 

In a number of cases,'~® the spin-spin absorp- 
tion curves of hydrated salts of elements of the 
iron group have a maximum in x”(Hj;), depend- 
ent both on the frequency of the alternating field 
Hy and on the intensity of Hj. Gorter and de 
Vrijer’ suggested that the maximum in the spin- 
spin absorption curve in chromium-potassium 
alums at 20°K is due to relaxation between two 
spin systems (second relaxation in the spin 
system ). 

Conditions for production of second relaxation 
are created also as a result of nonuniform heating 


symmetry will be published later. 
Similar calculations for the oscillator potential * 
have been made by Garskii (cf. Wilets and Jean’) 
and Geilikmant. 
The author expresses his thanks to A. S. Davy- 
dov for discussing the results of this work. 


cal A. S. Davydov and G. V. Filippov, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 35, 440 (1958), Soviet 
Phys. JETP 8, 303 (this issue). 

25. A. Moszkowski, Phys. Rev. 99, 803 (1955). 

31,, Wilets and M. Jean, Phys. Rev. 102, 788 | 
(1956). 

4B. T. Geilikman, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 35, 989 (1958), Soviet Phys. JETP 8, 
(in press). 
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(or ventilation) of certain hydrated salts of Mn*tt 
Fett*, and Cutt. In such slightly hydrous salts, 
the ions in different elementary cells have differ- 
ent environments, and this leads to production of 
second relaxation in the spin system. Similar 
conditions should be present likewise in sub- 
stances with residual antiferromagnetism. 

" 


x " 
x 


0 
My a 


a b 
Double absorption curves x" (arbitrary units) in FeNH, 
(SO,), : H,O; v = 296 Mc/sec, T = 300°K. a— absorption in 
parallel fields; b— absorption in perpendicular fields. 


Actually, in Mn(COCH3)2, FeNHy4(SQ4), * H,O, 
Fe,(SO4)3°3H,O, and CuCl,, in the frequency 
range 600 to 150 megacycle/sec, by the method 
described earlier,'? we have succeeded in obtain- 
ing curves of the absorption in parallel fields with 
a maximum in x”(Hj). In these substances the 
position of the maximum is independent of temper- 
ature* (in the range 300 to 90°K); on decrease of 
the frequency v, it moves toward lower magnetic 
fields Hj (cf. table). 

In the magnetically concentrated salts listed | 
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Substance y= 542] vy = 296 v= 4146 
FeNH,4(SO,4),-H,O 450 Oe} 220 Oe | Not resolved 
Fe2(SO4)3-3H2O SOOT LOOme f % 
Mn (CO,CHs)2 S20 Ra 200! ay 5 m 
CuCl, 400 , 200, 90 Oe 


above, quite narrow resonance curves of x CHT) 
are observed at 542 Mcs in perpendicular fields. 
This indicates the presence of incomplete ex- 
change interaction between the ions. In such sub- 
stances the spin-spin absorption depends very 
little on the field intensity H,; therefore the 
absorption observed by us, at sufficiently low 
values of Hj), is due only to second relaxation 
in the spin system. 

In the frequency range 600 to 150 Mes in Cr,Os, 
CuO, and Nd,O3,! we have succeeded in detecting 
absorption at T= 90°K and 295°K both in perpen- 
dicular and in parallel fields. In these oxides, the 
absorption decreases monotonically with increase 
of the field Hj. The half-widths AH, and AH; 
become narrower with decrease of frequency and 
with rise of temperature. 

Apparently the absorption observed by us in 
oxides and anhydrous salts is due to relaxation 
between two antiferromagnetic sublattices, which 
are partly preserved even above the Curie temper- 
ature in these substances. At frequency 10,000 


Mcs in Cr,O03 and CuO, no paramagnetic resonance 
absorption below the Curie point has been observed.!! 


Furthermore, second relaxation is also observed 
upon partial dilution of hydrated paramagnetic salts 
with diamagnetic ones. No second relaxation was 
detected in the interval 90 to 300°K in substances 
with strong exchange (CuCl,:2H,O, Fe 2(SQ4)3, 
Mn(SO,)., in free radicals, and in alkaline metals), 
in liquid solutions of paramagnetics, and in vitre- 
ous systems. Apparently, in all these substances 
there is a single spin system. 


*In CuCl, at T = 90°K, there is a phase transition; conse- 
quently the absorption both in parallel and in perpendicular 
fields changes. 


IN. S. Garif?ianov, Dissertation, Kazan’ State 
University, 1953. 

2N. S. Garif’ianov, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 25, 359 (1953). 

3K. P. Sitnikov; Dissertation, Kazan State 
University, 1954. 

4. 1. Kurushin, Izv. Akad. Nauk SSSR, Ser. Fiz., 
20, 1232 (1956) [Columbia Tech. Transl. 20, 1122 
(1956)]. 

5T. I. Volokhova, J. Exptl. Theoret. Phys. 
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FISSION CROSS SECTION OF Pu?*? BY 
FAST NEUTRONS 


V. G. NESTEROV and G. N. SMIRENKIN 
Submitted to JETP editor May 10, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 5382-533 
(August, 1958) 


Au that is known from published data on the 
cross section for the fission of Pu24? by fast neu- 
trons is that its plateau amounts to 1.4 to 1.6 
barns!” and that the threshold of the (n, f) reac- 
tion is in the neutron-energy interval from 250 to 
900 kev.! | 

In the present work we measured the fission 
cross section of Pu? relative to the fission cross 
section of Put’, using a double ionization chamber. 
Layers of Pu?! (2.5 mg) and Pu2®? (4 mg), 5 cen- 
timeters in diameter, were deposited on a common 
high-voltage electrode and were consequently lo- 
cated in an identical neutron flux. The collecting 
electrodes were hemispheres of 14 cm diameter. 
Electrodes of this shape, along with the use of a 
working gas mixture of 90% Ar + 10% CO, ata 
pressure of 35 mm Hg, made it possible to sepa- 
rate reliably the fission fragments from the a 
particles. 

The Pu?*’ layer contained Pu“*’ impurities 
amounting to 1.80 + 0.05%, while the concentra- 
tion of Pu2®® in the Pu24? specimen amounted to 
7.7 + 0.5%. The Pu’! content was negligibly small 
in the first layer and less than 0.2% in the second 


240 
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one. The source of fast neutrons of energy < 2 
Mev was the T(p, n) He® reaction, those from 

2 to 4 Mev were obtained from the D(d, n) He? 
reaction, and those with energies of 15 Mev from 
the T(d,n)He‘ reaction. The first reaction was 
produced in a van de Graaf generator, and the re- 
maining two in a cascade generator. The fissions 
were counted in the two halves of the chamber both 
by fast and by thermal neutrons. Measurements 
with thermal neutrons are essential to determine 
the ratio of the effective amounts of fissionable 
matter in the chambers. Thermal neutrons were 
obtained by moderating fast neutrons in a paraffin 
block. The cadmium-difference method was used 
to exclude the influence of resonant neutrons and 
of fast neutrons passing through the paraffin. An 
experimental check disclosed practically no screen- 
ing of one layer by the other. 

To determine the absolute value of the Pu? 
fission cross section, we used the energy depend- 
ence of the Pu?* fission cross section, obtained 
by averaging the data of our latest investigations. 
The energy dependence of the Pu?" fission cross 
section is shown in the diagram. 
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The Pu”? fission cross section is 1.50 + 0.15 
barns at the plateau and agrees with the results 
obtained by Dorofeev and Dobrynin! by measure- 
ments with neutrons from a Ra-Be source (1.40 
+ 0.15 barns). The fission cross section obtained 
for 15-Mev neutrons was 2.6 + 0.2 barns. 

The authors express their deep gratitude to 
Prof. A. I. Leipunskii and I. I. Bondarenko for 
attention to this work and for valuable comments. 


1G. A. Dorofeev and Iu. P. Dobrymin; 
Atomuaa aHeprua (Atomic Energy), No. 2, 10 
(1957). 
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2Tu. S. Zamiatin, [[pumsoxenue K acypH. 
Aromuaa osneprua (Atomic Energy Supplement ) 
No. 1, 27 (1957). 
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DIAMAGNETISM AND INTERATOMIC 
BONDS IN MOLECULES AND NON- 
METALLIC CRYSTALS 
Ia. G. DORFMAN 

Submitted to JETP editor May 15, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 533-535 | 
(August, 1958) 


Tue majority of magnetic investigations of dia- 
magnetic substances has remained up to now prac- 
tically useless for a study of the nature of inter- 
atomic binding forces. The method suggested by 
us to treat diamagnetism! enables one to approach ~ 
this problem anew. In the present note we intend ~ 
to show some possibilities and perpectives of this ~ 
method in an application to diamagnetic molecules 
and non-metallic crystals. 

It is known that the diamagnetic susceptibility 
x of molecules and non-metallic bodies, which is 
experimentally measured, can theoretically be 
written in the form? 


Li ha tane 
= — (Ne?/6me?) Dir? + 2N D} | (n | we| 0) |2/(En— Ey). 


(1) 


Although the terms xg and Xp are individually 
not invariant with respect to a transformation of 
the origin of coordinates, only their sum being in- 
variant, they take on a unique physical meaning, 

if we take for each electron the center of gravity 

of the corresponding electron shell as the origin. 
The Langevin component xq depends only on the 
dimensions of the electron shells. The Van Vleck 
component Xp, on the other hand, depends on the 
symmetry type of these shells and on their deform- 
ability; for atoms and spherically-symmetric shells 
<i Q. In this way x, can be used as a source of 
interesting information about the structure of the 
electron shells. 

Since there is no method to split yx experimen- 
tally into xg and Xp an estimate of Xp can only 
be performed by means of comparing Xq with x, 
if there is a reliable method to determine yg in- 
dependently for each given substance. Kirkwood? 
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has given by an approximate variational method 
an expression for the polarizability of atoms, 


x = (4/9ka,)| > 2) % (2) 


which enables us, by using (1), to connect yg with 
the experimentally measured qa, i.e., 


Ya = — (NeParl/4mc?) VY ga. (3), 


In spite of the fact that expressions (2) and (3) 
were only derived for atoms, we see easily that 
this derivation can be extended to any polyatomic 
system built up out of more or less symmetrical 
electron shells, if in the summation over the dif- 
ferent electrons we take for the coordinate origin 
for each electron the center of gravity of the cor- 
responding shell and if we understand by a, x, 
Xd» and xp the averaged (over-all directions ) 
values of these quantities. We have shown re- 
cently! that actually the relation (3) can be suc- 
cessfully applied both to ionic crystals and to 
complex organic molecules. It has been shown 
then that for those substances of this group for 
which the electronic shells can be assumed 

a priori to be sufficiently symmetric, i.e., for 
which Xo 0, the values of yg evaluated from 
(3) agree with the experimentally measured x. 

If we now turn to polar crystals with ions known 
to be deformed such as, for instance, KCl, KBr, 
and KI, we See that Xp x 10° is equal to +1, 
+5.2, +8.8, respectively. 

From dispersion theory it is known that a is 
inversely proportional to (E,— Ej), like Xp in 
(1), so that in a number of closely similar sub- 
stances Xp must change approximately parallel 
to a. Indeed, for KCl, KBr, and KI, a is equal 
to 4.33, 5.57, and 8.1 x 107%4, respectively. In 
the above-mentioned paper! we have shown that 
Xp is appreciable in atomic groups (C=O, O=N 
=O, C=C, C=C, and so on) in which the inter- 
atomic binding occurs through 7 electrons. A 
further study of this problem shows that the evalu- 
ated values of y, for the groups N=O and 
O=N=O are practically coincident and agree 
with x, for the NO; ion in crystals. The values 
of Xp for the carbonyl group > C=O and the 
carbonate ion CO;~ also coincide exactly. In 
other words at each given.moment only one of the 
equivalent bonds is actually a multiple one in the 
CO; and NO3 ions, and also inthe O-N=O 
group. This can be considered to be a direct con- 
firmation of Pauling’s hypothesis? that the bonds 
C—O and N-O inthe CO3;” and NO3 ions are 
only '/, of the time in a state of a double 7 bond 
and in the nitro-group only half of the time. 


Xp: 10° AE (ev) Xp: 108 AE (ev) 
Si A) B35) Aten InP 24.6 12 
Ge 29 0.75 InAs rots (As) 0.33 
GaP 27.54 2.28 InSb 48 0.18 
GaAs 38.14 4.30 ZnS 2963 
GaSb 56.6 0.67 


A large value of Xp is observed in the semi- 
conductor crystals given in the table which is ex- 
plained by the strong spreading out of the valence 
electron shells. Following Krumhansl and Brooks? 
one can assume that (Ey, — E,) in semiconductors 
corresponds to the width of the forbidden band AE. 
This apparently explains the fact that in a number 
of similar substances an increase in Xp goes 
parallel with an increase in a. 

The anomalously large polarization paramagne- 
tism is apparently characteristic also for purely 
molecular semiconductors, of which the aromatic 
compounds are typical representatives. Xp * 108 
is, for instance, equal to +15.4 for naphthalene, 
+20.8 for anthracene, +19.0 for phenantrene, and 
+27 for naphthacine. One can therefore assume 
that also metal-organic compounds belong to the 
group of semi-conductors since for many of them 
one finds a very large value of Xp. For instance, 
Xp°10® is equal to +20 for Hg(CH3)2, +37.8 for 
Hg(C4Ho)o, and +43.5 for Pb(CHs),4. 

The examples given can serve to iliustrate the 
magnetochemical study of interatomic binding 
forces in very diverse diamagnetic substances. 

In conclusion I express my deep gratitude to a 
number of friends for critical remarks and espe- 
cially to A. G. Samoilovich and L. L. Korenblit 
for valuable advice. 


‘Ta. G. Dorfman, Dokl. Akad. Nauk SSSR, 119, 
305 (1958), Soviet Phys. “Doklady” (in press); 

J. Phys. Chem. (U.S.S.R.) (in press). 

2 J. H. Van Vieck, The Theory of Electric and 
Magnetic Susceptibilities, Oxford University Press, 
1932. 

3 J. G. Kirkwood, Physik. Z. 33, 57 (1932). 

ay Oy Pauling, The Nature of the Chemical Bond, 
Ithaca, 1945. 

> J. A. Krumhansl and H. Brooks, Bull. Am. 
Phys. Soc. 1, 117 (1956). 
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AVERAGE NUMBER OF NEUTRONS 
EMITTED IN THE FISSION OF Th” BY 
THERMAL NEUTRONS 


V.I. LEBEDEV and V. I. KALASHNIKOVA 
Submitted to JETP editor May 10, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 535-537 
(August, 1958) 


In order to measure the mean number v of neu- 
trons emitted by Th??? fissioned by thermal neu- 
trons, we used a thorium sample weighing 1.5 mg 
and containing approximately 10% of The" seThe 
sample was a spot 20 mm in diameter and 0.5 mg/ 
em? thick on a thin platinum foil. The foil carry- 
ing the sample was placed in a flat ionization cham- 
ber on the axis of the slow neutron beam from the 
RFT reactor. Both the fission fragments from 
Th2** and the fast neutrons emitted by the excited 
fragments at the instant of fission were detected. 
BF3 counters were used to detect the neutrons, 
Any multiplicative correction factors which should 
be applied to the experimental result were elimi- 
nated by making similar measurements on a sam- 
ple of U2*> and obtaining the ratio of v(Th?2*) to 
v(U?**), the latter being known with good accu- 
racy.’ Details of the method are given in refer- 
ence 2. 

Since the cross section for the fission of T 
by thermal neutrons is small (45 + 11 barns’), 
and since we had only 150 micrograms of Th??? 
at our disposal, we used a current of 2 to 4 x 10° 
neutrons/cm? sec to obtain a noticeable effect in 
the ionization chamber. Since the spot had a fairly 
large diameter (20 mm), we used a neutron beam 
with a cross section of 3 cm?. Under these con- 
ditions, the detector counted a considerable num- 
ber of scattered neutrons, not arising from fission 
in our sample. The neutron current was so chosen, 
that when there were several counts per second in 
the ionization chamber, the background of acci- 
dental coincidences between pulses from the fission 
fragments and pulses from scattered neutrons did 
not exceed the number of true coincidences between 
fission fragments and fast fission neutrons. There 
were several tens of the latter per second (the de- 
tector efficiency was about 5%). 

Since our thorium sample was extracted from 
a considerable amount of U3, the sample was 
carefully cleaned by chromatographic methods to 
rid it of uranium traces. Special control experi- 
ments showed that the uranium contamination in 
the sample was no more than a few hundredths of 
a percent. Thus the presence of U?"* could not 
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have contributed to the observed effect by more ! 
than 1%, while the error in v( Th?2*) due to the 
different values of v( The78y and v( De isa 

few tenths of a percent. 

Several series of measurements yielded the 
following ratio of the average number of neutrons 
emitted in one fission of Th22? induced by thermal 
neutrons to the same number for U2*: 


y (Th2®9) / » (U285) = 0,864 + 0.008. 


Taking v (U2) tobe 2.47 + 0.03 (reference 1), 
we obtain 


v(Th2?9) = 2.13 ++ 0.03. | 


It is interesting to note that slow neutrons with 
an energy of 0.5 ev to several tens of electron 
volts have a larger effect on Th229 than they do 
on U**5, If the incident neutron beam is filtered 
through 1 mm of cadmium, the rate of fission in 
the chamber with Th?2® goes down by a factor of 
10, while in a chamber with U?> the rate goes 
down by a factor of 200. The fission rate with 
the cadmium filter is thus about 20 times bigger 
in Th??? than it is in U2*. Filtering the neutron 
beam through 2.2 g/ cm? of boron carbide de- 
creases the fission rate in Th??? by a factor of 
300 to 400, while the rate in U2 goes down by a 
factor of 2000. The boron carbide filter is 5 times 
more effective in reducing fission rate for U2 
than it is in Th2#®, One can suppose that the cross 
section for the fission of Th?2* by neutrons having 
an energy equal to several electron volts is at 
least no smaller than the cross section for fission 
by thermal neutrons. This should have no effect 
on the value of v(Th22?) quoted above, since the 
measurements on which this value is based were 
carried out with an unfiltered beam. Even if the 
Th??? were to have some resonances in the cross 
section for fission by neutrons of a few electron 
volts, the value of v near the resonances should 
not differ markedly from its value for thermal 
neutrons, as shown by several authors.’ ° 

In conclusion, the authors consider it their 
pleasant duty to thank G. N. Iakovlev and S. V. 
Pirozhkov for preparing the clean thorium samples. 
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NUCLEAR ORIENTATION IN RADIATIVE 
K CAPTURE 


V. B. BERESTETSKII 
Submitted to JETP editor May 19, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 537-538 
(August, 1958) . 


As is well known, the nucleus becomes oriented 
as a consequence of parity nonconservation in beta 
decay. For the case of an allowed beta-transition 
of a nonoriented nucleus, the average value <J> 
of the angular momentum of the daughter nucleus 
is given by 


(I> = 7/3 (i + 1) ov, (1) 


where j is the angular momentum of the daughter 
nucleus, cv is the velocity of the @ electron (the 
neutrino direction is not observed), and ¢ is the 
coefficient in the formula 


w= | OM D>] ts 


which describes the electron angular distribution 
for decays of oriented nuclei.!~? This orientation 
is responsible for effects in the electromagnetic 
transitions of the daughter nucleus such as the 
eircular polarization of photons,? and the polari- 
zation of conversion electrons.* 

An analogous orientation of the nucleus also 
takes place in radiative orbital electron capture 
et+p—-n+p+y (see reference 5). The nuclear 
orientation is given in this case by Eq. (1), in 
which cv is the photon velocity and ¢ is the co- 
efficient that appears in positron emission. 

To prove this premise, let us consider the 
matrix element Vy,,m for radiative K capture 
with the nucleus going from the state j,;m, into 
jm. Accurate to within an overall multiplicative 
factor, we have 


Ving = (jm | Oz | jury) (ay (q) Or (9 — B+ im) eue (p)), 
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where (jm|Oj;|j,m,) is the nuclear matrix ele- 
ment, u,(q) is the amplitude of a neutrino with 
four-momentum q, ug(p) is the electron ampli- 
tude, e is the polarization vector of the photon, 
and k is its four-momentum. The polarization 
density matrix of the daughter nucleus is of the 
following form (accurate up to an overall multi- 
plicative factor ): 

Pmmy = >) (jem | Oz | jams) (jen | O; | jyms)* Sp Q, (2) 


Sp Q = Sp {(p + im) e (p —k + im) 0)q0; (p —k + im) e}, 
where Oj = y4Of'yy. Sirice for K capture p = ypu, 
hence 

Sp Q = SpkO,qO;. (3) 


In the case of positron emission py .is also 
of the form (2) and . 


SpQ = (p, + im)0;q0;, (4) 
where p, is the positron four-momentum. For an 
extremely relativistic positron (m = 0, pt = k* = 0) 
Eq. (4) goes over into (3), thus proving Eq. (1) with 
v equal to the photon velocity. (We have here the 
same relationship as in the formulas for photon 
polarization.® ) 

At first sight it may seem peculiar that the 
pseudovector <J> is proportional to the vector 
representing the photon momentum since photon 
emission proceeds through a parity conserving 
mechanism. In actuality, the nucleus becomes 
polarized because the virtual electron can be ab- 
sorbed by the nucleus only in a state with a defi- 
nite polarization, namely in the direction of its 
momentum, which in turn is opposite to the di- 
rection of the momentum of the emitted photon. 

I express gratitude to A. I. Alikhanov, V. A. 
Liubimov, and L. B. Okun’ for discussions. 
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RECOIL RANGE OF Na™ AND THE MECH- 
ANISM OF Al” (p,3pn), Si (p,4pn) AND 
P* (p,5p3n) FOR 660-Mev PROTONS 


L. V. VOLKOVA and F. P. DENISOV 


P. N. Lebedev Physics Institute, Academy of 
Sciences, U.S.S.R. 


Submitted to JETP editor May 21, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 538-539 
(August, 1958) 


Accorpmne to the Serber model of high-energy 
nuclear reactions, which has been widely discussed 
in the literature, the products of deep nuclear dis- 
integration result from two successive processes, 
a nucleonic cascade and evaporation.!? As a test 
of this model we have measured the recoil range 
of Na™4 nuclei produced when Al, Si and P were 
bombarded with 660-Mev protons. This experi- 
ment was performed in the external proton beam 
of the synchrocyclotron of the Joint Nuclear Re- 
search Institute. The experimental method and 
the treatment of the data have been described in 
detail in reference 3. 

The table contains the mean ranges of Na™4 in 
terms of the effective specimen thickness t (ref- 
erence 3). The range-energy relation for Na”4 
must be known for an interpretation of the results. 


Effective thicknesses for recoil Na*4 emitted 
from specimens placed parallel to the proton 
beam (t,), and from specimens placed per- 


pendicular to the beam, forward (tg) and 
backward (tp) 


Reaction 


Al” (p, 3pn) 170 + 30 
Si* (p, 4pn) 200 + 40 
P** (p, 5p3n) 200 + 40 


In the present work the range-velocity relation 
for Na*4 was obtained by comparing the experi- 
mental range-velocity relations for a large num- 
ber of ions, from light nuclei to fission frag- 
ments.4~’ The figure shows the experimental 
range-velocity and range-energy curves in Al 
for several nuclides and the corresponding inter- 
polated curves for Na**. The table gives the ex- 
perimental thicknesses t and the effective thick- 
nesses for recoil nuclides ejected from a sample 
positioned parallel to the proton beam ( ty): these 
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Velocity, 108 cm/sec 


500 1000 


Range in Al, microgram/cm? 


Experimental range-energy relations (solid lines) and 
range-velocity relations (dashed lines) for the following ions: 
a and a’—F® (reference 4), b and b’—Nej. (reference 5), 
c— Arfp (reference 6), d and d’—light fission fragments 
(reference 7), and the corresponding interpolated relations e 
and e’ for Na%. The information in the review article by 
Allison and Warshaw’ was used to relate the experimental 
ranges in the various substances to the range in Al. 


were calculated by means of the Serber model, 
using the range-energy relation for N a*4 (which 
is shown in the figure) and the results obtained 
by Turkevich et al.’ in a detailed calculation of 
the nucleonic cascade. It can be seen that the 
calculated values of t, are considerably larger 
than the experimental values. This discrepancy 
can be removed by assuming that the incident 
high-energy proton beam interacts with a group 
of nucleons in the nucleus whose momenta are 
correlated so that the combined momenta of all 
these nucleons does not exceed 5 Mev’/? for re- 
actions in Al, 3.2 Mev’/2 for reactions in Si and 
5.5 Mev’/? for reactions in P (the momenta being 
expressed in terms of the unit VME;/m, where 
Ex, is the kinetic energy of the particle in Mev, 
M is its mass and m is the nucleon mass). 

It is still not clear whether the incident nucleon 
interacts with each nucleon of the group separately 
or essentially with the group as a whole. An an- 
swer to this question wouid be of considerable in- 
terest in connection with interactions between 
high-energy nucleons and nuclear fragments which 
are being discussed in the literature.? 

In conclusion the authors wish to thank Profes- 
sor P. A. Cerenkov for his interest, Professor V. 
P. Dzhelepov for placing the synchrocyclotron of 
the Joint Nuclear Research Institute at our dis- 
posal, and G. A. Leksin for valuable discussions. 
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ABSORPTION OF SLOW mw” MESONS BY 
NUCLEI 


A. T. VARFOLOMEEV 


P.N. Lebedev Physics Institute, Academy of 
Sciences, U.S.S.R. 


Submitted to JETP editor May 21, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 540-541 
(August, 1958) 


Experiments on nuclear disintegrations in- 
duced by slow 7 mesons! so far do not permit 
drawing final conclusions with respect to the pri- 
mary distribution of the rest energy of the 7” 
meson. In particular, the assumption that the 
meson rest energy is distributed primarily among 
a small group (2 to 4) of nucleons cannot be re- 
garded as experimentally proven. 

We have tried to explain the possible influence 
of collective interactions between nucleons in the 
nucleus on the above process. We have investi- 
gated nuclear disintegrations induced by the ab- 
sorption of slow m mesons by light emulsion 
nuclei. The data are being reduced and the results 
will be published in a forthcoming article. | 

At present we shall limit ourselves to one spe- 
cific example of a disintegration in which collec- 
tive interactions are displayed especially promi- 
nently. The reaction in question is of the type 


A+x —>B+n, ‘ (1) 


in which the absorption of a slow m meson by the 
nucleus A is accompanied by the production of a 
fast neutron and a residual nucleus in ground state 
(or a slightly excited state, leading to the release 
of a low-energy gamma ray). The attempt of find- 
ing a reaction of the above type was undertaken 
after a detailed study of disintegrations of a wider 
class. It was found that the absorption of a slow 
m™ meson by a nucleus leads often to a reaction 

of the type 


A-t« — B* +n, (2) 


in which the momentum of a fast (~ 80 to 100 Mev) 
neutron is compensated by an excited residual nu- 
cleus which disintegrates emitting several second- 
ary particles. Reaction (1) can be evidently con- 
sidered as a particular case of a more general 
reaction (2). After finding a considerable contri- 
bution due to disintegrations corresponding to re- 
actions (2) we tried, therefore, to find also disin- 
tegrations corresponding to reactions (1). Unfor- 
tunately, identification of disintegrations corre- 
sponding to reactions (1) is in general difficult. 
However, in the special case of 7 -meson cap- 
ture by the Be? nucleus, the reaction 
Be’ r= > bie ean, 
o-N (3) 
Bes” —s 2a 

can be easily detected in emulsion by means of 
characteristic “lithium hammers.” Twelve stars 
corresponding to reaction (3) were found in nuclear 
emulsions NIKFI type la and NIKFI type K loaded 
with BeF, and irradiated by slow ma mesons in 
the meson beam from the synchrocyclotron of the 
Joint Institute of Nuclear Research. A typical ex- 


Microphotograph of a star corresponding to the reaction 
Be’ +77 > Li® + nj. 

ample of such a star is shown in the figure. The 
range of Li® fragments was found to be equal to 
34 in all cases, with a spread of +1. The mean 
value of the Li® fragment energy amounts to 14.4 
+ 0.3 Mev.* The corresponding neutron energy, 
calculated from momentum conservation law, is 
108 + 2 Mev (accounting for relativistic correc- 
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tions). For the total energy free in the reaction 
(accounting the loss of 18.2 Mev for the binding 
energy) we have, therefore, the value 140.6 Mev, 
which corresponds very well to the 7 -meson 
rest energy (139.6 Mev). Consequently, in our 
case, Li® fragments are produced either in ground 
state or with an excitation energy less than 2 Mev. 
This follows also from the fact that, for excitation 
energies larger than ~2 Mev, Li® should disinte- 
grate emitting a neutron. The yield of reaction 
(3), estimated under the assumption that the prob- 
ability of meson capture by any emulsion nu- 
cleus is proportional to the number of nuclei of a 
given type,’ amounts to ~ 0.2% of the total number 
of captures by beryllium. 

The character of the observed disintegrations 
is clearly in disagreement with the assumption 
that the rest energy of the m meson is distrib- 
uted, in the primary act, among a group consisting 
of a small number of nucleons. If such a group 
consisted even of 4 nucleons, the excitation energy 
of Li® should have amounted to not less than ~ 30 
Mev. Consequently, the fast neutron obtains its 
energy as the result of an interaction in which take 
part all nucleons of the residual Li® nucleus. 

The existence of disintegrations corresponding 
to reaction (3) indicates that collective interactions 
of nucleons in the nucleus can play an important 
role in the process of slow a -meson absorption. 


ENERGY DEPENDENCE OF THE ASYM- 
METRY COEFFICIENT IN at — pt — et 
DECAYS FOR THE LOW ENERGY PART 
OF THE POSITRON SPECTRUM 


V. V. BARMIN, V. P. KANAVETS, B. V. MOROZOV 
and J. I. PERSHIN 


Submitted to JETP editor May 21, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 542-544 
(August, 1958) 


We have found earlier! that the asymmetry co- 
efficient a in 7 —p*t-—et decays, taken over 
the whole positron spectrum in propane filling a 
bubble chamber, is —0.19 + 0.03. 

Recently we studied the asymmetry coefficient 
a’ for various parts of the positron energy spec- 
trum. Positron energies were measured by mul- 
tiple scattering. 

The distribution function for positron decays, 
according to the four-component theory taking ac- 
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A study of a wider class of stars confirms this | 
conclusion. 

The author thanks the supervisor of the work, 
Prof. V. I. Veksler, for constant interest and val- 
uable discussion, to V. G. Larionova for help in 
planning the experiments, as well as to S. M. 
Kornechenko and V. J. Zinov for help in work 
with the meson beam. 


*Energy of the Li® fragments was determined from an exper- 
imental range-energy relation obtained by V. N. Maikov in a 
study of photonuclear reactions, [IpuOopri u TexHuKka 
akcnepumenta (Instrum. & Instrum. Engg.) (in press). 
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count of nonconservation of parity, has the form? 
dN (e, 6) = A[3(1—e) + 2p (+ owe 1) 
—- s 5 (i 4 S S 
Ecos 6] (1 —2)+23(7-2—1 I} ede dQ, 


where € = E/Emax is the positron energy as a 
fraction of the maximum energy; p, é and 6 are 
parameters of the theory which depend on the coup- 
ling constant. In the two-component theory p = 
0.75; -1<é<+1; 6=0.75.3 

The existing experimental data mainly concern 
the determination of the constant p: p = 0.68 + 
0.02;4 £ =0.8 + 0.15.° Data on the determination 
of the parameter 6 are few up to the present.® 

The difference in the values of the quantity at 
calculated from the two-component theory (i.e., 
where 6=0.75) and the quantity afy, calculated 
from the four-component theory (where 6 > 0.75) 
relative to the value aj, (i.e., the quantity 
| aty — afy|/ajz) is much smaller in the high- 
energy part of the spectrum than in the low-energy 
part. 
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ee ; . Experimental value* Expected value of a'g 
ergy in- i j ae 
Cn NUREEL or agi calculated according to from the two-component 
nits positrons z theory according to data 
S= B/Enas Forward-back- M 9 for the “corrected” spec- 
ward” ratio Canc OB IRe tra with a= —0.19. 
0—0.2 62 +0.35-+-0.27 +0.34+0.25 +0.095 
0=0.3 183 +0,29-+0.16 =2 0925250845 +0.08 
U=0°4" | 312 +0.18-+40.12 +0.14+0.41 +9.065 


* a! ie is the asymmetry coefficient for positions in the interval of energy 


from 0 to e. 


Because of this, and also because of the depend- 


ence of the parameter 6 on the interference terms, 


experiments studying the quantity* aj... afford 
especially sensitive tests of various variants of 
the theories of , — e decays. 

Experimental data on the determination of the 
quantity a e, are given in a few experimental 
works (see references 7 and 8). 

In order to determine the quantity aj, we 
used the low-energy positron tracks from 10,000 
1™ —y*—e*t decays considered in reference 1. 

In measuring positron energies by multiple 
scattering, the measurements are not affected by 
positron annihilation in flight (which might make 
the determination of ee incorrect because of a 
misleading relative transfer of part of the posi- 
trons from the region of high energies into the re- 
gion of low ones). Effects from fluctuations in tke 
energy loss by bremsstrahlung are unimportant in 
this method. The influence of the mean square 
error, which is less than 30%, in measuring en- 
ergies by second differences, affects the quantity 
ave. significantly less than radiative corrections 
for bremsstrahlung. 

‘ Values of the asymmetry coefficient Be. are 
given in the table for energy intervals 0 —0.2€; 
0—0.3¢€; 0—O0.4€. 

In the measurements we used positron tracks 
tentatively chosen by visual estimate of their en- 
ergies from multiple-scattering measurements. 
For the positron tracks found by energy measure- 
ments to be outside of the interval from 0 to 20 
Mev, the coefficient aj-¢ was observed to de- 
crease with increasing energy. For € = 0.7 E/Emax 
the quantity An-€ was approximately zero. 

The angular distribution for the positrons in-~- 
cluded in the table fits well 1+acos g law 
(see figure). 

The error in the values of ay. e, was deter- 
mined from the ‘forward-backward’ ratio accord- 
ing to the formula 2.2/VN , or the mean cosine 
according to the formula 1.98/VN . 

The expected value of aj 4, in the two-compo- 
nent theory was calculated from the theoretical 


2 


spectrum, ‘corrected’ for the effects of errors in 
the measured energies,’ radiative corrections,” 
and effects of bremsstrahlung. 

The measured values alee in the energy re- 
gion up to 20 Mev indicate that the sign of the co- 
efficient Alte. is positive. From our data the 
probability of a negative sign for ay. e, in the 
energy interval from 0 to 15 Mev is less than 5%. 


a— positrons of energy up to 
0.4 ©. b—positrons of energy up 
to 0.3 «. 
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Vaisenberg et al.!° have found from measure- 


ments in photoemulsions that aj-9.3¢ is equal to 
0.14 + 0.10 (according to the two-component 
theory the value of aj-o.3¢ for this case is equal 
to 0.04). From our experiments, using the same 
method for calculating aj,.., its value for the 
energy 0 to 0.3€ interval is equal to 0.25 + 0.15 
(according to the two-component theory a9-9,3 = 
0.08). These experimental data, viewed as a 
whole, do not contradict the two-component theory, 
but agree better with the four-component theory 
if p ¥ 0.68 and 6>0.8 are used. 

To obtain a reliable experimental value for 
ap-¢, it would be necessary to increase the sta- 
tistical accuracy of the result. 

We should like to express our gratitude to Acad. 
A. I. Alikhanov for suggesting this subject and for 
discussion of results, to A. O. Vaisenberg for dis- 
cussion of a series of problems, to Prof. V. P. 
Dzhelepov for making it possible to use the ie 
meson beam from the synchrocyclotron of the 
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Joint Institute for Nuclear Research, and to A. P. 
Birzgal for carrying out the calculations. 


*a') e. iS the asymmetry coefficient for the low-energy part 
of the decay positron spectrum. 
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RANGES OF Na** RECOIL NUCLEI AND 
THE MECHANISM OF CERTAIN PHOTO- 
NUCLEAR REACTIONS 


F. P. DENISOV and P. A. CERENKOV 


P.N. Lebedev Physics Institute, Academy of 
Sciences, U.S.S.R. 
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(August, 1958) 


Puoronuctear reactions at high photon ener- 
gies (~100 to 200 Mev) are usually described by 
means of the so called “quasi-deuteron” model, 

according to which the reaction is represented in 
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the form of three successive processes: (1) ab- 
sorption of a gamma quantum by a pair of nucleons 
of the nucleus,! (2) intranuclear nucleon cascade 
produced by these nucleons,” and (3) evaporation 
of particles from the excited nucleus that is formed 
after the cascade.® 


Direction of 
photon beam 


FIG. 1. Irradiation geometry. A and B— specimens; A‘, A’, 
B’, and B“ — films to gather the recoil nuclei from the speci- 
mens; tp — effective thickness for recoil nuclei from specimen 
A; tg and t, — effective thicknesses for recoil nuclei emerging 
from specimen B in the forward and reverse directions relative 
to the y-quanta beam. 


One of the most direct methods of verifying this 
model is to measure the ranges of the recoil nu- 
clei.4 In our experiments, we measured a quantity 
proportional to the range, namely the effective 


thickness t of the specimen for Na‘ recoil nuclei: 


produced by photonuclear reactions from aluminum, 
silicon, phosphorus, and sulphur. The value of t 
was determined from the expression t = N/ag, 
where N is the number of recoil nuclei per square 


centimeter of a specimen whose thickness is greater 


than the maximum range of the recoil nuclei, while 


Unts. 
7 


Dp 


SrA 


50: 100——«180~—«200-E,, Nev 


= 
=] 

i ow 
lon 


Snr AD 


SA UDS 


50 100 150 


200 E,, Mev 


FIG. 2. Dependence of the effective thicknesses tr, tp, and 
t, for the Na™ recoil nuclei, produced in the reaction Al?” 
(y, 2pn), on the energy Ey of the gamma quanta. @ — experi- 
mental values of the mean effective thickness in the photon- 
energy intervals (35-80, 80— 100, 100— 150, 150— 200, and 
200 — 260 Mev). Solid curve ~ calculated from the compound- 
nucleus theory. Cross-hatched curve — calculated by the 
“quasi-deuteron” model. 
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Average Effective Thicknesses for Na*4 Recoil Nuclei at 
EYmax = 260 Mev. 


t¢ (micrograms/cm?) th (micrograms/cm?) t, (micrograms/cm?) 
R ti E is Com- -_ Com- “Quasi- +. Com- 

section | Raper | pound | Bxrerl | pound |dewteront| ExPett | ound 

nucleus nucleus model nucleus 

Al?? (y, 2pn) 125+3 | 515-+.50 | 102+3 271+30 | 180-+30 T2+3 422-615 
Si28 (y, 3pn) 80+8 | 530-+-50 | 80-+16 200-20 1604-30 40-48 ges 
P31 (¥, 4p3n) 80+8 | 680-+-70 } 50+16 250+-30 | 160-30 20+8 4445 
S82 (y, 5p3n) 4048 | 660+70 | 20+8 | 240430 — | 0+8 40-£5 


aq is the total number of recoil nuclei produced 
per unit mass of the specimen. To determine N, 
the investigated specimens were coated with tri- 
acetate films 20 microns thick. These films 
served to gather the Na recoil nuclei from the 
specimen. Stacks made up‘of the specimens and 
films were placed in the bremsstrahlung beam of 
the 260-Mev synchroton of the Physics Institute of 
the Academy of Sciences, both parallel and perpen- 
dicular to the beam (Fig. 1), and exposed for 10 to 
15 hours. Ten to 15 hours after the end of the ex- 
posure, only the characteristic activity of Na’ 
was observed on the films and specimens. The 
ratio N/ay was calculated from the measured 
activities of Na™4 by introducing corrections for 
the decay and for the self absorption. The experi- 
ments with aluminum were carried out at maximum 
bremsstrahlung energies (Eymax) of 80, 100, 
150, 200, and 260 Mev. The experiments with sili- 
con, phosphorus, and sulphur were carried out at 
EYmax = 260 Mev. 

The experimental results are shown in Fig. 2 
and in the table, which lists also the values of tg, 
th and ty (see Fig. 1), calculated with the com- 
pound-nucleus model, and tentative values of tp 
calculated with the “quasi-deuteron” model. As 
can be seen from Fig. 2 and from the table, the 
values of t calculated with the compound-nucleus 
model are several times greater than the experi- 
mental ones. This shows that a model that as- 
sumes the formation of a compound nucleus with 
subsequent evaporation of the nucleons cannot be 
used to explain the reactions investigated. The 
values th calculated by the “quasi-deuteron” 
model are also considerably greater than the ex- 
perimental ones. Further experiments and re- 
finement of the calculations should show whether 
these discrepancies can be eliminated by a suit- 
able modification of the “quasi-deuteron” model 
or whether deep photofissions of this kind must 
be explained by introducing a substantially differ- 
ent mechanism of interaction, for example a 
mechanism that takes into account the interaction 


between the gamma quanta and the alpha particles 
or the more complicated fragments of the nuclei. 


13. S. Levinger, Phys. Rev. 84, 43 (1951). 

2R. Serber, Phys. Rev. 72, 1114 (1947). 

3k. J. LeCouteur, Proc. Phys. Soc. A63, 259 
(1950). 

4F. A. Si-Chang and I. Perlman, Phys. Rev. 
87, 723 (1952). 
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ISOTOPIC INVARIANCE IN ANTI-HYPERON 
PROCESSES 


S. G. MATINIAN and G. R. KHUTSISHVILI 


Institute of Physics, Academy of Sciences, 
Georgian S.S.R. 


Submitted to JETP editor May 20, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 546-547 
(August, 1958) 


In this note we consider formation and interaction 
processes of anti-hyperons with nucleons and light 
nuclei on the basis of isotopic invariance. 

As was shown by Amati and Vitale,! the most 
convenient process for the identification and study 
of the anti-hyperons is not the nucleon-nucleon 
collision, but the reaction involving a beam of K 
particles: 


Kot Nios Vist Vea (1) 


Using Kt particles and protons in reaction (1), 
we get two channels for the charge states (with 
formation of 2 anti-hyperons ): 


K++ p>0°+p+p, (a) 


i (1’) 
>i +p+n. (b) 
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Applying, in the usual way,” the hypothesis of iso- 
topic invariance, we obtain for the cross sections 
of processes (a) and (b) the following expressions: 


Ga = 1/2) Ai|*, o» =| Aol? + */2| Ail? ta) 


where Ad is the amplitude for the transition into 
a final state with total isotopic spin T, while the 
isotopic spin of the two-nucleon system is equal 
to t (=0,1). From this we only get an unequality 
for the cross sections: 


Op > oa. (3) 


In reference 1 the interaction of the =+ anti- 
hyperon with deuterium was discussed. The n8 
anti-hyperon has negative charge, and is thus 
slowed down by ionization losses. After coming 
to rest, it is absorbed. The following reactions 
take place: 


See doen aK, (a) 
—>n+t no + Ko, (b) (4) 
>p+n+K°. (c) 


We investigate these reactions in somewhat more 
detail than was done in reference 1. The ampli- 

tudes for the processes (a), (b), and (c) in Eq. (4) 
have, under the hypothesis of isotopic invariance, 
the following form: 


1 1 4 1 V3 1 
roms) <2 
Series. cen gays 5 
Fem yg At = ql Bt yy Ph) a 
1 


Females jaat)=po( —vEe, + £04). 


where At is the amplitude for the transition into 


a final state, with the isotopic spin of the system 
K meson —nucleon equal to t(=0, 1); Bey has 
the same meaning for the system m meson —nu- 
cleom (t0 =... ). 

If we express the amplitudes for the processes 
by the amplitudes At, characterizing the system 
K meson —nucleon in the final state, we obtain the 
inequality 


Ga + Fo > Op. (6) 


The equality sign holds for the case when the inter- 
action amplitude for the system K meson —nucleon 
in the state with isotopic spin t= 1 predominates 
over the amplitude for the same system with t = 0. 
We note that the experimental data point to a strong 
interaction in the system N—-K for t=1. In this 
limiting case o(a):o0(b):a0(c)=1:2:1, andthe 
ratio K*/K° = '%, i.e., we get the result of refer- 
ence 1. 

If we express the amplitudes Fj; by the ampli- 
tudes Be, characterizing the system m meson— 
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nucleon in the state with isotopic spin t’, we obtain 
the inequality 


op + 5, > Ga/3. (7) 


In the limiting case of a predomination of the 
interaction amplitude for the system m-N in the 
state with t’ = , we get an equality, and o(a): 
a(b):o(c) =9:2:1, Kt/K® = 3 (cf. reference 1). 

In the general case we must be content with the 
inequalities (6) and (7). Their violation would in- 
dicate the absence of isotopic invariance in anti- 
hyperon processes. 

Specific inequalities between the cross sections 
can also be obtained from the obvious fact that 
|Fal, V2|Fpl, and |Fe| may be regarded as ~ 
the lengths of the edges of a triangle. This leads 
to the following set of inequalities: 


Vea — View| KV20, << Vea + Vee, | 
| V 2c, —Ve | < V a < V 2, a V %, (8) 
Vo — V2 ay <Vs, SE Y 2c,, 
The experimental verification of these relations is 


also of interest for the applicability of the hypothe- 
sis of isotopic invariance for interactions involv- 


ing strange particles, and in particular, anti-hyper- — . 


ons. 

We note that these considerations are immedi- 
ately generalized for the case of light nuclei with 
isotopic spin zero (He*, C!, etc. ys 


1D. Amati and B. Vitale, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 88, 556 (1957); Soviet Phys. JETP 
6, 435 (1958). 

SoG: Matinian, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 81, 528 (1956); Soviet Phys. JETP 4, 
431 (1957). 
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A considerable fraction of the Th?*! produced in 


the alpha decay of U** is in excited states. Up to 


recently it was assumed that the gamma transitions 
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between the levels of Th?3! occur at energies of 74 
110, 184, 200, 289, and 382 kev.! The multiplicity 
of the transitions remained unknown. 

In the present work we investigated the y -ray 
spectrum of Saag using a scintillation spectrom- 
eter with a Nal(T1) crystal. The resolution of 
the spectrometer on the Cs!8" was 7%. We counted 
the gamma quanta in coincidence with the alpha par- 
ticles of the U2. The spectrum obtained is shown 
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in Fig. 1. The most intense line of the spectrum 
corresponds to 184-kev gamma quanta. The inten- 
sity of the 144-kev line is 25 to 30% of that of the 
184-kev line. In the region of the spectrum from 
110 to 70 kev, there are several unresolved lines: 
92 kev — the characteristic thorium x-rays that 
accompany the internal conversion of the gamma 
quanta, and 95 kev — the characteristic uranium 
x-rays produced by slowing down the alpha and 
beta particles in the source. It is possible that 
lines corresponding to gamma transitions in The? 
are also present. The 40-kev line is connected 
with the gamma transition during the a decay of 
the U**4 present in the specimen. It is also pos- 
sible, however, that a transition of like energy 
occurs during the decay of U2. 

It was established in control experiments with 
sources of various thickness and in investigations 
of the gamma spectrum of a Te!™ reference that 
no 144-kev gamma quanta can result from back- 
ward scattering of gamma rays with energies of 
184 to 200 kev. We must assume that these quanta 
are emitted by Th?3! during the transition from 
184-kev to the 40-kev excited level. The latter 
may be the first excited level of the rotation band. 

On the basis of the Nielson scheme, the spin of 
the ground state of Th?! must be assumed to be 
4. The second excited level of the rotation band 
should then have an approximate energy of 93 kev 
and a spin of Pe 
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The intensity of the unresolved lines in the 
spectrum region from 70 to 110 kev is approxi- 
mately 40% of the intensity of the 184-kev line. If 
we assume that this region contains only the char- 
acteristic x -radiation of thorium, the K -shell 
coefficients of internal conversion (i.c.c.) of the 
184- and 144-kev gamma quanta cannot exceed 
unity. The presence of other gamma quanta, with 
energies from 70 to 110 kev, reduces still further 
the upper limits for the i.c.c. Such a limitation 
of the value of the i.c.c. makes it possible to ex- 
clude the possibility of magnetic gamma transi- 
tions, for even in M1 transitions with energies of 
184 and 144 kev, the values of the i.c.c. are ~3 
and 5 respectively. 

By assuming the 40-kev excitation level to be 
rotational, we can classify the transitions with en- 
ergies of 184 and 144 kev only as El or El + M2. 
The existence of an El + M2 radiation with 184 


_kev energy is confirmed by measuring the angular 


correlation between these quanta and the 4.4-Mev 
alpha particles for U?*. The angular correlation 
were measured with a pulsed ionization chamber 
and a scintillation spectrometer. The distribution 
function obtained is of the form 
W (6) = 1 + (0.109 + 0.020) Pz (cos 6) 
— (0.055 + 0.018) P, (cos 9). 
The scheme proposed for the Th"! levels was 


reported at the Conference on Nuclear Spectro- 
scopy” and is shown in Fig. 2. 


JB2 
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184 


: 
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The existence of rotational levels in T 
indicated independently by Pilger et al. 
The authors thank Professor L. I. Rusinov for 


constant attention to this work. 


1s A. Johansson, Ark. f. Fysik 10, 97 (1956). 
2 Program and Topics of the Eighth Annual Con- 
ference on Nuclear Spectroscopy in Leningrad, 
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January 27 — February 3, 1958. 
3 Pilger, Stephens, Asaro, and Perlman, Bull. 
Phys. Soc. 2, 394 (1957). 
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THE SATURATION MAGNETIZATION OF 
NICKEL-COPPER ALLOYS AT LOW TEM - 
PERATURES 


E. I. KONDORSKII, V. E. RODE, and U. GOFMAN 
Moscow State University 
Submitted to JETP editor May 28, 1958 
J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 549-550 
(August, 1958) 


Tae aim of the present investigation was to check 
the %-law, 1=1)(1- CT¥*), for the saturation 
magnetization at low temperatures, and to deter- 
mine the constant C in that law for nickel-copper 
alloys with copper content of up to 50%. 
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The measurement was carried out on a setup 
which made it possible to follow directly the change 
in the saturation magnetization of the sample while 
its temperature was changed. The temperature of 
the specimen was varied by pumping out vapors of 
boiling liquids (oxygen, nitrogen, hydrogen, and 
helium) in which the specimen was placed. The 
temperature was determined by the vapor pressure 
in the cryostat. The change in the magnetization 
was determined by a photoelectric flux meter. The 
sensitivity of the flux meter was equal to 20" sec-v 
for one division of the scale, which made it possible 
to measure a magnetization of the order of 10g? 
gauss. 

In the table we have given the values of the mag- 
netization I) of nickel and nickel-copper alloys in 
a field H = 3500 Oe at different temperatures, the 
value of 


n= In(AI,/ Al.) /In(T,/T2) +1, 


where AI, and Al, are the change in magnetiza- 
tion found respectively at the temperatures T, 

and T, for the same lowering of the temperature 
(for a change of the temperature by the same small 
amount AT). In the table is also given the value 


of C evaluated by means of the Bloch equation for . | 


Cu con- Magnetization, gauss 
tent (%) 
Hane n C-10° OSG JiR 25" J*/R 
alloys 4,2° K | 20°K 7T7°K | 286°K 

0 912 912 | 510 496 1.6 +0.2 9 | 2300 217 0.606 | 485 
10 423 422 | 420 369 1.55-40.1 17 | 1500 144 0.502 | 475 
20 348 347 | 342 272 1,430.2 32 990 94.5 | 0.412 | 440 
30 290 253 | 246 124 1.53-40.2 67 610 58 0.302 | 445 
44 124 121 97,5; — 1.56+0.2 320 215 20 0.147 | 470 
50 82.5) 77.5) 35,5) — 1.48+0.2 780 118.5 41,5 | 0.098 | 495 


an observed value of AI/AT andthe value ©’ = 
C3, One sees easily that the difference n - % 
lies within the limits of the errors, assumed in the 
determination of n. Hence it follows that, within 
the limits of the errors, the experiments observe 
the =), law for all alloys which were investigated. 

From the value of C from the Bloch-Mgller 
equation 


‘le 


C = (0.1174 / 25a) (ss) 


in which S is the spin, a =1, 2,4 for simple, 
body-centered, and face-centered cubic lattices, 
respectively, one can evaluate the exchange inte- 
gral J for pure metals. To evaluate the exchange 
integral of iron we take!~? 2S = 2; for nickel we 
take 2S =1. However, for nickel and its alloys the 


average magnetic moment for one atom is not equal 
to an integral number of Bohr magnetons, and the 
above expression for C loses its meaning. We 
can, however, by considering J as a parameter 
characterizing the alloy, attempt to determine its 
value substituting for 2S the number 2S* of 

Bohr magnetons per atom of the alloy obtained from 


the experimental values for the magnetic saturation. 


The results of these calculations are given in 
the table. 

The exchange parameter J* evaluated in this 
way stays constant for all the copper-nickel alloys 
investigated within an accuracy of 10 to 15%. 


'E. M. Lifshitz, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 15, 97 (1945), J. Phys. (U.S.S.R.) 8, 
337 (1944). 
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2. I. Kondorskii and L. N. Fedotov, Izv. Akad. 
Nauk SSSR, Ser. Fiz. 16, 432 (1952). 
°C. Kittel, Revs. Modern Phys. 21, 541 (1949). 
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PARAMAGNETIC RESONANCE OF THE 
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ING A PLASMA OF H2S 
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Submitted to JETP editor May 31, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 551 
(August, 1958) 


Hyprocen sulfide, generated by the usual 
method and dried over calcium chloride under a 
pressure of 0.3 mm Hg, was passed into a quartz 
tube in which a high frequency electrodeless dis- 
charge was excited. The power in the discharge 
was 120w and the frequency was 40 Mcs. The dis- 
charge tube was joined to a quartz trap cooled by 
liquid nitrogen. The dissociation products of the 
H,S were frozen out on the inner surface of the 
trap. The electron paramagnetic resonance spec- 
trum was observed for the material condensed be- 
low the nitrogen level. The substance had a dark 
green color and a snow-like structure. 

Observations were carried out at 1300 and 9400 
Mes. For observation at 1300 Mcs, the frozen ma- 
terial was placed in a previously cooled through- 
type quarter-wave coaxial resonator connected to 
a vacuum pump. The absorption spectrum was ob- 
served on the screen of an oscillograph. Observa- 
tions were made at 77°K. The line observed was 
16 + 1 gauss wide at half intensity and had a nearly 
Gaussian shape. 

The dependence of the absorption line on pre- 
liminary warming of the specimen was qualita- 
tively investigated. It was found that keeping the 
specimen for an hour at 120 to 130°K is not ac- 
companied by an essential change in the intensity 
and shape of the line. Keeping the specimen at 
170°K for an hour causes a several-fold drop in 
intensity and a narrowing of the line to 12 gauss. 
A very weak line continued to be observed after 
30 min at dry-ice temperature. Let us note that 
storing the specimen at 77°K for two months did 
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not give rise to a noticeable change of intensity 
of the line. 

Observations at 9400 Mcs were carried out on 
a superheterodyne spectroscope! in a cylindrical 
resonator in an Hoi, mode. The shape of the line 
differed radically from Gaussian. The line breadth 
was 85 + 5 gauss, and the spectroscopic splitting 
factor g * 2.03. On warming the specimen, the 
peak of the line deformed asymmetrically. The 
change of shape of the line on warming indicates 
that the condensed material contains two radicals 
with different stability to warming. 

A comparison of the line breadths at 1300 and 
9400 Mcs, as well as the asymmetry of the line 
at 9400 Mcs, are evidence of a strong anisotropy 
of broadening (g) >g)). 

The authors express their thanks to G. Ia. 
Vzenkova for her part in the work. 


1A. A. Manenkov and A. M. Prokhorov, 
PagquorexHuka u 93eKTponuKa (Radio Engg. and 
Electronics) 1, 469 (1956). 
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ON THE PROBLEM OF ANGULAR CORRE- 
LATION OF SECONDARY PARTICLES PRO- 
DUCED IN HIGH-ENERGY NUCLEAR COL- 
LISIONS 


I. M. GRAMENITSKII, M. Ia. DANYSH, V. B. 
LIUBIMOV, M. I. PODGORETSKII, and 
D. TUVDENDORZH 


Joint Institute for Nuclear Research 
Submitted to JETP editor May 31, 1958 
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(August, 1958) 


We report here the results of a study of the cor- 
relation between the emission angles of secondary 
relativistic particles produced in interactions be- 
tween ~ 9-Bev protons and emulsion nuclei. The 
coefficient of correlation between the number of 
particles emitted within various solid angles was 
measured for that purpose. 

Consider two non-overlapping solid angles Q, 
and Q,, and two random variables n; and ny, 
equal to the number of secondary relativistic par- 
ticles in a given star emitted within Q, and Q, 
respectively. We denote by p; and py, the emis- 
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sion probabilities of secondary particles within 
the angles Q, and Q,, by n the mean number 
of particles in stars, and by D, the dispersion 
of the number of particles. If we assume that the 
directions of emission of secondary particles are 
statistically independent, we obtain for the corre- 
lation coefficient R= (nn, — nyn,) the relation 
R = pyP2 (Dy — 0). 

450 stars, found in scanning of an emulsion 
chamber consisting of layers of the NIKFI-R 
emulsion 400, thick, were used for the deter- 
mination of R. The chamber was irradiated by 
the internal proton beam of the Joint Institute for 
Nuclear Research synchrophasotron. Scanning 
was carried out along the tracks produced by pri- 
mary protons. 

The measured values of Dy, and n were found 
to be 3.64 + 0.15 and 3.23 + 0.09 respectively. The 
value of Q= R — pyp.(Dy — 1) was then meas- 
ured for different angles Q, and Q,).* The re- 
sults are given below. The choice of the angles 
Q, and Q» is illustrated in the figure. 


P — point of interaction; afcea — emulsion plane; I — angle 
between the planes afcPa and abcPa, II — angle between the 
planes abcPa and aPcea, III — angle between the planes 
aPcea and aPcfa, IV — angle between the planes aPcda and 
aPcfa, V — solid angle qPh (0 = 27°), VI — solid angle 
(47 — qPh). 


Or TEI or 1-2 I+IV V 
O} * TIBI oy TEE IV II + Il VI 
py 0.5 0.5 0.5 
Do 0.5 0.5 0.5 
Q 0.10-L0.03 —0.02+0.06 —0.17-40.06 


The results indicate that the directions of emis- 
sion of secondary particles are not entirely inde- 
pendent statistically. 

In addition, we studied the problem of narrow 
particle pairs, the presence of which would indicate 
either the existence of intermediate rapidly-decay- 
ing particles? or a strong attraction between some 
secondary particles.? We selected particles pairs 
in stars with a difference in the angle of emission 
less than A = 3.5 x 107%. Six such pairs were ob- 
served in the analysis of 375 splittings, not count- 
ing, naturally, pairs due to 7° decay according 
to the scheme 1’ — et +e7 + y. The number of 


chance pairs, calculated under the assumption of 
statistical independence of the directions of emis- 
sion of secondary particles, was found to be 5.9, 
which is in a good agreement with the observed 
value. 

The study of correlations of the emission 
angles of secondary particles may prove useful 
as a check of the statistical theory of multiple- 
particle production.* 

For this purpose it would be advantageous to 
investigate elementary collisions of nucleons and 
m™ mesons with nucleons. It is also necessary to 
account for possible angular correlations con- 
nected with conservation laws. 

The authors thank E. V. Esin, T. V. Pokidov, 
L. I. Fedorov, and M. I. Filipov who took part 
in carrying out the measurements, and to D. S. 
Chernavskii for a discussion of the results. 


*The dispersion D,, of the number of particles m in dif- 
ferent fixed solid angles 2 was determined at the same time. It 
was found that in all cases Dn ~ m, i.e., 0 = D,/m~ 1. This 
result may be used in determination of the interaction energy 
from the angular distribution of secondary particles (cf., e.g., 
reference 1). 


1A. 1. Nikishov and I. L. Rozental’, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 35, 165 (1958), Soviet 
Phys. JETP 8, 115 (1959). 

2 Danysz, Lock, and Yekutieli, Nature 169, 365 
(1952). 

3k. A. Brueckner and K. M. Watson, Phys. Rev. 
87, 621 (1952). 

‘E. Fermi, Usp. Fiz. Nauk 46, 71 (1952). 
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lomrarron chambers have been used recently 

in a number of experiments! on the determination 
of the energy of nuclear active particles. A lead 
absorber is placed directly above the chamber, in 
which the electron-photon cascade, initiated by 7° 
mesons produced in nuclear interactions, develops. 
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The energy carried away by m’ mesons is deter- 
mined from the number of electrons in the cham- 
ber. The transition effect in the chamber walls 
changes the picture. The transition effect, how- 
ever, has not been accounted for in any of the ex- 
periments, although the thickness of the walls vary 
considerably. 

We calculated the change of the number of elec- 
trons in the transition of the cascade from lead 
into the iron wall of the chamber. The calculations 
were carried out according to formulae given in 
Ch. VI of the book of Belenkii.? The calculations 
given there, however, do not take into account the 
scattering of low energy electrons which influences 
considerably the effective range of such electrons. 
We accounted for the variation of the range of low 
energy electrons due to their scattering according 
to Chap. VII, § 27 of the book. An equilibrium 
electron spectrum and a photon spectrum account- 
ing for the energy dependence of the total photon 
absorption coefficient were used. The calculation 
is applicable to a thickness of lead equal to or 
greater than ty,9, Since the electron spectrum in 
lead at cascade maximum isclose to equilibrium 
and slowly varies with depth? (trax is the depth of 
cascade maximum). The result of the calculation 
for the transition effect lead-iron is shown in the 
figure. The sharp decrease in the number of elec- 
trons for a small thickness of iron is due to ioni- 
zation stopping of electrons and can be explained 
by the soft energy spectrum in lead. The differ- 
ence in the transition effect due to variation of 
the chamber wall thickness from 1 to 3 mm amounts 


to 8% only. 
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The author would like to express his gratitude 
to J. B. Khristiansen for a helpful discussion of 
the results. 
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Tae results of numerous experiments (cf., for 
example, references 1 and 2) concerned with the 
investigation of the galvanomagnetic properties 
of monovalent metals are in disagreement with 
theory. In view of this, it appeared of interest 
to investigate the character of the electrical re- 
sistance of these metals in a magnetic field for 
various crystalline orientations. 

A gold monocrystal is most suitable for this 
purpose. The monocrystal was prepared from 
gold of 99.9999% purity. It was in the form of a 
cylinder 30 mm in height and 0.3 mm in diameter. 
The resistance of the sample varied by a factor of 
1650 between room temperature and 4.2°K. The 
fourth-order axis of the crystal was oriented ap- 
proximately along the axis of the sample. To avoid 
the secondary effects commonly observed with suf- 
ficiently pure metals in a magnetic field, the gold 
crystal was mounted with the results of reference 
3 taken into consideration. 

A polar diagram was taken for this crystal at 
4.2°K, in a magnetic field H = 23 kilooersteds, 
which was rotated in a plane perpendicular to the 
axis of the sample. 

The dependence of Ary/Yo = (rH — Yo)/To 
(where ry and ro are the resistances in the 
presence and the absence of the magnetic field) 
upon the magnetic field was determined for the 
directions of the greatest of the maxima and the 
smallest of the minima of the polar diagram. The 
results of these measurements are illustrated in 
Figs. 1 and 2 (the region represented in Fig. 2 
is indicated by the rectangle in Fig. 1). The mag- 
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nitude of the ratio of the mean free path 7 to the 
radius of curvature R of the trajectory of the 
conduction electrons in the magnetic field (J/R= 
H/pnec, where e and n are the charge and den- 
sity of the conduction electrons, p is the resistiv- 
ity, and c is the velocity of light) is given along 
the x axis in addition to the magnetic field in- 
tensity. 

From the dependences shown in the figures it 
is evident that while in the direction of the maxi- 
mum the resistance increases indefinitely (Ary/ro 
~ H':8), the resistance in the direction of the mini- 
mum becomes completely saturated,* with Ary /r 
~1 for fields H > Hp) (Hp is determined from the 
equality 1/R=1, and is in the present case equal 
to 1.4 koe). Analogous behavior is observed for 
all of the maxima and minima of the polar diagram. 

It should be noted that for monocrystals of Pb* 
and Cu°® a weak tendency towards saturation has 
been observed in the direction of the minimum. 

On the basis of the results obtained it may be 
suggested that the linear increase in resistance 
in a magnetic field found by Kapitza,® observable 
in polycrystalline samples,'* is the result of an 
averaging over angle of the various dependences} 
for Ary/rp. 

We assume that the considerable anisotropy of 
the resistance in a magnetic field is associated 
with the existence of an open Fermi energy sur- 
face for gold.’ 

We regard it as a pleasant duty to express our 
gratitude to Academician P. L. Kapitza for his con- 
sideration of the results obtained. 


*The copper monocrystal with which preliminary measure- 
ments were carried out behaves in a similar fashion. 

tWe have averaged the experimental curves of Aryy/t) ob- 
tained for various angles with the gold monocrystal. The 
averaged dependence of Ar,,/r) upon H thus obtained has 
indeed a linear character. 
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IONIZATION ALONG FAST PARTICLE 
TRACKS 


V. V. VLADIMIRSKII 
Submitted to JETP editor June 9, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 556-557 
(August, 1958) 


‘Tae following processes accompany the passage 
of ionizing particles through a gas: ionization, ex- 
citation of atoms and molecules, and dissociation 
of molecules. Two of the processes are used for 
particle detection: ionization (ionization chambers, 
gas counters) and excitation (scintillation detec- 
tors). For observation of the tracks, the method 
of vapor condensation on ions is used in cloud and 
diffusion chambers. The amount of light from ex- 
cited atoms in the gas is too small for a direct ob- 
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servation of particle tracks. So far, a similar 
method has been successful only in solid lumi- 
nescence chambers. 

It can be shown that when atoms and ions pro- 
duced along the tracks are illuminated by reso- 
nance light, the number of scattered photons is 
much larger than the number of photons that can 
be recorded in a direct observation of scintilla- 
tions in the gas. This opens a possibility of direct 
observation of tracts without vapor condensation 
onions. In principle, it is possible to record op- 
tically both the ions and the neutral atoms origi- 
nating in the dissociation of molecules along the 
particle tracks. In observation of neutral atoms 
it is easier to obtain a suitable intensive light 
source, but difficulties arise due to quenching of 
the resonance fluorescence by the gas molecules. 
Besides, for neutral atoms it is difficult to devise 
a method of cleaning the chamber of old tracks and 
the background due to thermal and photodissocia- 
tion of molecules. Unnecessary ions can be re- 
moved from the working volume by means of an 
electric field. In connection with this, a method 
utilizing ions is preferable. 

We shall estimate the intensity of light scat- 
tered by an ion. The scattering cross-section?» 
at resonance line maximum for a dipole transition 
is 

Sq = Qk? (QJ, + 1)/(2J, + 1), 
where Jy and J; are the moments of the initial 
and resonance states respectively. The integral 
cross section is given by the expression 


(ede = (n?k2/c) (QJ, + 1)/(2l) + 1), 


where T is half-life of the excited state which is 
connected with the oscillator force f by the re- 
lation 


(QS, + 1)/2(QJy + 1) = roc fr. 


Most of the suitable transition are formed by 
dublets *S;/,—>°P3/, for which the sum of sta- 
tistical factors is 3, and 7 is in the range 105° 
to 107°® The maximum flux of light quanta of 
both polarization senses from a light source per 
unit solid angle is 


2m2da Se 
Onto (Goes = 1) ie 


where kT can attain the value of 1 ev in intensive 
discharges. Assuming for simplicity that the scat- 
tering is isotropic, and that the line width of the 
source is greater than that of the scattering me- 
dium, and taking the statistical factor equal to 3, 
we obtain the total number of scattered photons 


Q)Q2 


3 161? 


xe (eholkT — ])-1, (1) 


where t is the time of observation and Q, and 
Q, are the sclid angle of illumination and obser- 
vation respectively. 

The time of observation is limited by the dif- 
fusion of ions and can be chosen from 0.01 to 0.1 
sec. For t=0.03 sec, Q;=2, Q,=0.1, 
exp (—hw/kT) = 0.05, and r=3%x 107°, Eq. (1) 
yields the number of photons from a single scat- 
tering ion, ~2 x 10%. Such an amount of light can 
be detected by means of a photoelectric device. 
Direct photographic recording is, probably, pos- 
sible for thick tracks of heavily-ionizing particles. 

Singly-charged ions of Mg, Ca, Sr. Ba, Cd, 
Zn, and Pb have suitable lines in the visible part 
of the spectrum and in the near ultraviolet.? Mer- 
cury would be advantageous in view of its high 
vapor tension, but the resonance lines Hg II lie 
in far ultraviolet. It is probable that a combina- 
tion of one of the above mentioned metals with a 
noble gas, say A+ Cd, would be more suitable. 
Since the ionization potential of argon is greater 
than the sum of the energies of ionization and ex- 
citation of the resonance level of Cd, one would 
expect that argon ions will be neutralized irre- 
versibly in collisions At +Cd—A+Cdt, and 
that a number of Cd ions sufficient for recording 
will be obtained at a relatively low pressure of 
cadmium vapor. Noble gases practically do not 
quench resonance fluorescence and the pressure 
can be therefore sufficiently high. 

Ions of Ca, Sr, and Ba have metastable’ states 
and can be used for observing the Raman scatter- 
ing if the difficulties due to the general background 
of scattered light in observation of unshifted lines 
turn out to be too great. 

It is difficult to say at present if the proposed 
method would be advantageous compared with con- 
ventional methods, but the possibility of its reali- 
zation is beyond any serious doubt. 

The author takes the advantage to express his 
thanks to I. S. Abramson for valuable advice. 
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Dee the observation of helium II films and the 
investigation of their behavior, a simple method 
has been employed which makes use of the absorp- 


tion within the film of photoelectrons ejected from 
the surface upon which the film is formed. With 
the aid of this method it is readily possible to fol- 
low the formation of the film in various regions 
of temperature and pressure. The magnitude of 
the photoelectric current, characterizing the state 


of the film, was measured with the aid of an inverse- 


feedback electrometer amplifier connected to the 
output of the apparatus degcribed, making it pos- 
sible in some cases to follow as well the kinetics 
of the processes involved. 

I am deeply grateful to D. I. Vasil’ev for aid 
in the performance of these experiments. 
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